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Motivacion 

En su trabajo [26], S. E. Dickson definio la nocion de teona de torsion (ahora 
llamada par de torsion) en el marco general de las categorias abelianas, que genera- 
liza el concepto de 'torsion' que aparece en la teon'a de los grupos abelianos. Un par 
de torsion en una categoria abeliana A consistc cn un par {X,y) de subcategon'as 
plenas de A tal que: 

1) xny^{0}, 

2) X es cerrada para cocientcs c 3^ cs cerrada para subobjetos, 

3) cada objeto M dc A aparccc cn una succsion cxacta corta 

Mx ^ M ^0 

en la cual Mx pertenece a X y pertenece a y. 

Cuando csta succsion exacta corta escindc para cada M, decimos que cl par de 
torsion escinde. Desde el trabajo de S. E. Dickson, los pares de torsion han de- 
sempeiiado una funcion importante en algebra: han sido una herramienta funda- 
mental para una teorfa general de localizacion no conmutativa |102j . han tenido 
una gran influcncia cn la tcoria dc rcprcscntacion dc algebras de Artin |43L I42L 
[5],. . . Uno dc los conccptos importantcs rclacionados con la tcoria dc torsion es el 
de teoria de torsion y libre de torsion (ahora llamada terna TTF), introducida por 
J. P. Jans en [50] . Consiste en una tcrna (A", y, Z) dc subcategon'as plenas dc una 
categoria abeliana tal que ambos pares (A", y) e [y, Z) son de torsion. Decimos que 
una terna TTF {X^y,Z) es escindida por la izquierda (respectivamente, derecha) 
cuando el par {X ,y) (respectivamente, {y,Z)) es cscindido. Una tcrna TTF es 
centralmente escindida si es escindida por la izquierda y por la dcrccha. Cuando la 
categoria abeliana ambiente es una categoria de modulos (unitarios) Mod^ sobre 
un anillo A (asociativo, con unidad) entonces tenemos el siguiente resultado de J. 
P. Jans [H Corollary 2.2]: 

Teorema. Las ternas TTF en Mod^ estdn en biyeccion con los ideales bild- 
teros idempotentes de A. Mas aun, esta biyeccion induce una biyeccion entre las 
ternas TTF en Mod A centralmente escindidas e (ideales bildteros generados por) 
idempotentes centrales de A. 

Surge entonces una prcgunta natural: 

Pregunta 1: ^Cuales son los ideales bilateros de A correspondientes a las ternas 
TTF en Mod ^ que escinden por la izquierda o por la derecha? 
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En su trabajo [12j sobre haces perversos, A. A. Beilinson, J. Bernstein y 
P. Deligne definieron la nocion de t-estructura en una categoria triangulada, que 
formaliza la nocion de 'truncacion (intcligcntc)' dc un complcjo de cocadena sobre 
una categoria abeliana. Una t-estructura cn una categoria triangulada (I?, ?[!]) con- 
siste en un par (A", 3^) de subcategorias estrictaniente(=ccrradas para isomorfismos) 
plenas de T) que satisfacen: 

1) V{X, Y) = {0} para todo X e X cY ey, 

2) X es cerrada para traslaciones positivas e 3^ es cerrada para traslaciones nega- 
tivaS; 

3) cada objeto M de A aparece cn un triangulo 

Mx M Mx[l\. 

EUos probaron que la teoria general de las t-estructuras es lo suficienteniente sofisti- 
cada como para aprehender uno de los fenomenos mas importantes relacionados con 
la truncacion: la t-estructura {X , y) define una categoria abeliana XC] (3^[1]) dentro 
de la categoria triangulada T) y vinculada a cUa mediantc un funtor cohomologico 
T) ^ X C\ (3^[1])- Para enfatizar este hecho, uno normalmente escribe 
para referirse a la t-estructura {X,y). Las t-cstructuras ban dado lugar a una 
cantidad considerable de resultados y son importantes en muchas ramas de las 
matematicas: teoria de haces perversos jl2L I52| . relacion entre la teoria de la du- 
alidad de Grothendieck-Roos y la teoria inclinante [63] , la teoria inclinante misma 
[631 142] , cohomologia motivica y teoria de la A^-homotopia en el sentido de V. Voe- 
vodsky |108|, I75j . algebra conmutativa |76|, [2], . . . Como se puede ver, la nocion 
de t-estructura es el analogo formal de la nocion de par de torsion para categorias 
abelianas. Consecuentemente, el analogo 'triangulado' de una terna TTF. Uamado 
terna TTF triangulada, consiste en una terna (X,y,Z) tal que los pares {X,y) 
e {y, Z) son t-estructuras. Aunque una terna TTF triangulada esta formada por 
t-estructuras. no nos provee de categorias abelianas dentro de la categoria trian- 
gulada ambiente. A cambio, la filosofia general de las ternas TTF trianguladas 
es que nos permiten ver una categoria triangulada como aglutinacion de otras dos 
categorias trianguladas. Mas precisamente, las ternas TTF trianguladas en una 
categoria triangulada T> estan en biyeccion con las maneras de expresar T> como 
recollement o aglutinacion (una nocion definida por A. A. Beilinson, J. Bernstein y 
P. Deligne en [12j ) de dos categorias trianguladas. En este sentido, las ternas TTF 
trianguladas se han independizado de las t-estructuras y establecido por su cucnta. 
Aparecen, con el nombre de "recollement" en: el trabajo de E. Cline, B. Parshall 
y L. L. Scott |23l 188] . la teoria de las algebras de diagramas [73] .... 

Inspirado por el trabajo de E. Cline, B. Parshall y L. L. Scott y utilizando el 
trabajo de J. Rickard |95j . S. Konig dio cn |65( Theorem 1] condiciones necesarias y 
suficientes para la existencia de aglutinaciones. Precisamente, demostro lo siguiente: 

Teorema. La categoria derivada acotada por la derecha T>~ A de un anillo 
A es una aglutinacion de las categorias derivadas acotadas por la derecha de dos 
anillos B y C si y solo si existen dos complejos P y Q en T>~ A cuasi-isomorfos a 
complejos acotados de A-modulos proyectivos tales que: 

1) P es compacto en T>A (i.e. cuasi-isomorfo a un complejo acotado de A-modulos 
proyectivos finitamente generados) y {T>A)(Q, ?) conmuta con coproductos peque- 
nos de copias de Q. 

2) {VA){P,P[n]) ^0 y (VA){Q,Q[n]) = para todo n e Z. 
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3) Existen isomorfismos de anillos {'DA){P,P) = C y {'DA){Q,Q) ^ B. 

4) (VA){P[n\, Q) =0 para todo n e Z. 

5) Si M es un complejo de V' A tal que {VA){P[n\,M) ^0 y (VA){Q[n\, M) = 
para todo n G Z, entonces Af = 0. 

S. Konig demostro su teorema alrededor de 1990, y en aquel momento todavi'a 
no se tenia a disposicion una teoria de Morita para categon'as derivadas no acotadas. 
Algunos anos mas tarde, B. Keller desarroUo en [56| una teoria de Morita (y de 
Koszul) para categorias derivadas no acotadas de categorias dg. Asi, surge una 
pregunta natural: 

Pregunta 2: ^Podemos utilizar la teoria de B. Keller para parametrizar todas las 
maneras de expresar la categoria derivada no acotada "DA de un anillo A como una 
aglutinacion de categorias derivadas no acotadas de otros dos anillos? 

Si la rcspucsta es afirmativa, 

Pregunta 3: ^podemos desarrollar una aproximacion 'no acotada' al trabajo de 
S. Konig? Es decir, ^podemos valernos del estudio de las aglutinaciones a nivel no 
acotado para comprender las aglutinaciones a nivel acotado por la derecha? 

Segiin |17j . la nocion de subcategoria aplastante de una categoria triangulada T) 
se origino en el trabajo de D. Ravenel. Una subcategoria plena X de una categoria 
triangulada T) con coproductos pcquenos es una subcategoria aplastante si cxiste 
una t-estructura {X ^y) tal que y es cerrada para coproductos pcqueiios. Si la ca- 
tegoria triangulada ambiente es, por ejemplo, compactamente generada, entonces 
las subcategorias aplastantes estan en biyeccion con las ternas TTF trianguladas. 
La conjetura aplastante generalizada es una generalizacion a categorias compacta- 
mente generadas arbitrarias de una conjetura debida a D. Ravenel |941 1.33] y, 
originalmente, a A. K. Bousfield [191 3.4]. Predice lo siguiente: 

Si X es una subcategoria aplastante de una categoria triangulada compactamente 
generada I?, entonces existe un conjunto V de objetos compactos de T) tal que X es 
la menor subcategoria triangulada plena de T) cerrada para coproductos pcqueiios 
que conticne a V . 

B. Keller dio en |55| un contraejemplo a esta conjetura. No obstante, a ve- 
ces resultados importantes demostrados para objetos compactos siguen siendo ver- 
daderos (o admitcn bonitas gcneralizacioncs) despucs de sustituir "compacto" por 
"perfecto" , "superperfecto" o algo parecido. Asi es que uno podria preguntarse lo 
siguiente: 

Pregunta ^; /.Resulta la conjetura cierta despues de sustituir "compacto" por algo 
parecido? 

En su aproximacion algebraica a la conjetura aplastante generalizada |66l 169) . 
H. Krause demostro lo siguiente: 

Teorema. Sea T) una categoria triangulada compactamente generada. Las 
subcategorias aplastantes de D estan en biyeccion con los ideales bildteros idempo- 
tentes saturados de T)'^ ( =la subcategoria de T) formada por los objetos compactos ) 
cerrados para traslaciones en ambos sentidos. 
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Aquf saturado significa que sicmpre que exista un triangulo 

P' ^ P ^ P" ^ P'[l] 

en y un morfismo / G 'D'^{P, Q) con fu, u S X, entonces f (z T. 

Notese la analogia con el teorema de J. P. Jans de mas arriba. Esta analogia 
no es extrana ya que las categon'as de modulos son categorias abelianas 'compacta- 
mente generadas'. Sin embargo, varios hechos sugieren que el verdadero analogo 
'triangulado' de las categorias de modulos no son simplemente las categorias trian- 
guladas compactamente generadas sino mas bien las categorias trianguladas com- 
pactamente generadas algebraicas. Estas, gracias al teorema de B. Keller [561 The- 
orem 4.3], son precisamente las categorias derivadas de categorias dg. 

Pregunta 5: ^Podemos paramctrizar todas las tcrnas TTF trianguladas en (equiva- 
Icntcmcntc, subcategorias aplastantes de) la catcgoria dcrivada VA de una categoria 
dg A cn terminos de la propia A o, al menos, en 'tcrminos dg'? 

Si la respuesta es positiva, 

Pregunta 6: ^cual es la relacion entre esta parametrizacion y la de H. Krause? 

Las categorias pretrianguladas (en el sentido de A. Beligiannis [14] ') son una 
generalizacion de las categorias abelianas y las trianguladas. En las categorias 
pretrianguladas uno puede definir la nocion de par de torsion pretriangulado, que es 
una generalizacion de las nociones de par de torsion y de t-estructura. Los pares de 
torsion pretriangulados (y asi los pares de torsion y las t-estructuras) tienen muchas 
propiedadcs basicas que se deberian dcducir de una teorfa de torsion en categorias 
aditivas. Mas aiin, varios hechos sugieren que la categoria aditiva subyacente es 
esencialmente suficiente para comprender las ternas TTF centralmente escindidas 
en una categoria abeliana o ternas TTF trianguladas centralmente escindidas (la 
escision en este caso se define como lo hicimos para categorias abelianas). Para 
formalizar esta observacion uno deberia intentar responder a la siguiente pregunta: 

Pregunta 1: ^^Podemos definir una teorfa de torsion para categorias aditivas de 
modo que las tcrnas TTF escindias en categorias mas ricas puedan ser esencialmente 
comprcndidas simplemente mirando a las ternas TTF aditivas subyacentes? 

Al responder a esta pregunta uno se da cuenta de que la propiedad de ser una 
categoria equilibrada desempeiia una funcion importante en la caracterizacion de 
las ternas TTF centralmente escindidas. Notese que tanto las categorias abelianas 
como las trianguladas son equilibradas. Sin embargo, no es este el caso de las ca- 
tegorias pretrianguladas. Un ejemplo tipico de categoria pretriangulada (no nece- 
sariamente abeliana o triangulada) es la categoria estable de una categoria abeliana 
asociada a una subcategoria funtorialmente finita {of. los articulos de A. Beligiannis 
[13|. I14j ). De este modo, la siguiente es una pregunta natural: 

Pregunta 8: ^Podemos caracterizar cuando categorias estables 'homologicamente 
buenas' de categorias abelianas son equilibradas? 

Este trabajo esta estructurado en seis capitulos a lo largo do los cualcs estu- 
diamos y respondemos las preguntas formuladas mas arriba. 
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Capitulo 1 

Este capitulo versa sobrc la prcgunta 7, y desarroUa los rudimentos de una 
teoria de torsion para categorias aditivas. La definicion principal es la de par de 
torsion aditivo. 

Definicion. Sea T) una categoria aditiva. Un par de torsion en 2? es un par 
(X,y) de suhcategorias estrictamente plenas de V tales que: 
i) V{X, y) = para cada X gX eY ey. 

ii) El Junior inclusion x : X T) tiene un adjunto par la derecha tx- Escribimos 

9x ■■ V{xN, M) ^ X{N, TxM) 

para referirnos al isomorfismo de adjuncion, rjx para referirnos a la unidad y 
Sx para referirnos a la counidad. 
Hi) El Junior de inclusion y : y ^ T) tiene un adjunto por la izquierda . Es- 
cribimos 

gy . yi^y^, M) ^ V{N, yM) 

para rejerirnos al isomorjismo de adjuncion, rf^ para rejerirnos a la unidad y 
(5-^ para rejerirnos a la counidad. 
iv) Para cada Al Cz V la sucesion 

XTxM Ad yr-^M 

es debilmente exacta, es decir Sx.m es un nucleo debil de ry^j y yy^j es un 
conucleo debil de 5x,m- 

En la seccion 11.31 revisamos la nocion de categoria ( co )suspendida |62|, I57j 
(que tambien aparcce en la litcratura bajo el nombre de categoria triangulada por 
la izquierda (o derecha) |15| ). En particular, recordamos las dos maneras ti'picas 
de obtener categorias suspendidas: como categorias establcs de categorias exactas 
(en el sentido de D. Quillen |91j . vease tambien el articulo de B. Keller |54j ) con 
suficientes inyectivos y como categorias estables de categorias abelianas asociadas 
a subcategorias covariantemente finitas. Revisamos tambien la nocion de categoria 
triangulada (y su relacion con las categorias de Frobenius mediante el teorema 
de D. Happel [41[ Theorem 2.6]), de categoria pretriangulada (en el sentido de 
A. Beligiannis [14j ). de t-estructura y de par de torsion pretriangulado. 

En la seccion fOt demostramos que los pares de torsion abelianos, triangulados, 
prctriangulados, . . . son precisamente los pares de torsion aditivos que satisfaccn 
ciertas condiciones extra. 

Decimos que un par de torsion aditivo {X ,y) cn una categoria aditiva V cs 
escindido si para cada objcto Al de T) tenemos que en la sucesion debilmente 
exacta asociada 

XTxAi A/1 yT~^ M 
el morfismo Sx.m es una seccion y el morfismo ij^.j es una retraccion. Notese que 
esto implica que M = xtxAA ® yr^ M. Una terna TTF aditiva sobre una cate- 
goria aditiva V es una terna {X,y,Z) tal que tanto {X ,y) como {y,Z) son pares 
de torsion aditivos. Decimos que la terna TTF aditiva {X,y,Z) cs escindida por 
la izquierda (respectivamente, derecha) si {X ,y) (respectivamente, {y,Z)) es es- 
cindido, y decimos que la terna es centralmente escindida si ambos pares de torsion 
son escindidos. En la seccion II. 6|, damos una caracterizacion de las ternas TTF 
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centralmente escindidas que ahora presentamos. Pero antes, observemos que en 
las categorias pretrianguladas la siguiente version (estrictamente, vease el Ejemplo 
I2.6.4P dcbil dc la nocion de "equilibrio" es posiblc: 

DefiniciON. Una categoria pretriangulada (T>, f2, S) es debilmente equilibrada 
si un morfismo f : M N es un isomorfismo siempre que exista un tridngulo por 
la izquierda de la forma 

VLN M ^ N 

y un tridngulo por la derecha de la forma 

M ^ N ^0-> Y.M. 

He aqui la caracterizacion mencionada fProposici6n ll.6T4)) : 

Proposicion. Sea {X,y,Z) una terna TTF aditiva en una categoria aditiva 
T) . Las siguientes propiedades son equivalentes: 

1) Es escindida por la izquierda y X = Z . 

2) Es escindida por la derecha y X = Z. 

3) Es centralmente escindida. 

Cuando T) tiene factorizaciones canonicas ( es decir, un morfismo se factoriza 'de 
manera unica' como un epimorfismo seguido de un monomorfismo) , o es una cate- 
goria pretriangulada debilmente equilibrada y ambos pares de torsion {X, y) e (3^, Z) 
son pretriangulados, entonces las propiedades anteriores son equivalentes a: 

4) x^z. 

Es destacable que, en el caso de C^UG let CcltG goria ambiente V sea triangulada, 
entonces una terna TTF triangulada {X,y,Z) es centralmente escindida si y solo 
si es escindida por la izquierda, si y solo si es escindida por la derecha, si y solo si 
X = Z {cf. Proposicion II. 6. 8"|) . Por lo tanto, en el 'mundo triangulado', o bien una 
terna TTF triangulada cs centralmente escindida o bien no es escindida en modo 
alguno. 

En la seccion [T77l usamos idempotentes para parametrizar: 

a) Proposicion 11.7.41 Tcrnas TTF aditivas centralmente escindidas en categorias 
aditivas en las que los idempotentes escinden. 

b) Corolario 11.7.101 Ternas TTF centralmente escindidas en categorias abelianas 
de una cicrta clase que incluye a las categorias de Grothendieck con un generador 
proyectivo. En particular, generalizamos y damos una demostracion alternativa 
del hecho de que las ternas TTF en una categoria de modulos Mod A esta en 
biyeccion con los idempotentes centrales de A. 

c) Corolario 11.7.121 Ternas TTF trianguladas centralmente escindidas en cate- 
gorias trianguladas compactamente generadas. En particular, demostramos que 
las ternas TTF trianguladas centralmente escindidas en la categoria derivada 
VA de una categoria dg pequefia estan en biyeccion con los idempotentes (cen- 
trales) {eA)A£A dc Y\j^i-j^H^A{A,A) tales que para cada entero n y cada 
/ G B) tenemos • / = / • en H"-A{A, B). Asi, si A es un algebra 
ordinaria, las ternas TTF trianguladas centralmente escindidas en VA estan en 
biyeccion con los idempotentes centrales de A. 

d) Corolario II. 7. 141 Tcrnas TTF trianguladas centralmente escindidas on la cate- 
goria derivada dc una categoria abeliana completa y cocompleta. 
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Capitulo 2 

Los resultados de este capitulo, que tratan sobrc la pregunta 8, aparecen en 
[84j . Una de las conclusiones de este capitulo es que la propiedad de ser equilibrada 
es bastante restrictiva para una categoria estable de una categoria abeliana, y que 
esta rclacionada con fcnomenos de escision. Esto qucda patentc en cl siguiente 
resultado ('Corolario l2.3.5p : 

NOTACION. Sea A una categoria aditiva y sea T una clase de objetos de A. 
Denotamos por a la clase de objetos M de A tales que A{T, M) = para todo 
objeto T de T. Dualmente, definimos . 

COROLARIO. Sea A una categoria abeliana y sea T una clase de Serre de A. 
Las siguientes afirmaciones son equivalentes: 

1) T es contravariantemente ( respectivamente, covariantemente ) finita en A y la 
categoria estable A de A asociada a T es equilibrada. 

2) T es funtorialmente finita en A y A es debilmente equilibrada. 

3) T satisface las siguientes propiedades: 

3.1) V{M, T) = para todo T eT y M eT^. 

3.2) Todo objeto de A es la suma directa de un objeto de T y un objeto de . 

El siguiente teorema (Teorenia l2.4.6p . que es el resultado principal de la seccion 
I2.4( caracteriza completamente cuando una categoria estable de una categoria 
abeliana asociada a una subcategorfa de proyectivos es equilibrada: 

Teorema. Sea A una categoria abeliana y T una subcategoria de objetos 
proyectivos que asumimos cerrada para sumas directas finitas y sumandos direc- 
tos. Las siguientes afirmaciones son equivalentes: 

1) La categoria estable A de A asociada a T es equilibrada. 

2) Si fj, : T —!■ M es un monomorfismo no escindido con T Cz T, entonces existe un 
morfismo h : M T' , con T' G T, tal que nigun morfismo h : M {h^)[T) 
coincide con h en T . Es decir, no tenemos un diagrama conmutativo como el 
que sigue: 

T *-M 



(V)(T)c — 

3) Si f : M ^ N es un epimorfismo satisfaciendo las condiciones i) y ii) de abajo, 
entonces es una retraccion: 
i) Su nucleo f^ : ker(/) M factoriza a traves de un objeto de T. 
ii) Para cada h : M T, con T Cz T, el epimorfismo canonico ker(/) ^ 
h{ker{f)) factoriza a traves de f'' : ker(/) M. 

Como consccuencia obtenemos que si T consta de objetos inyectivos, entonces 
la correspondiente categoria estable es siempre equilibrada ya que la condicion 2) 
siempre se satisface. Esto nos permite dar un ejemplo (Ejemplo I2.6.3P de una 
categoria prctriangulada equilibrada que no es ni abeliana ni triangulada. 

El resultado principal (Teorema I2.5.4P de la seccion 12.51 trata cl caso de las 
categon'as estables pretrianguladas debilmente equilibradas: 
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Teorema. Sea A una categoria abeliana y T una subcategoria plena funto- 
rialmente finita que consta de objetos proyectivos y que asumimos cerrada para 
sumandos directos. Consideremos las siguientes afirmaciones: 

1) Para todo T g T \ {0}, existe un morfismo no nulo ip : T T' , con T' € T, 
que factoriza a traves de un objeto inyectivo de A. 

2) La categoria estable A de A asociada T (que es pretriangulada) es debilmente 
equilibrada. 

3) Si j : T M es un monomorfismo no nulo en A, con T G T, entonces existe 
un morfismo h : M T' tal que hj ^ 0, para algun T' G T. 

Entonces 1) =J> 2) 3) y, en el caso de que A tenga suficientes inyectivos, todas 
las afirmaciones son equivalentes. 

La rclacion cntre equilibrio y escision cn catcgorias establcs vuclvc a qucdar 
clara gracias a la siguiente consecuencia (Proposicion I2.5~8|) del teorema anterior, 
que caracteriza el equilibrio (debil) de categorfas estables de categon'as abelianas 
cuya clasc dc proyectivos cs cerrada para subobjctos. 

Proposicion. Sea Ti. una categoria abeliana cuya clase de objetos proyectivos 
es cerrada para subobjctos. Sea T una subcategoria plena covariantemente finita en 
TL cuyos objetos son proyectivos y que asumimos cerrada para sumandos directos. 
Las siguientes afirmaciones son equivalentes: 

1) La categoria estable TL deTL asociada aT es equilibrada. 

2) es cerrada para subobjctos. 

3) El par {-^T , Sub(T)) es un par de torsion hereditaria (escindido) en "H, donde 
Sub{T) es la subcategoria plena de Ti. formada por los subobjctos de los objetos 
de T. 

Cuando T es contravariantemcnte finita en Ti., las afirmaciones anteriores son 
equivalentes a: 

4) tL es debilmente equilibrada. 

Cuando Ti. ticne suficientes inyectivos, las afirmaciones 1) — 3) son tambien equi- 
valentes a: 

5) Para todo objeto T ^ T , existe un monomorfismo T E, cuando E es un 
objeto inyectivo (-proyectivo) de Ti. que pertenece a T . 

Capitulo 3 

Los rcsultados dc estc capitulo, que dan una respuesta completa a la pregunta 
1, ban aparccido publicados en |82| (veasc tambien [83]). 

Sea A un anillo arbitrario. Recordemos que un A-modulo M cs Yi-inyectivo 
hereditario si todo cociente de un coproducto (posiblemcntc infinito) de copias de 
M es A-modulo inyectivo. 

Resulta que las ternas TTF escindidas por la izquierda en Mod A admiten una 
caracterizacion relativamente facil en terminos de modulos E-inyectivos hereditarios 
(Corolarioimi): 

COROLARIO. La biyeccion de .Jans entre ternas TTF en Mod A e ideales bild- 
teros idempotentes de A se restringe a una biyeccion entre: 
1) Ternas TTF escindidas a izquierda en Mod A. 
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2) Ideales de A de la forma I = eA donde e es un idempotente de A tal que eA(l — e) 
es "E-inyectivo hereditaria como (1 — e)A{l — e)-m6dulo por la derecha. 

Un A-modulo M es Il-proyectivo hereditaria si todo submodulo dc un producto 
(posiblemente infinite) de copias de M es proyectivo. Notese que uno pucde con- 
siderar varios 'duales' de un A-modulo por la izquierda Al. Por ejemplo, uno puede 
considerar el A-modulo por la derecha Homz(M, Q/Z). Tambien, uno podri'a poner 
S := Endyi(M)°P y considerar el A-modulo por la derecha Hems (71/, Q) donde Q es 
un cogenerador inyectivo minimal de Mod S. La Proposicion 13.4.101 dice que uno 
de esos duales es Il-proyectivo hereditario si y solo si tambien lo es el otro. En ese 
caso, decimos que M tiene dual Il-proyectivo hereditario. 

Una caracterizacion complcta de las ternas TTF que cscinden a derecha es mas 
diffcil que su analoga a izquierda y requiere algo mas que modulos H-proycctivos 
hereditarios. Sin embargo, a veces cstos modulos bastan, como dcmostramos en la 
siguiente caracterizacion parcial (c/. Corolario l3.4.13p : 

COROLARIO. La biyeccion de Jans entre ternas TTF en Mod^ e ideales bild- 
teros idempotentes de A se restringe a una biyeccion entre: 

1 ) Ternas TTF que escinde a derecha en Mod A cuyo ideal idempotente asociado 
I es finitamente generado por la izquierda. 

2) Ideales de la forma I ~ Ae, donde e es un idempotente de A tal que (1 — e)Ae 
tiene dual Il-proyectivo hereditario visto como (1 — e-)A{l — e)-m6dulo por la 
izquierda . 

En particular, cuando A satisface cualesquiera de las siguientes condiciones, la 
clase 1) de mas arriba cubre todas las ternas TTF que cscinden por la derecha en 
Mod A: 
i) A es semiperfecto. 

a) Todo ideal idempotente de A que es puro por la izquierda es tambien finitamente 
generado por la izquierda (e.g. si A es Nwtheriano por la izquierda). 

Ahora presentamos la parametrizacion general de las ternas TTF que escinden 
a derecha. Pero antes necesitamos algunas definiciones. 

DefiniciON. Sea I un ideal bildtero idempotente de A y sea M un A-modulo 
por la derecha. Un submodulo N de M es /-saturado si un elemento m de M 
pertenece a N siempre y cuando ml este contenido en N . 

DefiniciON. Un ideal bildtero idempotente I de A escinde a derecha si: 

1) para todo entero n > 1 y todo submodulo I -saturado K de A"', el cociente 
A" /(K + /") es un A/I-modulo proyectivo, 

2) I es un A-modulo puro por la izquierda, 

3) el anulador por la izquierda de I en A se anula, i.e. lannA^I) ~ 0. 

COROLARIO. La biyeccion de Jans entre ternas TTF en Mod A e ideales bild- 
teros idempotentes de A se restringe a una biyeccion entre: 

1) Ternas TTF en Mod A que escinden a derecha. 

2) Ideales bildteros idempotentes I tales que lannA{I) = (1 — e)A para algun idem- 
potente e & A, y ademds I es un ideal de eAe que escinde a derecha tal que 
eAe/I es un anillo perfecto hereditario. 

Este resultado fCorolario l3.5.8p nos permite dar un ejemplo (Eiemplo 13. 5. lip 
de un anillo conmutativo tal que: toda terna TTF que escinde por la izquierda 
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es de hecho centralmente escindida, pero admite ternas TTF que escinden por la 
derecha que no son centralmente escindidas. 

Capitulo 4 

Este capitulo esta esencialmente dedicado a recordar resultados bien conoci- 
dos sobre categon'as trianguladas y a establecer la terminologi'a para los capitulos 
siguientes. No obstante, contiene algunos resultados aparentemente nuevos que 
quizas merece la pena resaltar aqui. Por ejemplo, en la siguiente proposicion 'me- 
dimos' la distancia entre la propiedad dc scr compacto y la do scr: 'autocompacto', 
perfecto, supcrperfecto, . . . 

NOTACION. Dada una clase Q de objetos de una categoria triangulada T) de- 
notamos por Tria(Q) a la menor subcategoria triangulada de T) que contiene a Q 
y es cerrada para coproductos pequenos. 

Proposicion. Sea T) una categoria triangulada con coproductos pequenos y sea 
P un objeto de V. Las siguientes condiciones son equivalentes: 

1) P es compacto en T) . 

2) P satisface: 

2.1) P es perfecto en D. 

2.2) P es compacto en la subcategoria plena Sum[{P[n\\n^7,) de T) formada por 
los coproductos pequenos de las traslaciones en ambos sentidos de P. 

2.3) Tria{P)^ es cerrada para coproductos pequenos. 

3) P satisfies: 

3.1) P es compacto en Tria{P). 

3.2) Tria{P)^ es cerrada para coproductos pequenos. 

4) P satisface: 

4-.1) P es supcrperfecto en V. 

4.2) P es compacto en Sum{{P[n]}„i£z) ■ 

Tambien definimos la categoria derivada acotada por la derecha de una categoria 
dg y estudiamos algunas de sus propiedades basicas. Esbocemos brevemente aqui su 
definicion, que necesitaremos para el resumen del capitulo 6. Sea A una categoria 
dg pequena. Sea Susp(yl) la menor subcategoria suspendida plena de VA que 
contiene a los y^-modulos dg por la derecha representados por los objetos A de 
A y cerrada para coproductos pequenos. Decimos que la categoria derivada acotada 
por la derecha de A es la subcategoria triangulada plena de VA obtcnida como la 
union de todos los trasladados en ambos sentidos dc Susp(^): 

V'A := y Susp(^)[n]. 
nez 

Esta definicion coincide con la clasica cuando A es la categoria dg asociada a un 
algebra ordinaria A, y con la natural cuando A tiene cohomologia concentrada en 
grados no positivos. En cfecto. el Lema [57721 nos dice lo siguiente: 

Lema. Sea A una categoria dg pequena con cohomologia concentrada en grados 
(— oo,m] para algun entero m G Z. Para un A-module dg M consideramos las 
siguientes afirmaciones: 

1) M € Susp{A)[s]. 

2) H^Al(A) = para cada entero i > m + s y cada objeto A de A. 
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Entonces 1) =^ 2) y, en caso de que m = 0, tambien tenemos 2) 1). 
Capitulo 5 

Los resultados de este capitulo aparecen en el arti'culo [85| . Fijemos algo de 
terminologia antes de responder a la pregunta 2 de mas arriba. 

DefiniciON. Sea V una categona triangulada y sea Q un conjunto de objetos 
de v. Decimos que Q genera V si un objeto M de T) se anula siempre y cuando 

V{Q[n],M) = 

para todo objeto Q de Q y todo entero n G Z. 

DefiniciON. Una categona triangulada T) es alada si tiene un conjunto de 
generadores, tiene coproductos pequenos y para todo conjunto Q de objetos de T> 
tenemos que Tria{Q) es la primera clase de objetos de una t-estructura de V. 

EjEMPLO. La categoria derivada de una categoria dg pequena es alada (ci. 
Corolario\lKT§. 

DefiniciON. Un objeto M de una categoria triangulada T) es excepcional si 
no tiene 'autoextensiones', i.e. 'D{M, A'I[n]) = para todo n € Z \ {0}. 

Aliora podemos presentar nuestro Corolario l5.2.9( que es la version no acotada 
del teorema de S. Konig: 

COROLARIO. Sea T) una categoria triangulada que es o bien perfectamente ge- 
nerada o bien alada. Las siguientes afirmaciones son equivalentes: 

1) D es una aglutinacion de categorias trianguladas generadas por un solo objeto 
compacto (y excepcional). 

2) Existen objetos (excepcionales) P y Q de V tales que: 

2.1) P es compacto. 

2.2) Q es compacto en Tria{Q). 

2.3) V{P[n],Q) = para cada n e Z. 

2.4) {P, Q} genera V. 

3) Existe un objeto compacto (y excepcional) P tal que Tria{P)-^ es generado por 
un objeto compacto (y excepcional) en Tria{P)^ . 

En el caso de que D sea compactamente generada por un objeto compacto podemos 
anadir: 

4) Existe un objeto compacto (y excepcional) P (tal que Tria{P)^ estd generada 
por un objeto compacto excepcional). 

En caso de que V sea algebraica podemos anadir: 

5) D es una aglutinacion de categorias derivadas de algebras dg (concentradas en 
grado 0, i.e. algebras ordinarias). 

Este resultado es consecuencia de una paramctrizacion general de todas las 
formas en que una categoria triangulada T), que suponemos con un conjunto de 
generadores, aparece como aglutinacion de dos categorias trianguladas (vease la 
Proposicion I5.2.7P . 
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DefiniciON. Sea k un anillo conmutativo. Una categoria dg k-lineal A es k- 
plana si para cualquier par de objetos A y A' de A resulta que tensorizar con el 
correspondiente espacio de morfismos 

7(E)kA{A,A') -.Ck^Ck 

conserva complejos aciclicos. 

El siguiente teorema (Teoreina l5.3.7p es una respuesta a la pregunta 5 de arriba. 
Utiliza lo que llamamos epimorfismos homologicos de categorias dg, que son una 
generalizacion natural de los "epimorfismos homologicos" de W. Geigie y H. Lenzing 

m- 

Teorema. Sea k un anillo conmutativo y sea A una categoria dg k-plana. Para 
toda terna TTF triangulada {X,y,Z) en VA existe un epimorfismo homologico 
F : A B (biyectivo en objetos) tal que la imagen esencial del funtor de restriccion 
de escalares F* : VB — > VA es y . 

Gracias al trabajo de G. Tabuada |103j . la asuncion de fc-planitud en el teo- 
rema anterior es inofensiva. En efecto, uno puede probar (c/. Lemma [5.4. 3p que 
toda categoria triangulada algebraica compactamente generada A:-lineal es triangu- 
ladamente equivalente a la categoria derivada de una categoria dg fc-plana. 

El siguiente teorema (Teorema 15.4. 4p aiina varios resultados obtenidos en el 
transcurso de los capitulos 4 y 5: 

Teorema. Sea k un anillo conmutativo, sea V una categoria triangulada al- 
gebraica compactamente generada k-lineal, y sea A una categoria dg k-plana cuya 
categoria derivada es trianguladamente equivalente aV. Existe una biyeccion entre: 

1) Subcategorias aplastantes X dcT). 

2) Ternas TTF trianguladas {X,y,Z) enT>. 

3) (Clases de equivalencia de) aglutinaciones paraT>. 

4) ( Clases de equivalencia de ) epimorfismos homologicos de categorias dg de la 
forma F : A —i- B (que podemos escoger de modo que scan biyectivos en objetos). 

Mas aun, si denotamos por S a cualquiera de los conjuntos ( equipotentes ) de arriba, 
entonces existe una aplicacion suprayectiva TZ S, donde TZ es la clase de objetos 
P deT) tales que {P[nWn£Z ^-^ cerrada para coproductos pequenos. 

Los siguientes resultados pretenden complementar el trabajo de H. Krause so- 
bre subcategorias aplastantes de categorias trianguladas compactamente generadas 
[69j . Empecemos con el Teorema 15.5.81 

Teorema. Sea T> una categoria compactamente generada y sea X un ideal 
bildtero idempotente de T>'^ cerrado para traslaciones en ambos sentidos. Entonces 
existe una terna TTF triangulada {X,y,Z) en T> tal que: 

1) X — Tria(V), para cierto conjunto V de coUmites de Milnor (cf. Deflnicion 
\4-4-9^ de sucesiones de morfismos de T. 

2) y = , donde es por definicion la clase de objetos AI de T) tales que 
T>{f, M) = para todo morfismo f € T. 

3) Un morfismo de pertenece aJsiy solo si factoriza a traves de un objeto de 
V. 

Esto, junto con la afirmacion 2') de |66[ Theorem 4.2] da una prueba breve y 
directa del siguiente teorema (Teorema l5.5.15|) . que esta en la linea de la biyeccion 
que H. Krause establece en |69[ Corollary 12.5, Corollary 12.6]: 
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Teorema. Sea T) una categoria triangulada compactamente generada. Si y es 
una clase de objetos de T) denotamos por Mor{T>'^)^ a la clase de morfismos f de 
T)'^ tales que 'D{f, Y) ~ Q para todo objeto Y Cz y. Entonces, las aplicaciones 

{X,y,Z)^ MoriV f e 1 ^ {^{l^),!^ ,1^^) 

definen una biyeccion entre el conjunto de todas las ternas TTF trianguladas en 
V y el conjunto de todos los ideales bildteros idempotentes cerrados (cf. Definicion 
[5Xg|) I de V tales que = J. 

Como consecuencia obtencmos el Corolario l5.5.17| que rcsponde positivamente 
a la pregunta 4. 

COROLARIO. Sea T) una categoria triangulada compactamente generada. En- 
tonces toda subcategoria aplastante X de T) es de la forma X = Tria{V), donde V 
es un conjunto de coUmites de Milnor de objetos compactos. 

El Teorema 15.5.151 tambien implica el Corolario l5.5.18| que para el caso alge- 
braieo da una nueva demostracion de la biyeecion de H. Krause: 

COROLARIO. Sea T) una categoria triangulada algebraica compactamente gene- 
rada. Las aplicaciones 

{X,y,Z)^Mor{V^)y e I ^ ,1^^) 

definen una biyeccion entre el conjunto de todas las ternas TTF trianguladas en T> 
y el conjunto de todos los ideales bildteros idempotentes saturados 2 de cerrados 
para traslaciones en ambos sentidos. 

Una posible respuesta a la pregunta 6 seria la siguiente: en el caso algebraico, 
la 'omnipresencia' de los epimorfismos homologieos de categorias dg nos permite 
dar una demostracion sencilla de la afirmacion 2') del |66[ Theorem 4.2] (vease la 
demostracion de la Proposition 15.5. . la cual es el resultado necesario, junto con 
el Teorema 15.5.81 para dar la nueva demostracion de la biyeccion de H. Krause. 

Capitulo 6 

Los resultados de este capitulo, que tratan la pregunta 3, apareceran en el 
arti'culo |86] en preparation. El primer resultado importante, y muy general, es el 
siguiente (Proposition I6.3.6[) : 

PrOPOSICION. Sea A una categoria dg. Las siguientes afirmaciones son equi- 
valentes: 

1) 'D~A es una aglutinacion de V" B y T>~C, para ciertas categorias dg B and C. 

2) Existen conjuntos V , Q de objetos de T>^ A tales que: 

2.1) V estd contenido en Susp{A)[n-p\ y Q estd contenido en Susp{A)[nQ\ para 
ciertos enteros n-p y hq. 

2.2) V y Q son dualmente acotados por la derecha. 

2.3) Tria{V) H 'D~ A estd exhaustivamente generada a izquierda por V y los 
objetos de V son compactos en "DA. 

2.4-) Tria{Q) D T>^ A estd exhaustivamente generada a izquierda por Q y los 
objetos de Q son compactos en Tria{Q) D T>^A. 

2.5) (VA){P[n], Q) = para cada P (zV , Q e Q y n e Z. 

2.6) ruQ genera VA. 
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Hay varias cosas de este resultado que precisan aclaracion. 

En primer lugar, nos encontramos con la nocion de ser "dualmente acotado 
por la derecha" . La definicion precisa se puedc cncontrar en la Definicion 16.3.21 
Dicha definicion es algo abstracta ya que usa resoluciones fibrantes en una cierta 
estructura modclo cn la categorfa dc ^-modulos dg por la derecha. Sin embargo, 
a veces admite una caracterizacion mucho mas exph'cita. Por ejemplo. si A es un 
algebra ordinaria y P es un complejo acotado por la derecha de A-modulos tal que 
{VA){P, P[n\) = para n > 1, entonces P es dualmente acotado por la derecha si 
y solo si es cuasi-isomorfo a un complejo acotado de ^-modulos proyectivos. Para 
demostrarlo se puede utilizar el Lema [6".3.4I junto con el criterio de S. Konig que 
caracteriza a 7i''(Proj A) dentro de V^A {cf. el principio de la demostracion de |65[ 
Theorem 1]). 

En segundo lugar, nos encontramos con la nocion de estar "exhaustivamente 
gcnerada a izquierda" . Decimos que una categorfa triangulada V csta exhaustiva- 
mente generada (a izquierda) por una clase V de objetos de V si se satisfacen las 
siguientes condiciones: 

1) La existencia de coproductos pequehos de extensiones finitas de coproductos 
pequehos (de traslaciones no negativas) de objetos de V esta garantizada en V. 

2) Para todo objeto M de T) existe un entero i £ Z junto con un triangulo 



de V tal que cada Q„ es una extension finita de coproductos pequeiios (de 
traslaciones no negativas) de objetos de V. 

Las categorfas trianguladas exhaustivamente generadas aparecen frecuentemente 
en la practica como categorfas compactamcnte o incluso perfectamentc generadas. 

Cuando solo tratamos con categorfas dg con cohomologfa concentrada en grados 
no positives (por ejemplo, algebras ordinarias), la proposicion anterior admite la 
siguiente reformulacion mas sencilla (Corolario l6.3.9p : 

COROLARIO. Sea A una categoria dg. Las siguientes afirmaciones son equiva- 



1) V^A es una aglutinacion de 'D~B y I?~C, parta ciertas categonas dg B y C con 
cohomologia concentrada en grados no positivos. 

2) Existen conjuntos V , Q de objetos de A tales que: 

2.1) V estd contenido en Susp{A)[n-p] y Q estd contenido en Susp{A)[nQ\ para 
ciertos enteros n-p y hq. 

2.2) V y Q son dualmente acotados por la derecha. 

2.3) Los objetos de V son compactos en VA y satisfacen 



]]_Qn^]lQn^ M[z] ^ [J Q„[l] 




lentes: 



{VA){P,P'[n]) = 



2. 



4) 



para todos P , P' ^ V y n> 1. 

Los objetos de Q son compactos en Tria{Q) D V^A y satisfacen 



{VA){Q,Q'[n]) =0 



2. 
2. 



5) 
6) 



para todos Q , Q' G V y n > 1. 

(VA){P[n\,Q) = para cada P , Q e Q y n e Z. 
VUQ genera VA. 
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Gracias al Lema 1673. Ill la version para algebras ordinarias (c/. Teorenia l6.3.12p 
es esencialmente el teorema de S. Konig |65( Theorem 1]: 

Teorema. Sean A, B y C algebras ordinarias. Las siguientes afirmaciones 
son equivalentes: 

1) 'D~ A es una aglutinacion de I?~C y B. 

2) Existen dos ohjetos P , Q ^ A que satisfacen las siguientes propiedades: 

2.1) Existen isomorfismos de algebras C = {T>A)[P,P) y B = {'DA){Q,Q). 

2.2) P es excepcional e isomorfo en "DA a un complejo acotado de A-modulos 
proyectivos finitamente generados. 

2.3) {T>A)[Q^Q[n]^^'^) = para cualquier conjunto A y todo n G Z \ {0}, la 
aplicacion canonica {'DA){Q,Q)^^'^ — > {DA){Q,Q^^^) es un isomorfismo, y 
Q es isomorfo en T>A a un complejo acotado de A-modulos proyectivos. 

2.4) {'DA){P[n\,Q) = para todo n e Z. 

2.5) P®Q genera VA. 
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Motivation 

In his work |26] . S. E. Dickson defined the notion of torsion theory (now called 
torsion pair) in the general framework of abelian categories, which generalizes the 
concept of 'torsion' appearing in the theory of abelian groups. A torsion pair on 
an abelian category A consists of a pair {X, y) of full subcategories of objects of A 
such that: 

1) V{X, r) = for a\lX eX and Y ey, 

2) X is closed under quotients and y is closed under subobjects, 

3) each object M of A occurs in a short exact sequence 

0^ Mx M ^0 

in which Mx belongs to X and A/-^ belongs to y. 
When this short exact sequence splits for each M, we say that the torsion pair 
is split. Since S. E. Dickson's work, torsion pairs have played an important role 
in algebra: they have been a fundamental tool for developing a general theory of 
noncommutative localization |102| , they have had a great impact in the representa- 
tion theory of Artin algebras [43 L I42L [5],. . . One of the important concepts related 
to torsion theory is that of a torsion-torsionfree(=TTF) theory (now called TTF 
triple), introduced by J. P. Jans in [50] . It consists of a triple {X,y,Z) of full 
subcategories of an abelian category such that both {X, y) and {y, Z) are torsion 
pairs. We say that the TTF triple {X,y,Z) is left (respectively, right) split when 
{X,y) (respectively, {y,Z)) is split. A TTF triple is centrally split if it is both 
left and right split. When the ambient abelian category is the category of modules 
Mod A over a ring A (associative, with unit), then we have the following result due 
to J. P. Jans [50l Corollary 2.2]: 

Theorem. TTF triples on Mod^ are in bijection with idempotent two-sided 
ideals of A. Moreover, this bijection induces a bijection between centrally split TTF 
triples on Mod^ and (two-sided ideals generated by) central idempotents of A. 

A natural question arises: 

Question 1: Which are the two-sided ideals of A corresponding to left or right split 
TTF triples on Mod Al 

In their work [12j on perverse sheaves, A. A. Beilinson, J. Bernstein and 
P. Deligne defined the notion of t-structure on a triangulated category, which for- 
malizes the notion of '(intelligent) truncation' of a cochain complex on an abelian 
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category. A t-structure on a triangulated category {T>, ?[1]) consists of a pair {X, y) 
of strictly(=closed under isomorphisms) full subcategories of V satisfying: 

1) V{X, r) = for aWX gX and Y &y, 

2) X is closed under positive shifts and y is closed under negative shifts, 

3) each object M oiV occurs in a triangle 

Mx M Mx[l]. 

They proved that the general theory of t-structures is sophisticated enough to 
capture one of the most important phenomena related to truncation: the t-structure 
{X, y) defines an abelian category ATI (3^[1]) inside the triangulated category T) and 
linked to it by a cohomological functor V Xf) (3^[1]). To emphasize this fact, one 
usually writes (A',3^[l]) to refer to the t-structure {X,y). t-structurcs have given 
rise to a fair amount of results and arc important in many branches of mathematics: 
theory of perverse sheaves [12|, I52| , link between Grothendieck-Roos duality theory 
and tilting theory [63| . tilting theory itself |63|, I42j . motivic cohomology and A^- 
homotopy theory in the sense of V. Voevodsky |108l 175] , commutative algebra |76l 
[2], ... As one can see, the notion of t-structure is the formal analogue of the notion 
of torsion pair for abelian categories. Accordingly, the 'triangulated' analogue of a 
TTF triple, called triangulated TTF triple, consists of a triple {X, y, Z) such that 
both {X, y) and (3^, Z) are t-structures. Although a triangulated TTF triple is 
made of t-structures, it does not provide us abelian categories inside the ambient 
triangulated category. Instead, the general philosophy of triangulated TTF triples 
is that they allow us to regard a triangulated category as glued together from 
two others triangulated categories. More precisely, triangulated TTF triples on a 
triangulated category V are in 'bijection' with ways of expressing I? as a glueing 
or recollement (a notion defined by A. A. Beilinson, J. Bernstein and P. Delignc in 
[12j ) of two others triangulated categories. In this sense, triangulated TTF triples 
have made a life by their own, apart from t-structures. They appear under the name 
of "recollement" in: the work of E. Chne, B. ParshaU and L. L. Scott [23l[88], the 
theory of diagram algebras [73j .... 

Inspired by the work of E. Cline, B. ParshaU and L. L. Scott and using the 
work of J. Rickard [95], S. Konig gave in |65l Theorem 1] necessary and sufficient 
conditions for the existence of recollement situations. Precisely, he proved the 
following: 

Theorem. The right hounded derived category A of a ring A is a recolle- 
ment of the right derived categories of two rings B and C if and only if there 
exist two complexes P and Q in 'D~ A quasi-isomorphic to a hounded complex of 
projective A-modules such that: 

1 P is compact in VA (i.e. quasi-isomorphic to a hounded complex of finitely gene- 
rated projective A-modules) and {'DA){Q,7) commutes with small coproducts of 
copies ofQ. 

2 (VA){P,P[n]) ^ and (pA){Q,Q[n]) = for all n e Z. 

3 There exist ring isomorphisms (T>A)(P, P) = C and (T>A)(Q,Q) = B. 

4 {VA){P[n],Q) = for all neZ. 

5 IfM IS an object of V- A such that {VA){P[n],M) = and {VA){Q[n],M) = 
for all n gZ, then M = 0. 

S. Konig proved his theorem at around 1990, and at that time a Morita theory 
for unbounded derived categories was not available. Some years latter, B. Keller 
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developed in |56j a Morita (and Koszul) theory for unbounded derived category of 
dg categories. Then, natural questions arise: 

Question 2: Can wc use B. Keller's theory to parametrize all the ways of expressing 
the unbounded derived category VA of a ring A as a recoUcment of unbounded 
derived categories of two other rings? 

If the answer is yes, 

Question 3: can we develop an 'unbounded' approach to S. Konig's work? Namely, 
can we use the study of recollements at the unbounded level to understand recoUe- 
ments at the right bounded level? 

According to |17) . the notion of smashing subcategory of a triangulated ca- 
tegory V originated in the work of D. Ravenel. A full triangulated subcategory 
A" of a triangulated category T? with small coproducts is a smashing subcategory 
if there exists a t-structure {X,y) such that y is closed under small coproducts. 
If the ambient triangulated category is, for instance, compactly generated, then 
smashing subcategories are in bijection with triangulated TTF triples. The gene- 
ralized smashing conjecture is a generalization to arbitrary compactly generated 
triangulated categories of a conjecture due to D. Ravenel [94|, 1.33] and, originally, 
A. K. Bousfield [l9l 3.4]. It predicts the following: 

If A" is a smashing subcategory of a compactly generated triangulated category P, 
then there exists a set V of compact objects of 2? such that X is the smallest full 
triangulated subcategory of V closed under small coproducts and containing V. 

This conjecture was disproved by B. Keller in |55| . However, sometimes im- 
portant results proved for compact objects remain true (or admit nice generaliza- 
tions) after replacing "compact" by "perfect" , "superperfect" or something related. 
Therefore one could ask: 

Question 4- Does the conjecture become true after replacing "compact" by some- 
thing related? 

In his algebraic approach to the generalized smashing conjecture |66l I69j . 
H. Krausc proved the following: 

Theorem. Let V be a compactly generated triangulated category. Smashing 
subcategories of V are in bijection with saturated idempotent two-sided ideals of 
V (—the full subcategory ofD formed by the compact objects) closed under shifts in 
both directions. 

Here saturated means that whenever there exists a triangle 

p' ApAp"^p'[l] 

in P"^ and a morphism / G V^P, Q) with /u , w G X, then / £ I. 

Notice the analogy with J. P. Jans' theorem above. This analogy is not strange, 
since module categories are 'compactly generated' abelian categories. However, se- 
veral facts suggest that the true 'triangulated' analogue of module categories are 
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not just compactly generated triangulated categories but compactly generated al- 
gebraic triangulated categories. These, thanks to B. Keller's theorem j56( Theorem 
4.3], are precisely the derived categories of dg categories. 

Question 5: Can we parametrize all the triangulated TTF triples on (equivalently, 
smashing subcategories of) the derived category VA of a dg category A in terms 
of A itself or, at least, in 'dg terms'? 

If the answer is yes. 

Question 6: which is the link between this parametrization and Krause's? 

Pretriangulated categories (in the sense of A. Beligiannis |14| ) are a genera- 
lization of abelian and triangulated categories. In pretriangulated categories one 
can define the notion of pretriangulated torsion pair, which is a generalization of 
the notion of torsion pair and t-structure. Pretriangulated torsion pairs (and so 
t-structures and torsion pairs) have many basic properties which should be deduced 
from a theory of torsion in additive categories. Moreover, several facts suggest that 
the underlying additive category is essentially enough to understand centrally split 
TTF triples on an abelian category or centrally split triangulated TTF triples (split- 
ncss here is defined as we did for abelian categories). To formalize this observation 
one should try to answer the following question: 

Question 7: Can we define a torsion theory for additive categories so that split 
TTF triples on richer categories can be essentially understood by just looking at 
the underlying additive TTF triples? 

When answering the question above one realizes that the property of being a 
balanced category plays an important role in the characterization of centrally split 
TTF triples. Notice that both abelian and triangulated categories are necessarily 
balanced. However, this is not the case for pretriangulated categories. A typical 
example of a (not necessarily abelian or triangulated) pretriangulated category 
is the stable category of an abelian category associated to a functorially finite 
subcategory (c/. A. Beligiannis' papers |13|, I14j ). Hence, the following is a natural 
question: 

Question 8: Can we characterize when 'homologically nice' stable categories of 
abelian categories are balanced? 

This work is structured in six chapters in which we study and answer the 
questions above. 

Chapter 1 

This chapter deals with question 7, and it develops the basics of a torsion theory 
for additive categories. In section 11.41 we prove that abelian, pretriangulated, 
triangulated,. . . torsion pairs are precisely the additive torsion pairs which satisfy 
certain extra conditions. In section [1.51 we define what we mean by split additive 
torsion pair. In section [1.61 we define and characterize the so called centrally split 
additive TTF triples. 
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Notice that in pretriangulated categories the foUowing (strictly, see Example 
12.6. 4p weak version of the notion of "balance" is possible: 

Definition. A pretriangulated category (V, 51, E) is weakly balanced if a mor- 
phism f : M ^ N is an isomorphism whenever there exist a left triangle of the 
form 

nN M ^ N 

and a right triangle of the form 

M ^ N ^0-> Y.M. 

In case the ambient additive category has canonical factorizations, or it is a 
weakly balanced pretriangulated (and the additive TTF triples under consideration 
are also pretriangulated), the characterization of centrally split additive TTF triples 
is improved in Proposition 1 1 . 6 .41 

Proposition. Let {X,y,Z) be an additive TTF triple on an additive category 
T> . The following assertions are equivalent: 

1) It is left split and X = Z . 

2) It is right split and X ~ Z. 

3) It is centrally split. 

When T> has canonical factorizations or it is a weakly balanced pretriangulated ca- 
tegory with both {X,y) and (y,Z) pretriangulated torsion pairs, then the above 
conditions are equivalent to: 

4) x^z. 

It is remarkable (c/. Proposition 11.6.8"]) that in case the ambient category T> is 
triangulated, then a triangulated TTF triple {X, y, Z) is centrally split if and only 
if it is left split, if and only if it is right split, if and only if X = Z. Therefore, in 
the triangulated world, either a triangulated TTF triple is centrally split or it does 
not split at all. 

In section ri.7[ we use idcmpotcnts to parametrize: 

a) Proposition 11.7.41 Centrally split additive TTF triples on additive categories 
with splitting idcmpotcnts. 

b) Corollary II. 7. 101 Centrally split TTF triples on abelian categories of a certain 
type which includes the Grothendieck categories having a projective generator. 
In particular, we generalize and give an alternative proof of a well-known fact 
concerning torsion pairs on module categories: centrally split TTF triples on 
the category Mod A of modules over an algebra A are in bijection with central 
idempotents of A. 

c) Corollarv ll.7.121 Centrally split triangulated TTF triples on compactly genera- 
ted triangulated categories. In particular, we prove that centrally split triangu- 
lated TTF triples on the derived category VA of a small dg category A are in 
bijection with (central) idempotents {eA)A£A of Oyieyi H'^A{A, A) such that for 
each integer n and each / e H"A{A, B) we have bb ■ f = f ■ ea in H^^A{A, B). 
Hence, if A is an ordinary algebra, centrally split triangulated TTF triples on 
"DA are in bijection with central idempotents of A. 

d) Corollarv ll.7.141 Centrally split triangulated TTF triples on derived categories 
of complete and cocomplete abelian categories. 
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Chapter 2 

The results of this chapter, which deals with question 8, will appear in [84j . 

One of the conclusions of this chapter is that the condition of being balanced is 
quite restrictive for the stable category of an abelian category and has to do with 
splitncss. This becomes clear with the following result fCorollarv l2.3.5p : 

Notation. Let A be an additive category and let T be a class of objects of A. 
We denote by the class of objects M of A such that A{T, M) ~ for every 
object T in T. Dually, one defines -^T. 

Corollary. Let A be an abelian category and T be a Serre class in A. The 
following assertions are equivalent: 

1) T is contravariantly (respectively, covariantly) finite in A and the stable category 
A of A associated to T is balanced. 

2) T is functorially finite in A and A is weakly balanced. 

3) T satisfies the following properties: 

3.1) V{M, T) = for allT eT and M eT^. 

3.2) Every object of A is the direct sum of an object of T and an object ofT^. 

The next theorem (Theorem I2.4.6|) . which is the main result of section [2^ 
completely characterizes when a stable category of an abelian category associated 
to a subcategory of projectives is balanced: 

Theorem. Let A be an abelian category andT be a full subcategory consisting 
of projective objects which is closed under finite direct sums and direct summands. 
The following assertions are equivalent: 

1) The stable category A of A associated to T is balanced. 

2) If ^ : T M is a non-split monomorphism with T G T, then there exists a 
morphism h : M ^ T' , with T' S T , such that no morphism h : M —f {h^)[T) 
coincides with h onT . That is to say, we do not have any commutative diagram 
as follows: 



{hfi){Tf — 

3) If f : M ^ N is an epimorphism satisfying conditions i) and ii) below, then it 
is a retraction: 

i) Its kernel f^ : ker(/) M factors through an object of T . 
ii) For every h : M ^ T , with T Cz T , the canonical epimorphism ker(/) -» 
h{ker{f)) factors through f^ : ker(/) —* M. 

As a consequence we get that if T consists of injective objects, then the corres- 
ponding stable category is always balanced since condition 2) always holds. This 
allows to give an example (Example 12. 6. 3p of a balanced pretriangulated category 
which is neither abelian nor triangulated. 

The main result (Theorem 12.5.4^ of section 12.51 deals with weakly balanced 
pretriangulated stable categories: 
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Theorem. Let A be an abelian category and T Q A be a functorially finite 
full subcategory consisting of projective objects and closed under direct summands. 
Consider the following assertions: 

1) For every T € T \ {0}, there is a non-zero morphism ip : T ^ T' , with T' e T, 
which factors through an injective object of A. 

2) The stable category A of A associated to T (which is pretriangulated) is weakly 
balanced. 

3) If j : T ^ M is a non-zero monomorphism in A, with T G T, then there is a 
morphism h : M ^ T' such that hj ^ 0, for some T' G T . 

Then 1) => 2) <^ 3) and, in case A has enough injectives, all assertions are equiva- 
lent. 

The link between balance and splitness in stable categories becomes again clear 
thanks to the following consequence fProposition 12.5.5)) of the theorem above. It 
characterizes (weak) balance in abelian categories in which the class of projective 
objects is closed under subobjects. 

Proposition. Let Ti. be an abelian category such that its class of projective 
objects is closed under subobjects. Let T be a covariantly finite full subcategory of 
Ti. consisting of projective objects and closed under direct summands. The following 
assertions are equivalent: 

1 ) The stable category TiofTi associated to T is balanced. 

2) is closed under subobjects. 

3) The pair {-^T , Sub{7')) is a hereditary (split) torsion pair in Ti,, where Sub{T) 
is the full subcategory of Ti. formed by the subobjects of objects in T . 

When T is contravariantly finite in TC, the above assertions are equivalent to: 

4) tL weakly balanced 

When Ti. has enough injectives, assertions 1) — 3) are also equivalent to: 

5) For every object T € T, there is a monomorphism T ^ E, where E is an 
injective(-projective) object of Ti which belongs to T. 

Chapter 3 

The results of this chapter, which give a complete answer to question 1 above, 
have appeared published in [82j (see also [83] ). 

Let A be an arbitrary ring. Recall that an ^-module M is hereditary T.-injective 
if every quotient of a (possibly infinite) coproduct of copies of M is an injective 
A-module. 

It turns out that left split TTF triples on Mod A are relatively easily charac- 
terized in terms of hereditary E-injective modules (Corollarv l3.3.4p : 

Corollary. Jans' bijection between TTF triples on Mod^ and idempotent 
two-sided ideals of A restricts to a bijection between: 

1) Left split TTF triples on Mod A. 

2) Ideals of A of the form I = eA where e is an idempotent of A such that eA[\ — e) 
is hereditary "E-injective as a right (1 — e)A(l — e)-module. 
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An A-module M is hereditary Il-projective if every submodule of a (possible 
infinite) product of copies of M is projective. Notice that one can consider several 
'duals' of a left A-modulc M. For instance, one can consider the right A-module 
Homz(Af, Q/Z). Also, one can put S :~ End a{M)°^ and consider the right A- 
module Horns (M, Q) where Q is a minimal injective cogenerator of Mod S. Propo- 
sition [3AT0] says that one of these duals is hereditary Il-projective if and only if so 
is the other. In this case, we say that M has hereditary Il-projective dual. 

A complete characterization of right split TTF triples is more difficult and 
needs something more than hereditary Il-projective modules. However, sometimes 
this kind of modules suffices, as shown in the following partial characterization (c/. 
Corollary [3Xl3l): 

Corollary. Jans' bijection between TTF triples on Mod^ and idempotent 
two-sided ideals of A restricts to a bijection between: 

1 ) Right split TTF triples on Mod A whose associated idempotent ideal I is finitely 
generated on the left. 

2) Ideals of the form I = Ae, where e is an idempotent of A such that the left 
(1 — e)j4(l — e)-module (1 — e)Ae has hereditary H-projective dual. 

In particular, when A satisfies either one of the two following conditions, the class 
I) above covers all the right split TTF triples on Mod^; 
i) A is semiperfect. 

ii) Every idempotent ideal of A which is pure on the left is also finitely generated 
on the left (e.g. if A is left Ncetherian). 

Now wc will present the general parametrization of right split TTF triples. For 
this we need some previous definitions. 

Definition. Let I be an idempotent two-sided ideal of A and let M be a right 
A-module. A submodule N of M is /-saturated if an element m of M belongs to 
N provided ml is contained in N . 

Definition. An idempotent two-sided ideal I of A is right splitting if: 

1) for every integer n > 1 and every I -saturated submodule K of A"^ , the quotient 
A" / {K -f /") is a projective A/ 1 -module, 

2) I is a pure left A-module, 

3) the left annihilator of I in A vanishes, i.e. lannA{I) ~ 0. 

Corollary. Jans' bijection between TTF triples on Mod A and idempotent 
two-sided ideals of A restricts to a bijection between: 

1 ) Right split TTF triples on Mod A. 

2) Idempotent ideals I such that, for some idempotent e & A, lannA{I) = (1 — e)A 
and I is a right splitting ideal of eAe with eAe/I a hereditary perfect ring. 

This result (Corollarv l3.5.8p allows us to give an example (Example l3.5.1ip of a 
commutative ring such that: every left split TTF triple is centrally split, but there 
are right split TTF triples which are not centrally split. 

Chapter 4 

In this chapter we recall well-known results on triangulated categories and set 
the terminology for the subsequent chapters. Also, we define the right bounded 
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derived category of a dg category and study some of its basic properties. Let us 
briefly state here this definition, since it will be needed for the summary of chapter 
6. 

Let ^ be a small dg category. Let Susp(yl) be the smallest full suspended 
subcategory of VA containing the right dg ^-modules represented by objects 
j4 of ^ and closed under small coproducts. We say that the right bounded derived 
category of A is the full triangulated subcategory of VA obtained as the union of 
the shifts of Susp(^): 

V-A:= U Susp(^)H. 
nez 

This definition agrees with the classical one when A is the dg category associa- 
ted to an ordinary algebra A, and with the natural one when A has cohomology 
concentrated in non-positive degrees (see Lemma [4.7.21 . 

Chapter 5 

The results of this chapter appear in the preprint [85j . Let us fix some termi- 
nology before giving the answer to question 2 above. 

Notation. Given a class Q of objects of a triangulated category V we denote 
by Tria{Q) the smallest full triangulated subcategory ofD containing Q and closed 
under small coproducts. 

Definition. Let V be a triangulated category and let Q be a set of objects of 
v. We say that Q generates V if an object M ofV vanishes provided 

V{Q[n],M) = Q 

for every object Q of Q and every integer n e Z. 

Definition. A triangulated category T) is aisled if it has a set of generators, 
it has small coproducts and for every set Q of objects ofD we have that Tria{Q) is 
the first class of objects of a t-structure on P. 

Example. The derived category of a small dg category is aisled (cf. Corollary 

Definition. An object M of a triangulated category T) is exceptional provided 
it has no 'self-extensions', i.e. I?(Af, M[n]) = for all n Cz 'Z \ {0}. 

Now we can state our Corollary 15.2.91 which is the unbounded version of 
S. Konig's theorem: 

Corollary. Let V be a triangulated category which is either perfectly genera- 
ted or aisled. The following assertions are equivalent: 

1) T> is a recollement of triangulated categories generated by a single compact ( and 
exceptional) object. 

2) There are (exceptional) objects P and Q of T> such that: 

2.1) P is compact. 

2.2) Q is compact in Tria{Q). 

2.3) V{P[n],Q) = for each n e Z. 
2.i) {P, Q} generates V. 

3) There is a compact (and exceptional) object P such that Tria{P)^ is generated 
by a compact (and exceptional) object in Tria{P)^ . 
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In case T) is compactly generated by a single object we can add: 

4) There is a compact (and exceptional) object P (such that Tria{P)^ is generated 
by an exceptional compact object). 

In case T> is algebraic we can add: 

5) T) is a recollement of derived categories of dg algebras (concentrated in degree 0, 
i.e. ordinary algebras). 

Definition. Let k be a commutative ring. A k-linear dg category A is fc-flat if 
for every two objects A and A' of A we have that tensoring with the corresponding 
morphisms space 

l(^kA{A,A') -.Ck^Ck 

preserves acyclic complexes. 

The following theorem (Theorem 15.3. 7|1 is an answer to question 5 above. It 
uses what we call homological epimorphisms of dg categories, which are a natural 
generalization of the "homological epimorphisms" of W. Geigle and H. Lenzing [35j . 

Theorem. Let k be a commutative ring and let A be a k-flat dg category. 
For every triangulated TTF triple {X , 3^, Z) on DA there exists a homological epi- 
morphism F : A —f B (bijective on objects) such that the essential image of the 
restriction of scalars functor F* : DB — > IDA is y . 

Thanks to the work of G. Tabuada [103] , the fc- flatness assumption in the 
theorem above is harmless. Indeed, one can prove (c/. Lemma 15.4. 3p that every 
compactly generated algebraic fc-linear triangulated category is triangle equivalent 
to the derived category of a fc-flat dg category. 

The following theorem (Theorem 15.4.4^ summarizes many results obtained in 
the course of chapters 4 and 5: 

Theorem. Let k be a commutative ring, let D be a compactly generated alge- 
braic k-linear triangulated category, and let A be a k-flat dg category whose derived 
category is triangle equivalent to T>. There exists a bijection between: 

1) Smashing subcategories X ofT>. 

2) Triangulated TTF triples {X,y,Z) onT>. 

3) (Equivalence classes of) recollements for D . 

4) (Equivalence classes of) homological epimorphisms of dg categories of the form 
F : A ^ B (which can be taken to be bijective on objects). 

Moreover, if we denote by S any of the given (equipotent) sets, then there exists a 
surjective map TZ ^ S, where TZ is the class of objects PofV such that {P\n]}^£7, 
is closed under small coproducts. 

The next results are meant to complement H. Krause's work on smashing sub- 
categories of compactly generated triangulated categories |69j . Let us start with 
Theorem EXH 

Theorem. Let T> be a compactly generated triangulated category and let T be 
an idempotent two-sided ideal of T>^ closed under shifts in both directions. There 
exists a triangulated TTF triple {X,y,Z) on T> such that: 

1) X = Tria{V), for a certain set V of Milnor colimits (ci. Definition of 
sequences of morphisms ofT. 
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2) y = , where is the class of those objects M ofD such that 'D{f,M) = 
for every / G X. 

3) A morphism ofV belongs to X if and only if it factors through an object of V . 

This, together with the assertion 2') of |66i Theorem 4.2]. gives a short proof 
of the foUowing resuh fTheorem l5.5.15p in the spirit of H. Krause's bijection of |691 
CoroUary 12.5, Corollary 12.6]: 

Theorem. Let V be a compactly generated triangulated category. If y is a 
class of objects ofD we denote by M.or(T>'^)^ the class of morphisms f ofV^ such 
that 'D{f, Y) ~ for every object Y £ y. Then, the maps 

{X,y,Z)^ Mor{Vf and 1 ^ ,1^^) 

define a bijection between the set of triangulated TTF triples on T) and the set of 
closed (cf. Definition 1 5. 5. 3\) idempotent two-sided ideals T ofV' such that2[l] = X. 

As a consequence, we get Corollary 15.5.171 which gives a positive answer to 
question 4. 

Corollary. Let D be a compactly generated triangulated category. Then every 
smashing subcategory XofT> is of the form X ~ Tria(V), where V is a set of Milnor 
colimits of compact objects. 

Another consequence of Theorem 15 . 5 . 1 51 is Corollarv l5.5.181 which gives a new 
proof of H. Krause's bijection for the algebraic case: 

Corollary. Let T> be a compactly generated algebraic triangulated category. 
The maps 

{X,y,Z)^ MoriVy and X t-^ (^(X-L),!^,!-^-^) 

define a bijection between the set of triangulated TTF triples on T> and the set of 
saturated idempotent two-sided ideals T ofT>^ closed under shifts in both directions. 

A possible answer to question 6 is the following: in the algebraic setting, the 
'omnipresence' of homological epimorphisms of dg categories enables us to give a 
simple proof of assertion 2') of |66[ Theorem 4.2] (see the proof of Proposition 
I5.5.14p . which is the needed statement, together with Theorem 15.5.81 in order to 
give a new proof of H. Krause's bijection. 

Chapter 6 

The results of this chapter, which deals with question 3, will appear in a preprint 
[86j . The first main, very general, result is the following (Proposition 16. 3. 6|) : 

Proposition. Let A be a dg category. The following assertions are eguivalent: 

1) T>~ A is a recollement of'D~B and T>~C, for certain dg categories B and C. 

2) There exist sets V , Q in T>~ A such that: 

2.1) V is contained in Susp{A)[n-p] and Q is contained in Susp(A)[nQ\ for some 
integers n-p and hq. 

2.2) V and Q are dually right bounded. 

2.3) Tria{V) H T>~ A is exhaustively generated to the left by V and the objects 
of V are compact in T>A. 

2.4-) Tria{Q) nV^A is exhaustively generated to the left by Q and the objects 
of Q are compact in Tria{Q) D T>~ A. 
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2.5) {VA)[P[n], 0) = for each P eV , Q e Q andneZ. 

2.6) ruQ generates VA. 

There are several things to clarify in the proposition above. 

First, one encounters the notion of being "dually right bounded" . One can find 
the precise definition in Definition l6.3.2l This definition is a little bit abstract since 
it uses fibrant resolutions for a certain model category structure on the category 
of right dg ^-modules. However, sometimes it admits a much more explicit cha- 
racterization. For instance, if A is an ordinary algebra and P is a right bounded 
complex of A- modules such that {T^A){P, P[n]) = for n > 1, then P is dually 
right bounded if and only if it is quasi-isomorphic to a bounded complex of projec- 
tive A-modulcs. To prove this one can use Lemma 16.3.41 together with S. Konig's 
criterion which characterizes 7i^(Proj A) inside V^A {cf. the beginning of the proof 
of [Ml Theorem 1]). 

Secondly, one encounters the notion of "being exhaustively generated to the 
left". We say that a triangulated category T) is exhaustively generated (to the left) 
by a class V of objects of T) if the following two conditions hold: 

1) The existence of small coproducts of finite extensions of small coproducts (of 
non-negative shifts) of objects of V is guaranteed in V. 

2) For every object M of V there exists an integer i G Z together with a triangle 

U g„ ^ U Qn ^ M[l] ^ II Qn[l] 
n>0 n>0 n>0 

in V such that each Qn is a finite extension of small coproducts (of non-negative 
shifts) of objects of V. 

Exhaustively generated triangulated categories appear frequently in practice as 
compactly or even perfectly generated triangulated categories. 

When we are only concerned with dg categories with cohomology concentrated 
in non-positive degrees (for instance, ordinary algebras), the proposition above can 
be simplified as follows (Corollarv l6.3.9p : 

Corollary. Let A be a dg category. The following assertions are equivalent: 

1) V^A is a recollement of'D~B and 'D~C, for certain dg categories B and C with 
cohomology concentrated in non-positive degrees. 

2) There exist sets V , Q in T>~ A such that: 

2.1) V is contained in Susp{A)[n-p] and Q is contained in Susp{A)[nQ\ for some 
integers n-p and uq. 

2.2) V and Q are dually right bounded. 

2.3) The objects of V are compact in "DA and satisfy 

{VA){P,P'[n]) = 

for all P , P' andn> 1. 

2.4) The objects of Q are compact in Tria{Q) n T)^ A and satisfy 

{VA){Q,Q'[n])^Q 

for all Q ^ Q' gV and n>l. 

2.5) {VA){P[n],Q) = for each P eV , Q E Q andneZ. 

2.6) VUQ generates VA. 

After Lemma r6.3.11[ the version for ordinary algebras {cf. Theorem 16.3. 12p is 
essentially S. Konig's theorem |651 Theorem 1]: 
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Theorem. Let A, B and C he ordinary algebras. The following assertions are 
equivalent: 

1) 'D~ A is a recollement of'D~C and'D~B. 

2) There are two objects P , Q € 'D~ A satisfying the following properties: 

2.1) There are isomorphisms of algebras C = (VA){P,P) and B = (VA){Q,Q). 

2.2) P is exceptional and isomorphic in T>A to a bounded complex of finitely 
generated projective A-modules. 

2.3) (I?A)(Q,Q[n](^)) = for every set A and every n G Z \ {0}, the cano- 
nical map (PA)(g,Q)(^' (PA)(g,Q(^)) is an isomorph ism, and Q is 
isomorphic in T>A to a bounded complex of projective A-modules. 

2.4) {VA){P[n],Q) ^0 for allneZ. 

2.5) P®Q generates VA. 



CHAPTER 1 



Torsion theory in additive categories 

1.1. Introduction 

1.1.1. Motivation. The first observation is that the essence of splitting phe- 
nomena concerning torsion pairs {e.g. spht t-structures on triangulated categories) 
can be basically understood already at the additive level. This motivates the study 
of torsion theory in arbitrary additive categories and its interplay with more sophis- 
ticated torsion theories, like pretriangulated torsion pairs or t-structures, specially 
in the situation of splitting. 

1.1.2. Outline of the chapter. In section FOl we introduce the notion of 
torsion pair of an arbitrary additive category. In section 11.31 we recall the defini- 
tion of (co)suspended (or left/right triangulated) categories, and remind two ways 
in which they appear in nature, namely, as the stable categories of exact categories 
with enough injectives (or projectives), or as stable categories of abehan categories 
associated to a covariantly (or contravariantly) finite subcategory. We also recall the 
notion of pretriangulated category in the sense of A. Beligiannis, and the definition 
of pretriangulated torsion pair. In section 11.41 we prove that abelian, pretriangu- 
lated, triangulated,. . .torsion pairs are precisely the additive torsion pairs which 
satisfy certain extra conditions. In section 11.51 we define what we mean by split 
torsion pair. In section [TTBl we define and characterize the so called centrally split 
torsion torsionfree(=TTF) triples. In case the ambient additive category has cano- 
nical factorizations, or it is a weakly balanced pretriangulated (and the TTF triples 
under consideration are also pretriangulated) , this characterization is improved. In 
section fl. 71 we use idempotents to parametrize: 

a) Centrally split TTF triples on additive categories with splitting idempotents. 

b) Centrally split TTF triples on abelian categories of a certain type which includes 
the Grothendieck categories having a projective generator. In particular, we 
generalize and give an alternative proof of the second statement of J. P. Jans' 
theorem: centrally split TTF triples on the category Mod^ of modules over an 
algebra A are in bijection with central idempotents of A. 

c) Centrally split triangulated TTF triples on compactly generated triangulated 
categories. In particular, we prove that centrally split triangulated TTF triples 
on the derived category VA of a small dg category A are in bijection with 
(central) idempotents {eA)AeA of J|^|-_^ i?''^(A, A) such that for each integer 
n and each / G H'^A{A,B) we have • / = / • in H^^A{A,B). Hence, if 
A is an ordinary algebra, centrally split triangulated TTF triples on VA are in 
bijection with central idempotents of A. 

d) Centrally split triangulated TTF triples on derived categories of complete and 
cocomplete abelian categories. 
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1.1.3. Notation. By strictly full subcategory we mean 'full and closed under 
isomorphisms'. Given a class Q of objects of an additive category T), we denote by 
Q-*-^ (or if the category V is clear) the full subcategory of V formed by the 
objects A/ which arc right orthogonal to each object of Q, i.e. such that M) = 
for all Q in Q. Dually for Q denotes the full subcategory of V formed by the 
objects which are left orthogonal to each object of Q. Also, we denote by add(Q) 
the class of objects of V which are direct summands of finite coproducts of objects 
of Q. If Q is a class of objects of an abelian category, we denote by Gen(Q) the 
class of objects which are quotients of small coproducts of objects of Q. 



1.2. Additive torsion pairs 

We start with some elementary properties of adjoint pairs of functors. 
Lemma 1.2.1. Let 

C 



V 

he an adjoint pair of functors between arbitrary categories. Put 

e : C{LN, M) ^ V{N, RM) 

for the adjunction isomorphism. The unit will be denoted by rj-? := 0(1^?) and the 
counit by S-? := ^"^(Ifl?). The following assertions hold: 

1) R{Sm)vb.m = IflM for each M e C. 

2) SlnHtjn) = 1ln for each N eV. 

3) e{f) = R{f)T]N for each f e C{LN, M) , N e V , M e C . 

4) S-^ig) = SML{g) for each g e V{N, RM) , N eV , M eC. 

5) L is fully faithful if and only if rj is an isomorphism. 

6) R is fully faithful if and only if 5 is an isomorphism. 

1) If L is full, then for each M G C we have that (5j\/ is a retraction if and only if 
Sm is an isomorphism. 

8) If R is full, then for each N (z V we have that rj^ is a section if and only if rjN 
is an isomorphism. 

9) Assume C and T) are additive. Then tjn = if and only if LN = 0. 

10) Assume C and V are additive. Then Sm — if and only if RM = 0. 

11) If L is full, a morphism f satisfies Sm — 5m f if and only if f = Ilrn- 

12) If R is full, a morphism g satisfies rjN ~ gVN if o,nd only if g = Irln- 

Proof. Assertions 1) — 4) are well-known. 

5) Thanks to [451 Proposition II. 7. 5], we have that if L is fully faithful then t] is 
an isomorphism. Conversely, assume that rj is an isomorphism. If / G C{LN, LM), 
then / = L{riN)~^ o LR{f) ° LiVM) = LiVN^ ° ^(/) ° Vm) and so L is full. Finally, 
if L(f) = L{g), then RL{f) = RL{g) and, since the unit is an isomorphism, we 
deduce that f = g. This proves that L is faithful. 

6) Follows from 5) by duality. 

7) Assume there exists a morphism s such that 6m ° s ~ 1m- If L is full, then 
s o ,5a/ = L{f) for some / G V{RM, RM). Now 



r\f) = ,5a/ o L{f) ^ Sm osoSm^ Sm = ^"'(1 



RM 
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and so / = 1_rm, which imphes s o Sm ~ T-lrm- 

8) Follows from 7) by duality. 

9) 9{1ln) = riN = = 0{Qln) is equivalent to Iln = Oln- 

10) Follows from 9) by duality. 

11) Assume Sm ~ Sm/. Since L is full, there exists a morphism g such that 
L{g) = f. But then we have 0-^{g) = 5ML{g) = SmI = 5m = 9^'^{1rm)- This is 
equivalent to g = Irm-, which implies / = Ilrm- 

12) Follows from 11) by duality. y/ 

Definition 1.2.2. Let L ^ M N hea sequence of morphisms in an additive 
category V. We say that / is a weak kernel of g if the induced sequence 

V{7, L) ^ V{7, M) V{7, N) 

is exact, i.e. if the following conditions hold: 

1) ff/ = 0. 

2) If /i is a morphism such that gh = 0, then there exists a morphism h' such that 
fh' = h. 



L — ^ M — ^ N 




Dually, g is a weak cokernel of / is the induced sequence 
V{N, ?) ^ V{M, ?) ^ V{L, ?) 
is exact, i.e. , the following conditions hold: 

1) 5/ = 0. ^ 

2) If /i is a morphism such that hf = 0, then there exists a morphism h' such that 
h'g = h. 



f g 
L — ^ M — ^ N 




The sequence L —> M N is weakly exact if / is a weak kernel of g and g is a 
weak cokernel of /. 

Proposition 1.2.3. Let V be an additive category and let {X,y) be a pair of 
.strictly full subcategories of V .such that: 

i) V{X, y) = for each X e X andY ey. 

ii) The inclusion functor x : X D has a right adjoint tx. We put 

Ox : V{xN, M) ^ X{N, txM) 

for the adjunction isomorphism, rjx for the unit and dx for the counit. 
Hi) The inclusion functor y : y ^ T) has a left adjoint . We put 

Qy : y{T^N, M) ^ V{N, yM) 

for the adjunction isomorphism, r/y for the unit and 6'^ for the counit. 
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iv) For each Mel? the sequence 

n r ''m y i\,r 

XTxM M yr-^ M 

is weakly exact. 
Then, the following assertions hold: 

1) X = andy^X^. 

2) For an object M Cz V the following properties are equivalent: 

a) M belongs to X . 

b) 5x,M is an isomorphism. 

c) t^'m ^ 0. 

3) For an object Af G I? the following properties are equivalent: 

a) M belongs to y. 

b) ry^ is an isomorphism. 

c) TxM = 0. 

4 ) The endofunctors xtx and yr^ are idempotent. 

5) For an object M G T> the following properties are equivalent: 

a) Sx,M is a section. 

b) ry^i is a retraction. 

In this case, M = xtxM ® yr^M. 

Proof. 1) The inclusion X C -^y is clear. Conversely, let M e -^y. Then 
~ ^ and, since 5x,m is a weak kernel of 77^^, we have that the identity morphism 
factors through 6x,m. Hence, 6x,m is a retraction and. by the lemma above, 
it is in fact an isomorphism. This implies that AI E X. Dually, one gets y = X-^. 

2) Thanks to the proof of 1) we already know that an object M E T> belongs 
to X if and only if 5x,m is an isomorphism, and that if M = then M belongs 
to X. Now, if M e A" then ry^^ = and, by Lemma [L2T1 we have that r^M = 0. 

3) It follows from 2) by duality. 

4) For every M G V, since xtxM E X wc have that 

Sx,xTxM ■ XTX XTX M XTxM 

is an isomorphism. This proves that xtx is idempotent. Dually, one proves that 
yT-^ is idempotent. 

5) Assume 6x,m is a section, i.e. there exists a morphism r such that rSx.M = 1- 
Since (1 — Sx,m''')Sx,m — 0, there exists a morphism s such that sry^j = 1 — Sx^Air. 
We depict the situation: 

r y 
XTxM ^ M ^ yT^M 




Hence, 77^^ = Vm^V'ai and, by Lemma ll.2.11 we have 77^/ s = 1, i.e. rf^i is a retrac- 
tion. Notice that, since 5x,m is a section then it is the kernel of rf^^. Conversely, 
since ry^ is a retraction, then it is the cokcrnel of 5x.m- In this case we have that 
M ^ XTxM © yT^M, thanks to Lemma [T^ below. ^ 
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Lemma 1.2.4. Let T) be an additive category, and let 

M ^ N 

be a pair of morphisms in T) such that: 

1) it is an exact pair, i.e. / is the kernel of g and g is the cokernel of f , 

2) f is a section, i.e. there exists a morphism p such that pf ~ 1l, 

3) g is a retraction, i.e. there exists a morphism a such that ga ^ Ij^. 

Then, the morphism 

: M L(BN 

9 J 

is an isomorphism making commutative the following diagram 



L- 



['o'l 



M- 



N 



N 



Proof. Put a' := (1m ^ fp)'^- Of course, the morphism 

[ / a' ]:L(SN 
is a right inverse to the morphism 



: M ^ L(BN. 



Conversely, we have 



[/ 



fp + <^'g, 



and it turns out that this sum is l^v/. Indeed, since g{lM^fp—a'g) = 0, there exists 
a morphism h : M —t L such that 1m — fp — a'g = fh. Therefore, h = pfh = 0. ^/ 

In the sight of Proposition ll.2.3l the foUowing seems to be a natural definition. 

Definition 1.2.5. Let V be an additive category and let {X,y) be a pair of 
strictly full subcategories. We say that it is an (additive) torsion pair on V if it 
satisfies the conditions i)-iv) of the proposition above. The sequences 



XTxM — > M 



will be called torsion sequences. The functor tx (respectively, t^) is said to be 
the torsion functor (respectively, torsionfree functor) associated to the torsion pair 



1.3. (Co)suspended, triangulated and pretriangulated categories 

We recall here the definition of (co) suspended category, due to B. Keller and 
D. Vossieck [62], but also used by A. Beligiannis and N. Marmaridis [15| under the 
name of left/right triangulated category: 
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Definition 1.3.1. Let V be an additive category endowed with an additive 
endofunctor Yi : T) ^ T). We put TIT{'D, S) for the category whose objects are 

diagrams in 2? of the form L ^ M -'^ N Y,L and a morphism between two such 
diagrams is a triple of morphisms (1,171,71) making the following diagram commu- 
tative: 




A suspended or right triangulated category is an additive category T) endowed with 
an additive endofunctor E : 2? — > I?, called suspension functor, and a strictly full 
subcategory of TZT{'D,T,), whose objects are called right triangles, satisfying the 
following axioms: 

RTl) For each object M t^V the sequence M ""^ A/ ^ is a right triangle. 



RT2) If L A/ A iV A SL is a right triangle, then so is A/ A TV A 



EAf. 



RT3) If L A/ A TV EL and L' ^ A/' ^ N' 



YjL' are right triangles and I 
and m are morphisms such that m/ = j'l, then there is a morphism n such 
that (/, m, n) is a morphism of triangles 



/ 



■N- 



L' 



I 


rn 




[ r } 


L 9' 


* I,' 



Af 



AT' 



EL 



Si 



EL' 



RT4) For each pair of morphisms L ^ M N there is a commutative diagram 




EAL 



EiV' 



such that the two first rows and the two central columns are right triangles. 

A full suspended subcategory A" of a suspended category [V, E) consists of a full 
additive subcategory X closed under E and under extensions, i.e. if 

M ^ N -^Y.L 

is a right triangle of V with L , N e X, then EL , A/ e X. 

The dual notions arc that of cosuspended or left triangulated category and full 
cosuspended subcategory . In this case the endofunctor is the loop functor, denoted 
by r2 : 2? ^ I?, and the distinguished sequences are left triangles. 
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Remark 1.3.2. Let T) he a suspended category. For each right triangle L 
M N YjL of V and each object V ^V, the induced sequence 

. . . ^ I?(I]L, V) V{N, V) X>(M, V) -> V{L, V) 

is exact. In particular, gf — hg ~ {'^f)h = 0. See [521 Proposition 1.5.3] for a 
proof. 

(Co)suspended categories arise in nature as quotients of exact categories in the 
sense of D. Quillen [91j . 

Definition 1.3.3. A two-sided ideal of an additive category C is a class T of 
niorphisms of C such that: 

1.1) For any two objects M , N ^ C, the set T n C{M, N) is a subgroup of 
C(M, N). 

1.2) In any sequence of three composable morphisms 

M ^ N -^U 

we have hgf £ X whenever g ^T. 

Definition 1.3.4. If X is a two-sided ideal of the additive category C, we define 
the quotient category C /X as follows: it has the same objects as C and its morphisms 
space {C /I){M , N) is the quotient of the abelian group C{M,N) by the subgroup 
T n C{M, N). In this category the composition is given by the composition of the 
representatives. Associated to the quotient category we have the quotient functor 

C^C/I, 

which takes the object X to itself, and the morphism / to its class /. 

It is well-known that the quotient category C/X is also an additive category 
making the quotient functor into an additive functor. 

Definition 1.3.5. The stable category of an additive category C associated to 
a full additive subcategory T is the quotient C/{T) of C by the two-sided ideal 
(T) of morphisms factoring through an object of T. When T is clear, the stable 
category is denoted by C. 

Definition 1.3.6. An exact category is an additive category C endowed with 
a distinguished class of sequences £ closed under isomorphisms 

M ^ N, 

such that {i,p) is an exact pair, i.e. i is the kernel of p and p is the cokernel of i. 
Following [33j . the morphisms p are called deflations, the morphisms i inflations 
and the pairs {i,p) conflations. The class of conflations have to satisfy the following 
axioms: 

ExO ) The identity morphism of the zero object is a deflation. 

Exl ) The composition of two deflations is a deflation. 

Exl') The composition of two inflations is an inflation. 

Ex2 ) Deflations admit and are stable under base change (i.e. puUbacks). 

Ex2') Inflations admit and are stable under cobase change [i.e. pushouts). 
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Remark 1.3.7. As shown by B. Keller |54| . these axioms are equivalent to D. 
Quillen's [91j and they imply that if C is small, then there is a fully faithful functor 
from C into an ambient abclian category C whose image is an additive subcategory 
closed under extensions and such that a sequence of C is a conflation if and only 
if its image is a short exact sequence of C . Conversely, one easily checks that an 
extension closed full additive subcategory C of an abclian category C endowed with 
all exact pairs which induce short exact sequences in C is always exact. 

Definition 1.3.8. An object / of an exact category {C,8) is £-injective if the 
sequence 

C(Af, I)'^C{L,I) 

is exact for each conflation {i,p) £ £. The exact category has enough E-injectives 
if for each object M there exists a conflation 

M ^ IM "-^ EM 

such that IM is iP-injective. Dually, one has the notion of enough £ -projectives . 
An exact category with enough £-injectives, enough £-projectives and in which 
an object is £-injective if and only if it is ^-projective is said to be a Frobenius 
category. 

Recall that if (C, £) is an exact category with enough £-injectives, then its stable 
category C associated to the subcategory of the £-injective objects is an additive 
category making the quotient functor C — > C into an additive functor. However, it 
hardly carries an exact structure making the quotient functor into an exact functor 
(i.e. an additive functor taking conflations to conflations). Nevertheless, it admits 
a natural structure of suspended category |62(, I57j . The suspension functor S of C 
is obtained by choosing a conflation 

M IM SM 

for each object M, with IM being £-injective. Each triangle is isomorphic to a stan- 
dard triangle e) obtained by embedding a conflation {i,p) into a commutative 
diagram 

L M — ^ TV 

1 e 



Dually, the stable category of an exact category with enough 5-projectives associa- 
ted to the subcategory of the ^-projective objects becomes a cosuspended category. 

Therefore, if we start with an exact structure and then we quotient by those ob- 
jects which behave like injectives with respect to this exact structure, we get a sus- 
pended category. As pointed out by A. Bcligiannis and N. Marmaridis [15] . some- 
times one can also get suspended categories by reversing this procedure. Namely, 
we can start with a certain class of objects and then to pick up those short se- 
quences which regard these objects as 'injectives'. More precisely, we can consider 
quotients of abelian categories by covariantly finite subcategories in the sense of 
M. Auslandcr and S. O. Smal0 
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Definition 1.3.9. Let C be an additive category and let T be a full subcategory 
of C. A morphism im ■ M — > Tm in C is a left T -approximation [9] or a T- 
preenvelope [30j of M if Tm is an object of T and the induced map 



C{Tm,T)^C{M,T) 

is surjective for every object T of T. The subcategory T is covariantly finite [9] 
in C if any object of C admits a T-preenvelope. In this case, the stable category C 
is the quotient of C by the ideal of morphisms which factors through an object of 
T. The dual notions are right T -approximation or T-precover, and contravariantly 
finite. The subcategory T is functorially finite in C if it is both covariantly and 
contravariantly finite. 

If T is a covariantly finite subcategory in an abelian category C, then the 
corresponding stable category C admits a structure of right triangulated category 
|15| . Indeed, the suspension functor E is constructed by fixing, for each object M, 
a right exact sequence 

M '-^ Tm SAf ^ 0, 
where ia/ is a T-preenvelope of A/. The right triangles are those objects of TZT{C_, E) 
isomorphic to 'induced triangles', constructed as follows: let 

M ^ N ^0 

be a right exact sequence such that 

C{M,T)'^C{L,T) 
is exact for each T G T. Then we have a commutative diagram 




which produces the induce triangle 



M ^ N 



T,L. 



Alternatively [15[ Proposition 2.9], one can take the right triangles to be those 
objects of TZT(C_, E) isomorphic to 'distinguished triangles', constructed as follows: 
given an arbitrary morphism / e C{L, M), we have a commutative diagram 




in which the left square is cocartesian and which produces the distinguished triangle 



L 



f 



M ^ N EL. 



Dually, the stable category of an abelian category associated to a contravariantly 
finite subcategory becomes a left triangulated category. 

When an additive category admits both a structure of right and left triangulated 
category in a compatible way, then it is a pretriangulated category. This notion is 
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due to A. Beligiannis [14j and it is inspired by the pretriangulated categories in 
the sense M. Hovey |47j (do not confuse with the pretriangulated categories in the 
sense of A. I. Bondal and M. M. Kapranov [18] or in the sense of A. Neeman |79j ). 



Definition 1.3.10. A pretriangulated category is an additive category V en- 
dowed with an adjoint pair (S, fl) of additive endofunctors such that: 

PTl) The pair {T>, il) can be completed to a left triangulated category. 
PT2) The pair (I?, S) can be completed to a right triangulated category. 



PT3) Given a right triangle L ^ M 



A iV A 



SL, a left triangle QN' 4 L' 



M' 



h' 



N' and morphisms I, m, n' , I' such that mf = f'l and I'h = h'n' , there 



exist morphisms n and m' making the following diagrams commutative 
/ 



L- 



M- 



■N- 



M' ■ 



h' 



EL 



N' 



L 

{m')riL 

VlN' ■ 



i" 



M- 



y 



■N ■ 



■M' ■ 



EL 



N' 



where 5 is the counit and rj is the unit of the adjoint pair (S, £7). 

Example 1.3.11. An abelian category T) becomes pretriangulated when we 
take E = SI = and we take the exact sequences of the form L ^ AI ^ N ^ 
(respectively, Q ^ L ^ M ^ N) to be the right (respectively, left) triangles. 

Example 1.3.12. The homotopy category of an additive closed model category 
in the sense of D. Quillen |90LI47| becomes a pretriangulated category. In particular, 
the stable category of an abelian category associated to a functorially finite category 
is pretriangulated |13L I14| . 

It is easy to prove that the following definition agrees with the standard one 

Definition 1.3.13. A triangulated category is a suspended category (2?, E) in 
which the suspension functor E is an equivalence. In this case, we put E =?[1] and 
call it shift Junctor. A quasi-inverse will be denoted by ?[— 1], and right triangles 
are called distinguished triangles or simply triangles. Alternatively, one can also 
use cosuspendcd categories to define triangulated categories. A full triangulated 
subcategory X oi a, triangulated category (T>, ?[1]) is a full additive subcategory X 
of V which is closed under shifts and closed under extensions, i.e. if 

L^M ^ L[l] 

is a triangle of V with L , N e X, then L[l] , L[-l] , M € X. 

Notice that a triangulated category {V, [1]) always gives rise to a pretriangu- 
lated category (P, E,r2) in which E = [1], 11 = [— 1] and both the right triangles 
and the left triangles are given by the distinguished triangles. 
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Definition 1.3.14. Let T) and T be triangulated categories. A triangle func- 
tor from 2? to T is a pair [F^ a) such that F : V ^ T and a defines a natural 
transformation 

aM:F{M[l])^{FM)[l] 

such that for each triangle 

l^mAn^ L[1] 

of V we have a triangle 

FL^FM^FN ""^'^ {FL)[1] 

inT. 

Remark 1.3.15. If {F,a) is a triangle functor, then F is additive (c/. [1071 
Remarque II. 1.2. 7]) and a is an isomorphism of functors (c/. |571 section 8]). 

Definition 1.3.16. A triangle functor {F,a) is a triangle equivalence if F is 
an equivalence of categories. 

Remark 1.3.17. Despite the former definition is not 'correct' prima facie, since 
it seems to forget the presence of a, it turns out to be equivalent to the 'correct 
one' (c/. [62]). 

The following is a very important example of triangulated category: 

Example 1.3.18. Thanks to D. Happel's theorem (c/. [HI Theorem 2.6]), 
the stable category of a Frobenius category is always triangulated. According to 
B. Keller (see for instance |61| ). we say that a triangulated category is algebraic if 
it is triangle equivalent to the stable category of a Frobenius category. 

In pretriangulated categories we also have a reasonable notion of 'torsion pair' 

m- 

Definition 1.3.19. Let (P, S, fl) be a pretriangulated category. A pair (A", y) 
of strictly full triangulated subcategories of I? is a pretriangulated torsion pair in 
V if: 

1) V{X, Y) = for each X eX and Y e y. 

2) cx and ny C y. 

3) For each object AI £ V there exists a left triangle 

niAjy) '-H Mx M C 

and a right triangle 

Mx U j:{Mx) 

with Mx e X and M^ e y. 
If {X,y) is a pretriangulated torsion pair in a triangulated category (I?, ?[1]) re- 
garded as a pretriangulated category, then we say that {X,y) is a triangulated 
torsion pair and that (A',3^[l]) is a t-structure, according with A. A. Beilinson, 
J. Bernstein and P. Dcligne [12] . 

Remark 1.3.20. In the definition above we have that: 
i) The map M i-^ Mx underlies a functor tx T> ^ X which is right adjoint to 
the inclusion. 
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ii) The map A/ underlies a functor : V ^ y which is left adjoint to 
the inclusion. 

c M 

iii) For each M Cz V we have that Mx ^-^ M U is a weakly exact. 
Therefore, every pretriangulated torsion pair is an additive torsion pair. 

When dealing with t-structures, it is extremely useful the point of view deve- 
loped by B. Keller and D. Vossieck |64] . They introduced the following definition: 

Definition 1.3.21. An aisle in a triangulated category P is a strictly full 
suspended subcategory X oi V whose corresponding inclusion functor has a right 
adjoint. Dually, a coaisle in V consists of a strictly full cosuspcnded subcategory 
whose corresponding inclusion functor admits a left adjoint. 

We know that if (A',3^[l]) is a t-structurc on a triangulated category V, then 
X (respectively, y) is an aisle (respectively, a coaisle) in V, called the aisle (re- 
spectively, coaisle) of the t-structure. The point is that the converse also holds, as 
B. Keller and D. Vossieck pointed out in [64) Proposition 1.1] 

Proposition 1.3.22. Let V be a triangulated category. The map 



induces a one-to-one correspondence between the class of aisles in V and the class 
of t-structures on V. 

From now on, we will use without mention the fact that aisles 'are' t-structures. 



Abclian categories are particular cases of additive categories with 'canonical 
factorizations': 

Definition 1.4.1. An additive category V has canonical factorizations if: 

1) Every morphism / factors as the composition f = ip of an cpimorphism p 
followed by a monomorphism i. 

2) If / : A/ L N and f : M ^ L' ^ N are two such factorizations, then 
there exists an isomorphism g : L ^ L' such that the following diagram is 
commutative 



X ^ {X,X^[1]) 



1.4. Compatible torsion theories 



M 



f 



N 




L 



M 



f 



N 




L' 



Remark 1.4.2. Notice that additive categories with canonical factorizations are 
balanced., i. e. a morphism is an isomorphism if and only if it is both an cpimorphism 
and a monomorphism. 
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If the additive category T) has additional structure, then the most interesting 
additive torsion pairs are those compatible with the extra structure, which allows 
us to recover the notions of: torsion pairs for abelian or exact categories, pretrian- 
gulated torsion pairs, t-structures,. . . The following is a sample of these compatible 
torsion pairs. 

Proposition 1.4.3. Let {X,y) he an additive torsion pair on an additive ca- 
tegory T). Then: 

1) If V has canonical factorizations, then every torsion sequence yields a short 
exact sequence 

^ XTxM '"^^ M yr^M ^ 0. 

2) IfD is an exact category, then 5x,m is an inflation if and only if {Sx.M,rfAi) '■s 
a conflation if and only if ry^j is a deflation. 

3) If {T>, S, ri) is a pretriangulated category, then T,{X) Q X if and only if fl{y) C 
y. In this case, the pair (-^,3^) is a pretriangulated torsion pair if and only if 
every torsion sequence is both the beginning of a right triangle and the end of a 
left triangle. 

4) If {T>,7[1\) is a triangulated category, then (X,y[l]) is a t-structure onT> if and 
only ifX[l] C X. 

Proof. 1) Let Sx,m = pi he a canonical factorization of Sx,m, 
XTxM ^ M ^ yr^A/ 



T 

Since p is an epimorphism and xtxM G X ~ -^y, then T e -^y = X and so 
T ~ xT' for some T' G X . By using the isomorphisms 

V{T, M) ^ X{T', TxM) A V{T, xtxM) 

we map i to a morphism j e T>{T,xtxM) such that 6x,Mj = Hence Sx.Aijp = 
5x,M- Since x is full, by Lemma 11.2.11 we have jp = 1, which implies that p is an 
isomorphism and thus Sx.m is a monomorphism. Therefore, Sx.m is the kernel of 
rj^j. Dually, ry^ is the cokernel of Sx.m- 

2) Assume that 5x,m is an inflation, and we have to prove that ij^j is its 
cokernel. Let c : A/ ^ C be the cokernel of 5x,m- Hence, there exists a morphism 
(3 such that /?'7^/ = c and a unique morphism a such that ac = rj^j. 




Then, [3ac = c, which implies [3a — 1. Also, oif3ri^[ = rj^[, and by Lemma 11.2. II we 
have a/3 = 1. Hence a and (3 are isomorphisms and rj^j is the cokernel of 5x,m- 
Dually, if ry^j is a deflation, then 5x,m is the corresponding inflation. 

3) Assume T^X C X, and let Y be an object of y. We want to prove ^lY E 
y. This happens if and only if V{X, QY) = for all X e X, which follows by 
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adjunction. Dually, one proves that fiy C y implies SA" C X. The remainder of 
the assertion is just a direct application of the definitions. 

4) Since X — ^y, then X is closed under extensions. Therefore, if we assume 
X to be closed under positive shifts, then A" is a full suspended subcategory of V 
whose inclusion functor admits a right adjoint, i.e. X is an aisle in V. ^ 

Remark 1.4.4. Let T) be an additive category. 

1) If T) is abelian, an (abelian) torsion pair on T) is precisely an additive torsion 
pair on T). If we regard the abelian category I? as a pretriangulated category 
(c/. Example II. 3. lip , then the pretriangulated torsion pairs are precisely the 
additive torsion pairs. Therefore, when dealing with (abelian) torsion pairs on 
abelian categories, we will refer to them just as torsion pairs, without using the 
word " abelian" before. 

2) If V is exact, an exact torsion pair on V is precisely an additive torsion pair 
{X,y) on V such that each Sx.m is an inflation. 

3) If {V, 17, E) is pretriangulated, a pretriangulated torsion pair on V is an additive 
torsion pair {X,y) on V such that T,X C X and every torsion sequence is both 
at the beginning of a right triangle and at the end of a left triangle. 

4) If {V, ?[1]) is a triangulated category, a t-structure is precisely a pair (A',3^[l]) 
such that {X,y) is an additive torsion pair on V satisfying X[l] C X. 



1.5. Split torsion pairs 

Lemma 1.5.1. Let {X,y) be a pair of strictly full subcategories of an additive 
category V such that: 

1 ) V{X, Y) =0 for each X £ X , Y ey. 

2) Every object M G V is the coproduct of an object of X and an object of y . 
Then (X, y) is a torsion pair. 

Proof. For each object M e V wc fix a coproduct M ~ with 
Mx & X and G y. The map M i-^ Mx defines tx on objects. Notice that an 
arbitrary morphism 

f -.AI = Mx e Nx®N^ ^ N 

is of the form 

/ll /l2 
/22 

Then, the map / n- /n defines tx on morphisms. It is easy to check that tx so 
defined is a functor right adjoint to the inclusion of X in D. Indeed, any morphism 
X ^ M = Mx ® from an object X oi X to an arbitrary object M of I? is 
uniquely determined by its component X Mx since its component X — > M-^ 
vanishes. Similarly, we define t-^ . \/ 

Definition 1.5.2. A torsion pair (A", 3^) on an additive category T) splits if in 
each torsion sequence 

XTxM M yT~^ M 

the morphism 5x,m is a section (if and only if rf^^ is a retraction). Notice that this 
implies that M = xtxM yr^ M . A pretriangulated torsion pair or a t-structure 
splits, if so does the underlying (additive) torsion pair. 



/ 
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Remark 1.5.3. This is the same as requiring that {X,y) is a pair satisfying 
conditions 1) and 2) of the lemma above. 

Proposition 1.5.4. Let V be an additive category and let V be a full subca- 
tegory closed under finite direct sums and direct summands. If {X , y) is a split 
torsion pair on T) , then (V H A", I?' H 3^) is a split torsion pair on V . 

Proof. Clearly, the pair {V OX,!)' oy) satisfies the conditions of the Lemma 

nxn ' V 

1.6. Characterization of centrally split TTF triples 

Definition 1.6.1. A pretriangulated category (T), il, S) is weakly balanced if a 
morphism f : M N is an isomorphism whenever there exist a left triangle of the 
form 



nN M ^ N 



and a right triangle of the form 



M ^ N 



EA/. 



Remark 1.6.2. If (2?, ?[1]) is a triangulated category, then it is weakly ba- 
lanced. Indeed, if there exists a triangle 



M ^ N 

then we have a morphism of triangles 

/ 



0^A/[1], 




M[l] 

/[I] 
1] 

But from the fact that the vertical morphisms 1 n and lo are isomorphism, we 
deduce that the third vertical morphism / is also an isomorphism. In this argument 
we use the following property of triangulated categories: If in the morphism of 
triangles 

" .X[l] 
/[I] 
X'[l] 

both / and g are isomorphisms, then so is h. The proof is as follows. For any 
object U we get a morphism of long exact sequences 




■ T^iU, Y) 



V{U,Z) 



■V{U,Y') 



■V{U,Z') 



■V{U,X'[1]) 



V{U,X) 



V{U,X') - 

Hence, 5-lemma implies that h'^ is an isomorphism for every U € V, and Yoneda's 
Lemma implies that h is an isomorphism. The problem with pretriangulated ca- 
tegories is that we can not extend this kind of exact sequences arbitrarily to both 
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sides. Indeed, if 

QN ^ M ^ N 
is a left triangle, then any object U ^ T) induces a long exact sequence 

. . . ^ X>([/, VtM) V{U, mi) V{U, flN) V{U, L) ^ V{U, M) ^ V{U, N), 
but nothing more is guaranteed for the right side. 

Chapter [2] is devoted to the study of (weak) balance in stable categories of 
abelian categories. 

Definition 1.6.3. Let T) be an additive category and let (A", y, Z) be a triple 
of full subcategories. We say that it is an torsion torsionfree(=TTF) triple on V in 
case both {X, y) and {y, Z) are torsion pairs on V. We will say that the TTF triple 
is left (respectively, right) split if {X,y) (respectively, {y,Z)) is split. A left and 
right split TTF triple will be called centrally split. This terminology also applies 
in case V is abelian. 

Let I? be a pretriangulated category and let {X, y, Z) be a triple of full subcate- 
gories. We say that it is a pretriangulated TTF triple on T> in case both (A", y) and 
(3^, Z) are pretriangulated torsion pairs on V. In case T> is not only pretriangulated 
but even triangulated, then we will speak of triangulated TTF triples; notice that 
in this case these are precisely the triples {X,y,Z) such that {X,y) and {y,Z) 
are t-structures. We will say that the pretriangulated TTF triple {X, y, Z) is left 
(respectively, right, centrally) split if so is its underlying (additive) TTF triple. 

Proposition 1.6.4. Let {X,y,Z) be a TTF triple on an additive category!). 
The following assertions are equivalent: 

1) It is left split and X ~ Z . 

2) It is right split and X ~ Z . 

3) It is centrally split. 

When T> has canonical factorizations or it is a weakly balanced pretriangulated ca- 
tegory with both {X ^y) and {y^Z) pretriangulated torsion pairs, then the above 
conditions are equivalent to: 

4) x = z. 

Proof. 1) 3) is clear thanks to lemma [TXH 

3) ^ 1) For an object X ^ X, wc consider its decomposition X = yryX ® 
ZT^X. Since the projection on yryX vanishes, we get that yryX = 0, i.e. X G Z. 
Conversely, one proves the inclusion Z C X. 

The equivalence 2) <J4> 3) follows dually. 

4) 1) Suppose that T> has canonical factorizations: 

We have to prove that each M G T> admits a decomposition M = X (BY with 
X E X and Y E y. For this, consider the short exact sequences: 

-> xT^M M yr^M ^ 

and 

^ yryM M ZT^M ^ 0. 

Let us prove that 

[ Sx,M hM ] ■■ xTxM © yryM ^ M 
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is an isomorphism. For this, thanks to Remark 11.4.21 it suffices to prove that it is 
an epimorphism and a monomorphism. Consider a morphism 



N xTxM © yryM 

= Sx.mu - 5y,MV. 



such that 

= [ 5x,A[ Sy^M 

Put / 5x.A[U ~ 5y_MV and consider canonical factorizations: 
/ 




■ xTxM and N ■ 



■ yTyM 





Since Sx,m and 6y^M are monomorphisms, then / also admits the following facto- 
rizations: 



N- 



■M and N 





U V 
Uniqueness of canonical factorizations implies that we have a monomorphism L — > 
XTxM. Since xtxM £ Z = y-^ , then L € 3^^. Similarly, we have a monomorphism 
L yryM. Since yryM e y ^ X-^, then L e X-^ = y. Therefore, i = and 
thus / = 0. But dx.M and Sy^M are monomorphisms, which implies that u = 
and V — 0. 

This proves that [ Sx,m ^y.M ] is a monomorphism. To prove that it is 
also an epimorphism, consider a morphism w : M —i- N such that wSx.m ~ and 
wSy^M = 0. Since rj'^j is the cokernel of 6x,m, there exists a morphism a : yr^ M —> 
N such that aTj'^j ~ w. Similarly, there exists a morphism b : zt-^ N such that 
b7]fj ~ w. Consider the canonical factorizations: 




N, yryM- 



■N and zT^M 





Since r;^ and r]fj wee epimorphisms, then w also admits the following factorizations: 

N and M 





Uniqueness of canonical factorizations implies that there exists two epimorphisms 
A L and B ^ L. Since a' is an epimorphism and yr^ M £ y = ^Z, then 
A Z, which implies L Z = y. Similarly, since h' is an epimorphism and 
ZT^M (z Z = X = ^y, then B e ^y, which implies L G ^y = X . Therefore, 
L = 0, and w = 0. 
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Suppose that V is a weakly balanced pretriangulated category: Assume that 
{X X) is a pretriangulated TTF triple. We want to prove that {X ,y) splits, ie. 
that for each M V the morphism Sx,m is a section. Indeed, thanks to axiom 
RT4) of Definition ll.3.1[ there exists a commutative diagram of the form 

XTxM ^^'^ > M ^ yr^M ^ J:{xtxM) 



xTxM -^^-^ xT^'M U nxTxM) 



nyryM) = ^(yryM) 

DM *- Y.{yT^M) 

in which the two first rows and the two central columns are triangles. Since T,X C X 
and X = ^y, then U X. Similarly, since SJ^ C and = ^X, then [/ e 
Therefore, C/ = 0. Dually, there exists a commutative diagram of the form 

niyryM) ^ mi 

VL{yT^M) = VLiyr^M) 



nixT^'M) V xTxM ^!^^ j:r^M 

nixT^'M) yryM ^ M ^ xt"" M 

in which the two last rows and the two central columns are triangles. Since Q,X C X 
and A" = y-L, then V € X. Similarly, since ^y <Z y &nd y ^ X^ , then V ey. 
Therefore, V = 0. But we are assuming that T) is weakly balanced, which implies 
that rj^jSx.M is an isomorphism, and thus 5x.m is a section. y/ 

Remark 1.6.5. The Proposition above implies the equivalence a) <^ d) of [1021 
Proposition VI. 8. 5]. 

In the setting of triangulated categories, the former result can be improved. 
Before the improvement, we recall two well-known and very useful lemmas: 

Lemma 1.6.6. LetM he a strictly full triangulated subcategory of a triangulated 
category [D, and let JC M he the left orthogonal to M in T) . 

1 ) For two objects K £ IC and M G P, the canonical morphism 

q : V{K, M) {V/Af){K, M) 

is an isomorphism. In particular, the restriction of the quotient functor q : T> 
T>/J\f to IC is a full embedding. 
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2) If {IC,Af) is a t-structure on T) , then the restriction of the quotient functor 
q :'D —t T) I M to K, is a triangle equivalence. 

Proof. 1) Surjectivity: Consider a morphism s^^f of {'D/JV){K, M), repre- 
sented by the left fraction 

L 





K M 

By construction of V/M (sec for instance the books |107|, I79j ). there exists a 
triangle 

M A L-> N ^ M[l] 

with N E JV, and so 

V{K,M) 4 V{K,L) 
is surjective. In particular, f = sg for some g G 'D{K,M), and so q{g) ~ l^^g = 

Injectivity: Suppose that q{f) = 1 = in {T>/JV){K, M). This happens if 
and only if there exists a triangle 

M ^ N ^ M[l] 

with N E J\f and a commutative diagram of the form 

M 





K- 



M 





In particular 



M 



V{K, M) U V{K, L) 



is injective, and then we deduce that / = 0. 
2) We already know that the composition 

JC^VS V/N 

is fully faithful. It remains to prove that it is also essentially surjective. Given an 
arbitrary object M of V/M , consider a triangle 

K ^ M ^ N ^ K[l] 

in T> with K E K, and N E JV. The quotient functor q takes this triangle to a 
triangle in V/Af of the form 



which proves that M is isomorphic to K in V/JV. 



V 
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Lemma 1.6.7. Let {X,y,Z) be a triangulated TTF triple on a triangulated 
category (P, ?[1]). Then the compositions 

and 

Z A X* ^ A" 

are mutually quasi-inverse triangle equivalences. 

Proof. The first composition can be regarded as the composition of the follo- 
wing triangle equivalences 

and the second composition can be regarded as the composition of the following 
triangle equivalences 

z^v/y^^ X. 

V 

Proposition 1.6.8. Let {X,y,Z) be a triangulated TTF triple on a triangu- 
lated category (T>,?[1\). The following assertions are equivalent: 

1) The t-structure [X ,y) splits. 

2) The t-structure [y^Z) splits. 

3) X = Z 

4) The canonical composition yryM M yr-^ AL is an isomorphism for each 
M £V. 

6 ^ 

5) The canonical composition yryM A" M ^ yryM is a section for each M e 
V. 

6) The canonical composition yryAI M yr^ M is a retraction for each 

M ev. 

Proof. Implications 4) ^ 5), 6) are clear. 
3) =^ 1) + 2) Take for M eV the triangle 

XTxM M yr^M A xtxM[1] 

associated to the t-structurc {X,y). Since X = Z, then w = and so the triangle 
splits |791 Corollary 1.2.7]. This proves that {X,y) splits. Dually, we prove that 
{y, Z) splits. 

1) => 3) Assume {X,y) splits. Let / G T>(Y,X') be an arbitrary morphism 
with y e 3^ , X' ^ X. From it we form the triangle 

Y ^ X' ^ M' ^ Y[l]. 
By rotating we get a triangle of the form 

X ^ M ^ X[l\, 
with X ^'[-1] eX , M := il/'[-l]. This triangle is isomorphic to 

XTxM ^ M ^ yr^M {xtxM)[1] 
which splits. Hence, this implies f ~ and so A" C 3^-'- = Z. 
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Therefore, we can take the functor : T> ^ Z to he the identity on X. But 

then, since the restriction X ^ V —^ Z is an equivalence (c/. Lemma ll.6.7p . in 
particular it is dense, and so Z C A". That is to say, X ^ Z. 
Dually, we prove 2) => 3). 

4) ^ 3) We have M G A" if an only if r^M if and only if TyM = if and 
only if A/ G Z. 

3) 4) By looking to the diagram guaranteed by axiom RT4) of Definition 

[mi 

yryM Jl±L^ ^ ^^z^j ^ yTyM[l] 

yryM ^ j/T^A/ ^ U ^ yTyM[l] 

xTxM[l] = XTxM[l\ ^ Af [1] 



M[l] ^ zr^M 

we realise that the mapping cone U of ij^[Sy,M is in A" = Z, but also in y. Hence 
U = and so rjJjSy^M is an isomorphism. 

5) =^ 3) A/ G A" if and only if r-^Af = 0, which implies rf^jSy^M = 0, and so 
TyM = 0, i.e. M G Z. Hence A" C Z and so we can assume that the equivalence 

X V ^ Z is the identity. This proves X ~ Z. 

Dually, we prove 6) =J> 3). \J 

The proposition above proves that, in the triangulated setting, left split, right 
split and centrally split TTF triples coincide. The situation is much more subtle in 
the case of module categories, as we will see in Chapter [3l 

1.7. Parametrization of centrally split TTF triples 

Definition 1.7.1. Let 5 be a full subcategory of an additive category T). A 
2- decomposition of G consists of a pair (A", 3^) of strictly full subcategories of G such 
that the functor 

Xxy^G, {X,Y)^X®Y 
is an equivalence or, alternatively, such that: 

1) V{X, Y) = V{Y, X)=0 for each X eX , Y ey. 

2) Every object AI E G is> the coproduct of an object of X and an object of y. 
The class of all 2-dccompositions of G is denoted by Cg . 

Definition 1.7.2. The center of an additive category V is the (big) commu- 
tative ring formed by the endomorphisms Fun(lx), l-p) of the identity functor Ip. 

Example 1.7.3. Let T) be an additive category and let G be a 

family of objects of T). In this case, the center of add(tj) is isomorphic to the 
subring of J| .^^ I?(G'i, Gi) formed by the elements {fi}i^i such that gfi = fjg for 
all morphisms g G V{Gi,Gj) , J, j G /. Let us sketch how this is proved. Indeed, it 
is clear that each element of the center of &dd{G) gives rise to such a family {fi}i£i. 
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Conversely, let {fi}iei be such an element of Yliei T^iGi, Gi). It defines an element 
F of the center of add(C/) as follows. If M G add(CJ), there is a section 

m 



and a retraction 



0Gt 



with pa = 1m, and where ®"^]^ is a finite direct sum of objects of Q. We 
convene that a and p are the identity morphisms for the objects of Q. Define F on 
M as the composition 



M Gij ^ Gj 



A/, 



where / is given by 









/l2 







Proposition 1.7.4. Let V he an additive category. There is a one-to-one 
correspondence between: 

1) Centrally split TTF triples on T). 

2) 2- decompositions ofD. 

If idempotents split in T), then the classes above are in one-to-one correspondence 
with: 

3) Idempotents of the center ofV. 

When idempotents split in T> and T> = add{Q) for some family Q = {Gi}i^i, the 
classes above are in one-to-one correspondence with: 

4) The (central) idempotents e = (ei)ig/ € Ilie/ -^(^' j such that e.jf = fci for 
each morphism f G T>{Gi, Gj) , J G /. 

Proof. From 1) to 2): If {X,y,Z) is a centrally split TTF triple, then by 
Proposition 1 1 . 6 . 4l we know that X = Z and so {X ,y) is a 2-decomposition. 

From 2) to 1): Use Lemma [1.5. II to prove that, if {X ,y) is a 2-decomposition, 
then {X, y, X) is a centrally spht TTF triple. 

From 2) to 3) For each object M G I? fix a decomposition M = Mx © with 
Mx G X and AI^ G y. Take the idempotent {eM)Mev of the center of T> defined 

by 

Ui^ 


From 3) to 2): Let {eM)M£V be an idempotent of the center of V. In particular, 
each Cm is an idempotent endomorphism of M . Since T> has splitting idempotents, 
then each M is, up to isomorphism, a coproduct Mx © such that cm gets 
identified with 

' Ui^ 




Cm 
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Put X for the full subcategory of V formed by the objeets M with = (or, 
equivalently, such that cm is an isomorphism), and y for the full subcategory of T) 
formed by the objects M with Mx =0 (or, equivalently, such that e^/ = 0). 

For the bijection between 3) and 4) we use Example ll.7.31 \/ 

Proposition 1.7.5. Let D be an additive category, Q a full subcategory of V 
closed under direct summands and such that = 0. The map 

^■.Cv^Cg, ix,y)^ {xng,yng) 

is injective. The image of consists of those pairs {X',y') G Cg such that 
(y-"-^ , A"-'-^ ) is a 2- decomposition ofV. 

Proof. It is clear that, if {X,y) is a 2-decomposition of T>, then the map 

{xng)x{yr\g)^g , {x,y)^x®y 

is an equivalence of categories, and thus is well-defined. To prove that it is injec- 
tive, it suffices to check that y — {g H X)^. The inclusion C is clear. Conversely, 
let M £ {Xng)-^ and consider its decomposition M = xtxM (Byr^ M . Since both 
M and yr^ M are in {X n g)^ ^ then so is xtxM . If xtxM ^ 0, then there exists a 
non-zero morphism g : G ^ xtxM with G £ g. Consider the decomposition of G 
and put g in the corresponding matrix form 

9 = [ .91 .92 ] : xTxG yr^G xtxM 

Since xtxG Cz X H g, then gi = 0, which implies 52 7^ 0. But this contradicts 
the fact that X = y^. Now, let iX',y') e Cg be such that {y'^^,X'^^) is a 
2-decomposition of V. We have to prove that X' = y'-^-^ n g and y' = X'^^ n g. 
But this is easy. Indeed, if G G y''^'° f^g, then in the decomposition G = Gx'®G^ 
with Gx' e X' , G^' e y we have that G^' is forced to vanish. ^ 

Definition 1.7.6. Let T> be an additive category and g a full subcategory 
closed under direct summands and such that g^ = 0. We will say that g detects 
centrally split TTF triples on "D in case the map ^' : Ct> — > Cg of Proposition 11.7.51 
is bijectivc, i.e. every 2-decomposition {X' ,y') of g induces a 2-decomposition 
(y-L^, of P. 

Lemma 1.7.7. Let T) be an additive category with splitting idempotents and let 
g be a full subcategory of T> closed under direct summands. Then 

1) The map 

CaddiG)-'Cg, {x,y)^{xr^g,yr^g) 

is bijectivc. 

2) If g detects centrally split TTF triples on T> and it is contained in a full sub- 
category g' of V closed under direct summands, then g' detects centrally split 
TTF triples on T>. 

Proof. 1) By Proposition 11.7.51 we already know that the map is injective. 
Let us prove that it is also surjective. If {X',y') is a 2-decomposition of g, con- 
sider the pair {y'-^,X'-^) of full subcategories of add(t/), with orthogonals taken 
in add(e;). Notice that y'-^ = add(A") and X'^ = add(3^')- The aim is to prove 
that (add(A"),add(y)) is a 2-decomposition of add(5). If Af € add(5), then there 
exists N e add(C/) such that 

M®N = Gi®---®Gn, 
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with Gi e Q. Now, each d admits a decomposition d = Gi^, ffiCf with Gi^, G A"' 
and Gf e y . Put Gx' ■= U^Li G,^, , G^' := Ur=i and consider M®N = 
Gx' ffi G-^ . Notice that the endomorphisms ring of i\/ decomposes as foUows 



End^(M©iV) 
and so the idempotent 



End^(GA'' 








End^(G^') 



1a/ 




of End^(M ® N) corresponds to 



ex' 




M ®N M ®N 







where ex' is an idempotent of End^(GAr') and eyi is an idempotent of End^(G-'' ). 
Since idempotents spht. then ex' corresponds to a direct summand Mx' of Gx' and 
eyi corresponds to a direct summand of G-^ . It is clear that M = Mx' ffi , 
with Mx' G add(A") and M^' e add(3^')- 

2) The first part of this lemma tells us that we have the following commutative 
diagram made of (injective) restriction maps 



Cv 



.C 



add(e' 



'addle) 



Finally, if the composition of the two maps in the top row is bijective, then so is 
the map Cv Cj^^j^j^g,,) ^Cg'. V 

Definition 1.7.8. An object P of an abelian category is a generator of A 
if the functor A{P, ?) is faithful. 

We recall here some basic properties of generators of abelian categories: 

Lemma 1.7.9. Let P be an object of an abelian category A. 

1) If A is cocomplete and P is a generator, then for every object M of A there is 
an epimorphism P*-^^ M for some index set. 

2) If P is projective, then it is a generator if and only if there exists a non-zero 
morphism P M for each object M ^ 0. 

Proof. 1) is [T02l Proposition IV.6.2]. and 2) is [T02l Proposition IV.6.3]. ^ 

Corollary 1.7.10. Let A be a complete and cocomplete abelian category such 
that for each family Mi , i (z I , of objects of A, the canonical morphism 

is a monomorphism. If P is a projective generator of A, then add{P) detects 
centrally split TTF triples on A. In particular, there is a one-to-one correspondence 
between: 

1 ) Centrally split TTF triples on A. 

2) Decompositions P = Pi © P2 such that ^(Pi, P2) = ^(P2, Pi) 0. 
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3) Central idempotents of the endomorphisms ring A{P,P). 

Proof. Clearly, there is a one-to-one correspondence between 3) and 2) and, 
on the other side, by using the part 1) of the Lemma [1.7.71 and the techniques 
of its proof one shows that the decompositions of 2) are in bijection with the 2- 
decompositions of the additive category add(P). Our task is hence reduced to prove 
that the restriction map Cj\^ —>■ C^dfj^p) is surjective. The aim is to prove that if 
(7^1,7^2) is a 2-decomposition of add(P). then {V2,'Pi) is a 2-decomposition oi A. 
Since every object of is a quotient of a coproduct of objects of add(P), one readily 
sees that Vi C Gen(7'2) and C Gca.{Vi). On the other hand, since the objects 
of the classes Vi are projective, by using the fact that morphisms from coproducts to 
products are monomorphisms we conclude that Gen(p2) = Vi and Gen(7^i) = 7^^. 
Then A{Mi,M2) = AiA'h, Mi) = for Mi € 1^2 , M2 e Vi- Now, given an object 
M £ A, we denote by ti{M) the trace of Vi in M, i.e. the sum of the images of 
all the morphisms from objects of Vi to M. Then ti{M) £ Gen(7^i) = and, by 
using that objects of Vi are projective, we also have M/ti{M) E V^. It remains 
to show that the short exact sequence 

^ ti{M) M ^ M/ti{M) -> 

splits. But in fact we have that Ext\{M2,Mi) = for each Mi G V2 , M2 e V^. 
Indeed, consider a projective presentation of M2 

K ^ P ^ M2 

with P e Sum(7^2)- Since both P and A/2 arc in Vi, then so is K. Now, we have 
an exact sequence 

. . . ^ = A{K, Ml) ExtJ^(M2, Ml) ^ Eyx\{P, Mi) = ^ . . . 

which implies that Ext^(A/2, A/i) = 0. ^/ 

Example 1.7.11. If A is a fc-algebra, we can take A = Mod A and P ^ A. 
Notice that we have a ring isomorphism A{P, P) = A and so Corollary 11.7.101 
generalizes the equivalence c) ^ g) of |102[ Proposition VI. 8. 5]. 

We refer to Chapter [5] for the notion of "compactly generated triangulated 
category" . 

Corollary 1.7.12. Let V be a triangulated category with small coproducts 
which is compactly generated by the family Q — {Gi}ig/. There is a one-to-one 
correspondence between: 

1) Centrally split triangulated TTF triples on T) . 

2) 2- decompositions {add{Q)i, add{Q)2) of add{Q) such that 

V{Mi, M2 [n] ) ^ V{M2 , Ml [n] ) = 

for each Mi G add{Q)i , M2 G add{Q)2 and n G Z. 

3) Central idempotents e = {e^jig/ of the ring Yiiei T^iGi, Gi) such that {cj [n])f = 
fci for each i,j £ I , ?i G Z and each morphism f G T>{Gi^ Gj[n\). 

Proof. First step: Put for the class of 2-decompositions of T> stable un- 
der ?[1] and ?[— 1], and similarly for C^, where Q := Unez ^'^'^(^)N- Thanks to 
Proposition 1 1.4. 3] and Proposition 11.7.4] we know that the map {X, y, X) ^ (A", y) 
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induces a bijection between the class of centrally split triangulated TTF triples on 
D and the class Cp. Now, thanks to Proposition 1 1 . 7. 5| we have an injective map 

which induces an injective map 

and the claim is that it is also surjective. Indeed, take {GitG'i) G C'^ and let 

Xi := Tria(^i) be the smallest full triangulated subcategory of I? containing Qi and 
closed under small coproducts. The adjoint functor argument (c/. Lemma [4.4. 12p 
implies that each Xi is a triangulated aisle in D. It is easy to prove (c/. Lemma 
I4.3.3P that X^ is the class of objects which are right orthogonal to all the shifts in 
both directions of objects of Qi. Let M G Gi and consider the objects N G X2 such 
that 'D{AI[n], N) ~ for every n € Z. They form a full triangulated subcategory of 
X2 containing Q2 and closed under coproducts. This proves that X2 C X^. Notice 
that X-^ is a full triangulated subcategory of T) generated by G2- Then, by Lemma 
14.3.61 we have that X2 = X-^, and so {Xi,X2) belongs to and is easily seen to 
be mapped to (^1,^2) by ^■ 

Second step: Bijection between 1) and 2): To prove this bijection we only need 
to show that the image of the restriction map 

* : '-add(e) 

is precisely the class of 2-dccompositions described in part 2). It is clear that 
the 2-decompositions in the image satisfy the conditions of part 2). Conversely, if 
(add(fj)i, add(t/)2) is a 2-decomposition of add(tj) satisfying the extra assumption, 
then (^1,^2), with Qi := U„gzadd(f/)i[n], belongs to C^. Finally, since any object 
of add(5)i [n] nadd(5) is left orthogonal to a,dd{G)2, and any object of add(fj)2[n] n 
a,dd{G) is right orthogonal to a.dd{G)i, we have that a,dd{G)i[n]r\a.dd{G) C a,dd{G)i 
for each n £ Z, and so (^1,^2) is sent to (add(C/)i, add(5)2) via '5. 

Third step: bijection between 2) and 3): We use Proposition 11.7.41 to check 
that the 2-decompositions of add(C/) satisfying the condition of assertion 2) are in 
bijection with the idempotents {ei}ig/ S Oie/ "^i^i^ ^i) such that the compositions 

C-j [n\ -* Cj [n\ 

and 

vanish for every morphism /. But this is equivalent to require that {ej[n\)f = 

Example 1.7.13. Let V = VA be the derived category of a small dg category 
A {cf. [MllQ], see also ChapterE]), and take G {A^j^g^. Then, CoroUarylTTlIl 
says that there is a bijection between the class of centrally split triangulated TTF 
triples on VA and the class of (central) idempotents {eA}A£A of JIas-A H^^i^, ^) 
such that for each integer n and each / S H"'A{A, B) we have cb ■ f = f ■ eA in 
H'''''A{A, B). In particular, if A is an ordinary fc-algebra, centrally split triangulated 
TTF triples on VA are in bijection with central idempotents of A. 

We refer to |107j for the notion of "derived category of an abelian category" . 
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Corollary 1.7.14. Let A be a complete and cocomplete abelian category, let 
Q be a full subcategory which detects centrally split TTF triples of A and let T> be 
a full triangulated subcategory of the derived category T>A containing the objects of 
Q regarded as stalk complexes. There is a one-to-one correspondence between: 

1 ) Centrally split triangulated TTF triples on T>A. 

2) Centrally split triangulated TTF triples on T> . 

3) Centrally split TTF triples on A. 

Proof. We have a commutative diagram of inchisions of additive categories: 

add(g) ^ A 

V ^VA 

Then, the compositions 

^■DA ^ C-D ^ '-'add(e) 

and 

C'vA -^Ca^ ^add(e) 
coincide, where C!, is the subclass of C? formed by the 2-decompositions closed under 
?[1] and ?[— 1]. Notice that the elements of are precisely the 2-decompositions 
corresponding to the centrally split triangulated TTF triples of T>. Hence, we just 
have to check that one of the two compositions above is bijective, for then all 
the arrows in these compositions will be bijective maps. Since Q detects centrally 
split TTF triples on A, then by Lemma 1 1 . 7 . 71 the map Ca ^ '^add(C/) ^® bijective. 
It remains to prove that Cp_^ —f Ca is surjective. For this, take (^1,^2) € Ca 
and define to be the full subcategory of VA formed by those objects which are 
isomorphic in VA to cochain complexes of objects of Ai- Clearly, each object of VA 
decomposes as the direct sum of an object of Vi and an object of I?2- It remains to 
prove that {VA){Mi,M2) = {VA){M2,Mi) = for M.eVi. Take, for instance, a 
map in {VA){Mi, M2). This is represented by a fraction fs~^ of morphisms of the 
category up to homotopy HA: 




Ml M2 

where s is a quasi-isomorphism. Consider the decomposition N — Ni N2 with 
Ni € Vi. Since s and / are cochain maps, then we can ensure they are of the form 

s = [ si ] : iVi © 7V2 ^ Ml 

and 

/ = [ /2 ] :iVi®iV2^M2. 
But since s is a quasi-isomorphism, then N2 is acyclic and so fs^^ =0. ^/ 

Example 1.7.15. Let A be a fc-algebra and let A = Mod A be its category of 
modules. Then there is a bijection between: 

1) Centrally split triangulated TTF triples on the unbounded derived category VA. 
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2) Centrally split triangulated TTF triples on the right bounded derived category 

3) Centrally split triangulated TTF triples on the left bounded derived category 
V+A. 

4) Centrally split triangulated TTF triples on bounded derived category V'^A. 

5) Centrally split triangulated TTF triples on the category of compact objects 
per A of VA. 

6) Central idempotents of A. 



CHAPTER 2 



Balance in stable categories 

2.1. Introduction 

2.1.1. Motivation. Wc know that prctriangulated categories (c/. section [T75)) 
are a generalization of abelian and triangulated categories. One of the common 
features of abelian and triangulated categories is that they are balanced, i.e. every 
morphism which is both a monomorphism and an epimorphism is necessarily an 
isomorphism. That property no longer holds in arbitrary prctriangulated catego- 
ries, although monomorphisms and epimorphisms in them are easily detected using 
triangles. Indeed, we have: 

Lemma 2.1.1. Let (I?, f2) be a left triangulated category. For a morphism f : 
M ^ N inV, the following assertions are equivalent: 

1) f is a monomorphism. 

2) There is a left triangle UN ^ L-^ M ^ N. 

Proof. Let / be an arbitrary morphism in V. We know that in the left triangle 

QN ^ M ^ N 

we have fg = 0. If / is a monomorphism, this implies g ~ 0. Conversely, assume 
there is a left triangle 

flN L-^ M ^ N, 
and a morphism h : U ^ M such that fh ~ 0. Consider the exact sequence 

. . . ^ L) ^ V{U, M) C V{U, N) 
Then h e ker(/^) = im(0) = 0. V 
In view of the above lemma, it makes sense to give the following: 

Definition 2.1.2. Let {'D,ri) be a left triangulated category. A morphism 

f : M ^ N inV will be said to be a strong monomorphism if there is a left triangle 
f 

Q,N ^ — *■ M ^ TV in P. The dual notion on a right triangulated category is that 
of strong epimorphism. Recall (c/. Definition 11.6. ip that, if I? is a prctriangulated 
category, we shall say that it is weakly balanced in case that every morphism which 
is both a strong monomorphism and strong epimorphism is an isomorphism. 

It is natural to expect that the class of (weakly) balanced prctriangulated cate- 
gories is an interesting one. The moral goal of this chapter is to show that (weak) 
balance is a very restrictive condition on stable categories. We show that by con- 
sidering the stable category (c/. Definition II. 3. 5p A of an arbitrary abelian category 
A associated to a full subcategory T when T is a Serre class or when T consists of 
projective objects (and, by duaUty, when T consists of injective objects). 
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2.1.2. Outline of the chapter, hi Section [221 we characterize monomor- 
phism and strong monomorphisms in A-, for any full additive subcategory T closed 
under direct sunimands. In Section 12.31 we show that if T is a covariantly finite 
Serre class in A, then A is (weakly) balanced if and only if T is a direct summand 
of A as an additive category fCorollarv l2.3.5|) . hi the latter sections of the chapter, 
T is supposed to consist of projective objects, in which case the balance of A is 
characterized in Section 12.41 (Theorem I2.4.6P and the weak balance in Section 12.51 
(Theorem 12. 5. 4p . A byproduct is that if T consists of projective- injective objects, 
then A is always balanced. When A = 71 has the property that subobjects of 
projective objects are projective {e.g. if 7i is a hereditary abelian category), these 
results give that if T is covariantly finite then Ti is (weakly) balanced if and only if 
-""T is closed under subobjects (Proposition 12. 5. 5)1 . The final section of the chapter 
gives some examples in categories of modules showing, in particular, that stable 
balanced categories need be neither abelian nor triangulated and, also, that weakly 
balanced stable categories need not be balanced. 

2.1.3. Notation. All throughout the chapter A will be an abelian category, 
T will be a full additive subcategory closed under direct summands, (T) will be 
the ideal of A formed by the morphisms that factors through an object of T and 
A := A/{T) will be the stable category of A associated to T (c/. Definitioii ll.B.Sp . 
Recall that the image of a morphism / under the canonical quotient functor A ^ A 
will be denoted by /. The hypothesis of T being closed under direct summands is 
not strictly necessary for the ideals (T) and (add(T)) to coincide (remember that 
add(?) denotes the closure under finite direct sums and direct summands). But it 
simplifies the statements and we will assume it in the sequel. 

For the sake of intuition and simplification of proofs, we shall allow ourselves 
some abuse of terminology concerning abelian categories and shall use expressions 
of module theory, like "canonical inclusion im(/) ^ Y" for a morphism f : M ^ N, 
meaning the (unique up to isomorphism) mononiorphisni appearing in the epi-mono 
factorization of /. For the final section, the terminology concerning rings can be 
found in [3] and |97| while that concerning finite dimensional algebras can be found 
in [96] and |8]. 

2.2. Monomorphisms and strong monomorphisms in stable categories 

In this section we undertake the identification of monomorphisms and strong 
monomorphisms in A. 

Proposition 2.2.1. For a morphism f : M N in A the following assertions 
are equivalent: 

1) f is a monomorphism in A. 

2) For every p g A{T, N) with T ^ T , the parallel to p in the pullback of f and p 
factors through an object ofT. 

When, in addition, T is contravariantly finite in A the following assertions are 
also equivalent: 

3) For some T -precover p^ ■ N the parallel to p^ in the pullback of f and 
Pfq factors through an object of T . 

4) In the left triangulated category A there is a left triangle of the form 

VlN ^ L ^ M ^ N 
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Proof. 1) ^ 2) From the cartesian square 




we have fg = and so g - 
2) =J> 1) Assume fu 
commutative square 



0, i.e. g factors through an object of T. 
= for some morphism u : U — > A/. Then we have a 




By doing the puUback of / and p we get the following commutative diagram 

U- 




Since, by hypothesis, 5 = 0, and we have u — 'gw, we conclude It = 0. 

1) <^ 4) and 2) => 3) are clear (see Lemma [2.1.1[) . As for 3) => 4), use the 
canonical construction of left triangles ( c/. [15] or section II. 3[) . ^ 

The following result identifies strong monomorphisms in stable categories. 

Proposition 2.2.2. Assume that T is contravariantly finite in A. The follo- 
wing assertions are equivalent for a morphism f € A{M,N): 

1) f is a strong monomorphism in the left triangulated category A. 

2) For every (respectively, some) T-precover p^ : Tn N the parallel to pjv in 
the pullback of f and pj^ is a T -precover of M . 

3) For every (respectively, some) T-precover pN : T/v N, in the cartesian square 



T- 



T. 



M 



■N 



N ■ 

we have T d T. 

Proof. 2) => 3) is clear and 3) 4^ 1) follows from the construction of left 
triangles in A ( cf. |15j or section II. 3p . 

3) 2) Consider the cartesian square of 2) and a morphism g' : T' ^ M with 
T' e T. Since pN is a T-precover, there exists a morphism h' : T' T/v such that 
.fg' ~ Pnh' . Now, by the universal property of the cartesian square, there exists a 
morphism t : T' ^ T such that gt ~ g' . 
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Remark 2.2.3. 1) Applying the duality principle, we obtain corresponding re- 
sults, dual to the above, when considering the right triangulated structure in 
A defined by a covariantly finite additive full subcategory T of A closed under 
direct sumniands. We leave the statements to the reader. 

2) Under the hypotheses of Proposition 12.2.21 if / : M — ^ is a morphism in A 
such that / is a strong monomorphism in A, then f ^ g, for some morphism 
g : M' ^ N such that ker(.g) G T. Indeed, take 

g=[ f pY ]:M(BTn^N, 

where pj\j : Tn N is a. T-precover. 

3) If, in the situation of 2), the subcategory T consists of injective objects of A, 
then g can be chosen to be a monomorphism in A. Indeed, according to 2), 
we can assume from the beginning that ker(/) £ T. Then the monomorphism 
ker(/) ^ 7\jf is a section and we can write 

/ = [ ] : ker(/) © M' ^ N, 

for some complement A/' of ker(/) in M. Now choose g = 



2.3. When T is a Serre class 

Recall the following definition: 

Definition 2.3.1. A full subcategory T of an abelian category ^ is a Serre 
class if, given an exact sequence ^ L ^ M ^ N ^ in A, the object M belongs 
to T if and only if L and A^ belong to T. 

All throughout this section, we assume that T is a Serre class in A. The selfdual 
condition of Serre classes allows to give a dual result of any one that we shall give 
here. 

In Definition 11.3.91 we introduced the notion of precover. In the proof of the 
following lemma we will use the stronger notion of cover, which we remind: 

Definition 2.3.2. Let C be an additive category and let U he a full subcategory 
of C closed under direct sums and direct summands. A morphism pM '■ Um — * M 
is a hi -cover of M if it is a ZY-precover and any endomorphism / : Um — > Um is an 
automorphism provided the following diagram commutes: 




Um 



The dual notion is that of lA-envelope. Alternatively, a L{-cover is also called 
minimal right U -approximation and a W-envelope is also called minimal left U- 
approximation. 

Lemma 2.3.3. Let A be an abelian category andlA be a full subcategory closed 
under quotients and extensions. The following assertions are equivalent: 

1) hi is contravariantly finite in A. 

2) The inclusion functor i : U ^ A has a right adjoint. 

3) ilA^U^) is a torsion pair in A. 
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Proof. 3) 2) and 2) 1) are clear. We just need to prove 1) ^ 3). If 
PM ■ Um ^ M is a Z^-precover of M, then im(pM) u{M) belongs to U and one 
easily shows that the inclusion morphism jm ■ u{M) M is a U-covev. Indeed, 
it is straightforward to check that it is a Z//-precover, and if / : u{M) u{M) 
is an endomorphism such that JmI ~ Jm, wc have / = 1u(m) since ja/ is a 
monomorphism. Therefore, Jm is a hi-coYCi and whence uniquely determined up 
to isomorphism. We leave to the reader the easy verification that the assignment 
Al I— *■ u{M) extends to a functor u : A^U which is right adjoint to the inclusion. 

Now is precisely the class of those F ^ A such that u{F) = and we 
just need to prove that U =-*" {U-^) or, what is enough, that u{M/u{M)) = for 
all M e A. But this is clear for u{M/u{M)) = U/u{M) for some subobject U 
of M containing u{M) and fitting in a short exact sequence u{M) ~* U ^ 
u{M/u{M)) — *■ 0. Since the two outer terms belong to U we also have U E U. 
But then the canonical inclusion U ^ M factors through juj ■ u{M) — > M , which 
implies that U C u{M) and, hence, we get u{M/u{M)) = as desired. ^ 

Our next result identifies the monomorphisms and epimorphisms in A- 

Proposition 2.3.4. The following statements hold for a morphism f : M ^ N 
in A: 

1) f is a monomorphism in A if and only if the kernel ker(/) of f belongs to T . In 
case T is contravariantly finite in A, that happens if and only if f is a strong 
monomorphism in A. 

1') f is an epimorphism in A if and only if the cokernel cok(/) of f belongs to T . 
In case T is covariantly finite in A, that happens if and only if f is a strong 
epimorphism in A. 

2) If M belongs to , then f is an isomorphism in A if and only if f is a section 
in A whose cokernel cok(/) belongs to T . 

Proof. 1') follows from 1) by duality. So, we prove assertion 1). If / is a 
monomorphism in A, then wc know that we have a factorization as follows: 

f" : ker(/) ^T^X 

with T Cz T (notice that j is a monomorphism). Since T is closed under subobjects, 
we conclude that ker(/) G T. 

Suppose now that ker(/) G T. According to Proposition l2.2.11 we need to prove 
that, for every morphism h : T ^ N with T E T, the parallel to h in the puUback of 
/ and h factors through an object of T. But here we have even more, for if L is the 
upper left corner of that puUback, we have an exact sequence — > ker(/) ^ L T. 
The fact that T is a Serre class implies that L G T. This same argument also proves, 
with the help of Proposition 1 2 . 2 . 2l that if T is covariantly finite, then / is a strong 
monomorphism in A. That ends the proof of assertion 1). 

We next prove (the 'only if part of) assertion 2). If AI E and / is an 
isomorphism in A, then assertions 1) and 1') imply that ker(/), cok(/) G T. But 
then ker(/) G Tn T^, which implies ker(/) = 0. On the other hand, since / is 
an isomorphism there exists a morphism g : N ^ M such that 1m — gf factors 
through an object of T. That is, we have a factorization 1m ~ gf ■ M T ^ M . 
But, since M G T-*-, the second morphism of that factorization is zero, so that 

— gf — and, hence, / is a section in A with cok(/) G T. y/ 
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The main result of this section foUows now easily: 

Corollary 2.3.5. Let A he an abelian category and T be a Serre class in A. 
The following assertions are equivalent: 

1) T is contravariantly (respectively, covariantly) finite in A and A is balanced. 

2) T is functorially finite in A and A is weakly balanced. 

3) {T,T^) is a 2- decomposition of A. 

Proof. Since assertion 2) is selfdual we just consider the contravariantly finite 
version of assertion 1). 

2) 1) follows from Proposition 12.3.41 

3) ^ 2) For an arbitrary object M of A we consider the decomposition AI = 
M' © M" with M' e T and M" e T^, guaranteed by the hypothesis of 3). It is 
straightforward to check that the canonical morphisms M' M and M — > M' are 
a T-precover and a T-precnvelope, respectively. This proves that T is functorially 
finite. Now, the composition of the quotient with the inclusion 

T^^A^A 

is an additive functor, which is obviously fully faithful. It is also essentially sur- 
jective, since any object M of ^ is isomorphic to M" in A. This gives us an 
equivalence of additive categories 

~A. 

Therefore, since is abelian, so is A. In particular, A is balanced. 

1) ^ 3) We first prove that A{F, T) = 0, for aU F and T € T or, 

equivalently, that T . Indeed, let / ; F ^ T be a morphism. Replacing T 

by im(/) if necessary, we can assume that / is an epimorphism in A and we need 
to prove that T = 0. For that we consider the monomorphism /'^ : ker(/) F. By 
Proposition 12.3.^ we know that /*-' is both a monomorphism and an epimorphism 
in A. Since this is a balanced category, we conclude that f^ is an isomorphism. 
But then Proposition 12.3.41 gives that f^ is a section (with cokernel in T). Then 
/ is a retraction, but any section for it must be zero because T G T and F € T-^. 
Therefore T = as desired. 

On the other hand, since {T,T-^) is a torsion pair (c/. Lemma I2.3.3P we can 
consider, for every object M G A, the canonical exact sequence 

^ t{M) M M/t{M) 0. 

According to Proposition 12.3.41 we know that pj^j is both a monomorphism and 
an epimorphism, whence an isomorphism, in A. Since M/t{M) e T the 

dual of Proposition 12.3.4( 2) says that pm is a retraction in A. Then we have an 
isomorphism M = t{M) © (M/t(M)) and the proof is finished. y/ 

2.4. Balance when T consists of projective objects 

Throughout the rest of the chapter, unless explicitly said otherwise, the full 
subcategory T of A consists of projective objects. Notice that we do not assume 
that A has enough projectives. Dual results of ours can be obtained by assuming 
instead that T consists of injective objects. We leave their statement to the reader. 

Our next observation is that every epimorphism in A can be represented by 
an epimorphism of A., something that was already noticed by M. Auslander and 
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M. Bridger in the (classical) projectively stable category of a module category (c/. 
[6] and, for related questions, see also |53j). 

Lemma 2.4.1. Let f e A{M,N) be such that f is an epimorphism in A. Then 
the canonical monomorphism im(/) — > N yields a retraction in A and there exists 
an epimorphism f € A{M',N) such that f = f in A. 

Proof. Let be the cokernel of / in A. From f^f = and the fact that / is 
an epimorphism we deduce that /''■ = 0. Therefore, there exists a factorization as 
follows: 

r : N -^T^ cok(/) 

with T e r. 

Now, since T is projective there exists a morphism g : T ^ N such that f^g = p, 
and so f^igh — Ijv) = 0. Hence gh — 1^ factors through the canonical morphism 
im(/) N, which is the kernel of f^. Then im(/) N yieds a retraction in A. 
This proves the first assertion. 

Of course, the morphism 

/':=[/ g]:M(BT^N 

is a morphism such that / = / in Let us see that /' is an epimorphism in A. If 
we have ipf = 0, then (pf = and ipg — 0. Hence, there exists a morphism u such 
that uf^ = if, which implies ufg ~ 0, i.e. up = 0. Since p is an epimorphism we 
get u = and so tp = 0. ^ 

Since our first goal is to characterize when A is balanced, the above observation 
suggests to characterize those cpimorphisms in A which become epimorphisms, 
monomorphisms or isomorphisms when passing to A. Our next results go in that 
direction. 

Proposition 2.4.2. Let f e A{M, N) be an epimorphism in A. The following 
assertions are equivalent: 

1) f is an epimorphism in A. 

2) For every morphism h : RI ^ T with T ^ T , there is a morphism /i : Af — > 
/i(ker(/)) such that h and h coincide on ker(/).- 

ker(/) ^ M ^ N 



When T is also covariantly finite, the above conditions are also equivalent 

to: 

3) For every (respectively, some) T -preenvelope fi^^ : M — !■ T^^ , there is a mor- 
phism Jl : M —> /x^^(ker(/)) such that /x*^ and Jl coincide on ker(/); 

ker(/) A 

M*'(ker(/))^ 
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Proof. 1) =^ 2) According to the dual of Proposition l2.2.1l if / is an cpimor- 
phism then, for every morphism : M — > T to an object T € T, the paraUel to h in 
the pushout of / and h factors through an object of T. We consider that pushout: 




so that we have a factorization v : N ^ T' L, with T' <E T. Since u is an 
epimorphism in A and T' is projective, we get a morphism tp : T' ^ T such that 
utp = vi. Then one gets uipv\ — v. Hence u{h — ipvif) = uh — vf = 0. From that we 
get a morphism h : M ^ ker(it) such that h — ipvif = u'^h, where is the kernel of 
u, and thus it follows easily that h and h coincide on ker(/). We only have to notice 
that, since / is an epimorphism in A, a classical construction of pushouts in abelian 

categories gives that u is the cokernel map of the composition ker(/) ^ M ^ T. 
Then u'' : ker(u) T gets identified with the canonical inclusion /i(ker(/)) ^ T. 
2) ^ 1) Let g : iV ^ L be a morphism in A such that 3/ = in A. Then we 

have a factorization gf : M ^ T ^ L, where T <eT. The hypothesis says that we 
have a morphism h : M /i(ker(/)) such that jhf'^ = hf'', where j : /i(ker(/)) T 
is the monomorphism of the canonical epi-mono factorization: 

h f'' 

ker(/) ^ T 

h{ker{f)) 

Then {h~ jh)/'' = 0, which implies that h — jh factors through the cokernel of f'^, 
i.e. through /. Then we have a morphism ■ N ^ T such that h — jh ~ and we 
get gf = ph = p{jh + ^/). Since pjq = phf'^ = gff'^ = we get that pj = and 
so gf = p^f ■ Being / an epimorphism, we conclude that g = p^, and hence g = 0. 

Suppose now that T is eovariantly finite. We only have to prove (the weak 
version of) 3) =4> 2). Let us fix a T-preenvelope ji^'^ : M T^^ for which condition 
3) holds. If now /i : M — > T is a morphism in A with T Cz T, then there is a 

factorization h : M T^^ —> T. Then g induces a morphism g : ju*^(ker(/)) 
/i(ker(/)). The hypothesis says that we have a morphism Jl : M fi^^ {ker{f)) such 
that /i^^ and Ji coincide on ker(/). Put now h ~: gji : M h{ker{f)) and one 
easily cheeks that h and h coincide on ker(/). ^/ 

Proposition 2.4.3. Let f : M ^ N be an epimorphism in A. Then f is a 
monomorphism in A if and only if the canonical monomorphism f'^ : ker(/) — > M 
factors through an object of T. 

Proof. If / is a monomorphism then, since ff' ~ 0, we have f' ~ 0, i.e. f'' 
factors through T. On the other hand, suppose that the canonical monomorphism 
f'' : ker(/) M factors in the form f'' : ker(/) ^ T ^ M, where T & T. 
According to Proposition I2.2.1|, it is enough to prove that, for every morphism 
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p : T' ^ N from an object T' E T, the parallel to p in the puUback of / and p is a 
morphism which factors through an object of T. We then consider that puUback: 

L — 

3 / 



Since / is epimorphism it follows that g is also epimorphism, and we have an exact 
sequence 

^ ker(/) ^ L A T' ^ 
in A. Since T' is projective this sequence splits and we can identify L = ker(/) ©T', 

.9 = [ 1 ] : ker(/) ®T' ^T' 

and 

r = [ e ] : ker(/) © T' ^ M, 

where ^ : T' — > M is a morphism such that = p. But then we have the following 
factorization of r: 

I u 1 

1 [ 9 ? ] 

ker(/) © r ^ T © T' M 

Therefore r factors through the object T ®T' eT. ^ 

Corollary 2AA. Let f : M ^ N he an epimorphism in A. The following 
assertions are equivalent: 

1) f is both a monomorphism and an epimorphism in A 

2) The canonical monomorphism : ker(/) M factors through an object of T 
and, for every morphism h : M ^ T to an object of T , there is a morphism 
h : M ^ h(ker{f)) such that h and h coincide on ker(/). 

The following result finishes this series of preliminaries leading to the charac- 
terization of when A is balanced. 

Proposition 2.4.5. Let f : M ^ N be an epimorphism in A. The following 
assertions are equivalent: 

1) f is an isomorphism in A. 

2) f is a retraction in A with ker(/) G T. 

3) f is a retraction in A whose kernel map f^ : ker(/) M factors through an 
object of T . 

Proof. 2) => 1) and 2) =4- 3) are clear. 

3) ^ 2) If 3) holds then ker(/) is a direct summand of an object of T, and our 
assumption on T implies that ker(/) e T. 

1) 3) Since / is an isomorphism it is also a monomorphism and an epimor- 
phism in A, so that Corollary 12.4.41 applies. Let us choose g : N ^ M such that 

g = J^\ Then 1m - gf factors in thejorm M ^ T ^ M, with T' e T. Applying 
Corollary 12.4.41 we get a morphism h : M ^ /i(ker(/)) such that jhf'^ = hf'', 
where j : /i(ker(/)) ^ T' is the canonical inclusion (i.e. , the monomorphism in 
the epi-mono factorization of hf'^). 
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Notice now that the restriction of vh = 1a/ — gf to ker(/) is the identity map, 
in particular {vh){ker{f)) = ker(/). If we denote by v the morphism /i(ker(/)) 
{vh){ker{f)) = ker(/) induced by v then, by definition, we have f'^v = vj. But 
then f^vhf^ = vjhf^ = vhf^ = (1m — gf)f'' = f^- Since is a monomorphism 
we then get that vhf'' is the identity on ker(/). Therefore is a section which, 
according to Corollary 12.4.41 factors through an object of T. ^ 

We come now to the main result of this section. 

Theorem 2.4.6. Let A be an abelian category and T be a full subcategory 
consisting of projective objects which is closed under finite direct sums and direct 
summands. The following assertions are equivalent: 

1) A is balanced. 

2) If : K ^ M is a non-split monomorphism which factors through an object 
of T , then there exists a morphism h : M ~* T' , with T' € T, such that no 
morphism h : M {hfi)(K) coincides with h on K . 

3) If fi : T M is a non-split monomorphism with T e T, then there exists a 
morphism h : M ^ T' , with T' £ T, such that no morphism h : M —f {h^)[T) 
coincides with h on T. 

4) If f '■ M —I- N is an epimorphism satisfying conditions i) and ii) below, then it 
is a retraction: 

i) f^ : ker(/) — > AI factors through an object of T . 

ii) For every h : M ^ T € T the canonical epimorphism ker(/) -» h(ker{f)) 
factors through f^ : ker(/) — > M . 

5) For every non-split epimorphism f : M ^ N with ker(/) G T , there exists a 
morphism h : M — > T' , with T' G T, such that ker(/) + ker(/i — gf) is strictly 
contained in M for all morphisms g : N ^ T' . 

Proof. 4) ^ 2) and 2) ^ 3) are clear. 

1) 4) is a consequence of Corollary 12.4.41 and Proposition 12.4.51 bearing in 
mind that eyery epimorphism of A can be represented by an epimorphism of A. 

3) =J> 2) Let ^ : _ftr ^ M be a non-split monomorphism of A which admits a 
factorization 

^ : A' A T A Af 

with T Cz T. Consider the following pushout diagram (*) with exact rows 




We work separately the case in which /i' does not split and the case in which it 
splits. In the first case, assertion 3) gives a morphism h' : M' T', with T' G T, 
such that no morphism h' : M' h' fj,'{T) coincides with h' on T. We claim that 
h =: h'u' satisfies the property needed in assertion 2). Suppose not, so that there 
exists a morphism h : M ~> {hfi){K) = [h'u' ii){K) = {h' fi' u){K) which coincides 
with h on K . Since u{K) C T we get {h' fi'u)(K) C {h'fi'){T) and the composition 

M A {h'n'u){K) ^ ih'fi')iT) is denoted by a. U h' : T ^ ih'f^')iT) denotes the 

unique morphism such that the composition T ^ {h'fi'){T) ^ T' coincides with 



2.4. BALANCE WHEN T CONSISTS OF PROJECTIVE OBJECTS 



39 



/I'/i', then we have the foUowing commutative diagram, which can be completed 
with h' due to the universal property of pushouts: 




But then h' coincides with h' on T due to the equality h'fi' = h' . That contradicts 
the choice of h! . 

Suppose next that /i' splits. Then we rewrite the pushout diagram (*) as: 



0- 



K- 



■T 



M- 



f 



■T®N- 



1 



■iV- 







We claim that h satisfies the property required by assertion 2). Indeed, suppose 
not, so that there exists h : M ^ {hfi){K) = u{K) that coincides with h on K. 
Since u is a monomorphism the induced morphism u : K ^ u{K) is an isomorphism, 
which, in addition, has the property that uii^^ is the canonical inclusion j : u{K) = 
{hfi){K) ^ T. Consider the composition 



a: M ^ u{K) 



K. 



Then ita/i = uu~^h^ = jhn ~ = u. Since u is a monomorphism we get 
a/i ~ Ik, and so fi split, which is a contradiction. 

3) 5) Let / : M ^ TV be an epimorphism as indicated and let fi : T := 
ker(/) ^ M be its kernel. Choose a morphism h : M T' as given by assertion 
3). Suppose that there is a morphism g : N T' such that T + ker{h — gf) = X . 
Then we have: \vc^{h-gf) = {h-gf){X) = ih-gf){T) C h{T) + igf)iT) = h{T). 
That gives a morphism h : M h{T) such that ih ~ h — gf, where i : h{T) — > T' 
is the canonical inclusion. But then ihfi = [h — gf)fJ' = h/i, which contradicts the 
choice of h. 

5) 3) Let fi : T ^ M he a non-split monomorphism with T e T and let 
f : M ^ N he its cokernel. We pick up a morphism h : M ^ T' G T satisfying the 
hypothesis of condition 5). We will prove that it also satisfies the requirements of 
condition 3). Suppose that there is a morphism h : M '\m{hfi) such that in the 
diagram 

A* 

T 




■r 



40 



2. BALANCE IN STABLE CATEGORIES 



we have h^, = ihfi, where ip = hfi is the canonical epi-mono factorization of hfi. 
Then (h~ih)fi = and so there exists a morphism g : N ^ T' such that ih = h—gf. 
Thus ker{h — gf) = ker{ih) = ker(/i). We claim that the morphism 



ker(/i) ®T ^ M 



is an cpimorphism and that will imply that ker{h — gf) + ker(/) = AI, thus yielding 
a contradiction. Indeed, from hfi = p we get that h is an epimorphism, and so it is 
the cokerncl of its kernel. Now, if a is a morphism such that ah'' = and afi — 0, 
then there exists a morphism b such that bh = a. Hence = 6/i/x = bp, which 
implies 5 = 0, and therefore a ~ 0. \J 

Corollary 2.4.7. Let A be an abelian category and let T be a full subcategory 
of A consisting of projective-injective objects, closed under finite direct sums and 
direct summands. Then A is balanced. 

Proof. Condition 3) of Theorem [^^^1 trivially holds. ^ 

2.5. Weak balance when T consists of projective objects 

In this section the hypotheses on T are the same as in section 3, but, in order 
to have suitable one-sided (pre)triangulated structures on A, further assumptions 
will be made in each particular result. We already know that strong cpimorphisms 
in A, whenever they make sense, are represented by cpimorphisms. In order to 
characterize the weak balance of A in case T is functorially finite, we will identify 
first those cpimorphisms in A which become strong cpimorphisms and strong monos 
in A. 

Proposition 2.5.1. Let f e A{M,N) be an epimorphism and suppose that T 
is covariantly finite in A. The following assertions are equivalent: 

1) f is a strong epimorphism in the right triangulated category A. 

2) For every (respectively, some) T -preenvelope /i^^ : M T*^, one has that the 
canonical monomorphism /x^^(ker(/)) T^^ splits. 

3) There is a decomposition M = T' (B M' , with T' G T, and 

/ = [ f ]:T'®M' ^ N 

such that A{f', T) : A{N, T) A{M' , T) is an isomorphism for every T G T. 

4) There is a decomposition M ~ T' (B M' , with T' e T, and 

/ = [ f ] :T' (S M' ^ N 

such that every morphism h : M' T to an object of T vanishes on ker(/'). 

Proof. 1) <^ 2) Let fi'^^ -. M — > T^^ be any T-preenvelope. Since / is an 
epimorphism a canonical construction gives a cocartesian square of the form: 

A/ 

M ^ T^' 



N ^T^VAi''(ker(/)) 
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where tt is the canonical projection. Now, from the dual of Proposition 12.2.21 we 
get that condition 1) holds if and only if T^VA*^^(ker(/)) G T. Since T consists of 
projective objects, the latter is equivalent to 2). 

3) 4) Let /' : M' ^ be an epimorphism in A. Clearly, the map A{!' , T) : 
A{N, T) A{M' , T) is an isomorphism if and only if every morphism h : M' T 
vanishes on ker(/'). From that the equivalence of assertions 3) and 4) is obvious. 

4) 2) If we have a decomposition 

/ [ f ]:M ^T' ®M' ^ N 
as given by condition 4), then /' is necessarily an epimorphism in A. Let now 



.M 



] : T' e M' ~* T 



M 



be any T-preenvelope. One readily sees that w is a section, so that /x^^ can be 
written as a matrix 



T' ® M' ^ T' ® T" = T 



M 



One then checks that ^ : M' T" is a T-preenvelope and, in particular, we have 
if ~ pip, for some morphism p : T" T' . Now we have 

1 pip 

ip 



/'(ker(/)) = 



(T' e ker(/')). 



0, from which it follows that fi^' (ker(/)) = T' ® is a 



By hypothesis, 'ip{ker{f')) 
direct summand of T^^ . 

2) =J> 4) Let us fix a T-preenvelope /i^^ : M T*^ satisfying condition 2). 
Then the composition of inclusions /x*^(ker(/)) im(/i*^) ^ T*^ is a section in T, 
which implies that T' =: /i'*^(ker(/)) is also a direct summand of im(/x^^), so that we 
have a decomposition im(^*^) = T'©F. Looking now at the induced epimorphisms 
p.: M ^ im(/i*^) =T' ®V and ker(/) ^ //^^(ker(/)) = T', and bearing in mind 
that T' is a projective object, we can assume without loss of generality that there 
are decompositions 1\I = T' ® M' and 

/ = [ f ]:T'®M' 

{i.e. , T' C ker(/)). Then p^^ gets identified with 

1 

p 

where p^^ : M' T^^ is a T-prcenvelope such that /i^^ (ker(/')) = 0. Since every 
morphism h : M' T, with T £ T, factors through /i*^ assertion 4) follows. 

Proposition 2.5.2. Let f e A{M,N) be an epimorphism and suppose that T 
is contravariantly finite in A. In the left triangulated category A, the morphism f 
is a strong monomorphism if and only if ker(/) S T. 



T' e M' T' « 



N 



rpM' _ rpM 



Proof. If pn ■ T 



jv — > -/V is any T-precover, then the puUback of / and pN 

9 
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gives rise to a short exact sequence -> ker(/) L ^ Tn ^ in A, which spUts 
due to the fact that T/y is projective. Then ker(/) belongs to T if and only if L 
belongs to T. Then the result follows from Proposition 12.2.21 ^ 

Corollary 2.5.3. Suppose that T is functorially finite in A and let f : M ^ N 
be an epimorphism in A. The following assertions are equivalent: 

1) f is a strong monomorphism and a strong epimorphism in the pretriangulated 
category A. 

2) ker(/) S T and, for some T -preenvelope : M T^^ , the object /i^^(ker(/)) 
is a direct summand of T^^ . 

3) ker(/) G T and there is a decomposition 

/ = [ f ] : M ^T' ® M' ^ N 

such that every morphism h : M' —* T to an object of T vanishes on ker(/') 

Proof. Direct consequence of Propositions 12.5. II and 12.5.21 y/ 

All these preliminaries lead to the following main result of this section. 

Theorem 2.5 A. Let A be an abelian category andT Q Abe a functorially finite 
full subcategory consisting of projective objects and closed under direct summands. 
Consider the following assertions: 

1 ) For every object T £ T , there is a monomorphism T ^ E, where E is an 
injective(-projective) object of A which belongs to T. 

2) For every T G T \ {0}, there is a non-zero morphism ip :T T' , with T' G T , 
which factors through an injective object of A. 

3) The pretriangulated category A — A/{T) is weakly balanced. 

4) If f : M ~* N is an epimorphism in A such that ker(/) G T and every morphism 
h : M ^ T € T vanishes on ker(/), then f is an isomorphism in A. 

5) If j : T M is a non-zero monomorphism in A, with T G T, then there is a 
morphism h : M T' such that hj ^ 0, for some T' G T. 

6) If N is an object of A such that the covariant functor 

£xt\{N,'!)\r : Mod Z 

is non-zero, then Ext^(A^, does not contain a non-zero representable sub- 
functor. 

Then 1) 2) => 3) 4) <^ 5) 6) and, in case A has enough injectives, all 
assertions 2) — 6) are equivalent. 

Proof. 1) => 2) is clear. 

2) =J> 4) Let / : M ^ be an epimorphism in A satisfying the hypothesis of 
(4). Suppose that / is not an isomorphism. Then ker(/) G T \ {0}, and by (2) 
there exists a non-zero morphism ip : ker(/) — > T' , for some T' G T, which factors 
through an injective object of A. Then ip extends to M and this contradicts the 
hypothesis of 4). 

3) 4) is a direct consequence of Corollarv l2.5.3l and Proposition l2.4.5l bearing 
in mind that strong epimorphisms of A can be represented by epimorphisms of A. 

4) <^ 5) is clear. 

4) ^ 6) Let iV G be an object such that Ext^(A^, ?)[,- : T —> ModZ is a 
non-zero functor. Suppose that we have a monomorphism of functors ^ : T(T, ?) — > 
Ext^(A^, ?)|7-. We choose the element Jl G Ext^(7V, T) corresponding to fi by 
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Yoneda's lemma. Then /i represents a short exact sequence O^T^M^N^O 
in A. Then / is an cpimorphism in A such that ker(/) G T. On the other hand, if 
h : M T' is a morphism to an object of T, then /xt' : T{T,T') Ext\{N,T') 
maps hj onto the (exact) lower row of the following pushout diagram: 

^ T — ^ M N *- 

hj 

^ T' ^ M' ^ N ^ 

That lower row splits because hj factors through j. Therefore ^T'{hj) = 0. The 

monomorphic condition of /i implies that hj = 0. Thus, every morphism h : M ^ 

T', with T' £ T, vanishes on T = ker(/). Now assertion (4) says that / is an 

isomorphism in A and, hence, that T = 0. 

6) ^ 4) Let f : M ^ iV be an epimorphism as indicated in assertion 4) 

j f 

and consider the associated short exact sequence ^ T M N in 
A. By Yoneda's lemma, we get an induced morphism of functors fi : T{T, ?) 
Ext^(A^, ?)|7- (functors T ModZ). We claim that /.t is a monomorphism and 
then the hypothesis will give T(T, ?) = 0, whence T = 0, which will end the 
proof of this implication. Let us prove our claim. If T' G T is any object then 
^T' '■ T{T, T') Ext^(A^, T') maps a morphism if : T ^ T' onto the (exact) lower 
row of the following pushout diagram: 

*- T — ^ AI N *- 

f 

^ T' ^ M' ^ N ^ 

One has that iit' i^) = if and only if that lower row splits. But this is equivalent 
to say that (p is the restriction to T = l<er(/) of a morphism h : M ^ T' . In that 
case, the hypothesis on / says that Lp ^ Q. Therefore /i is a monomorphism of 
functors as desired. 

We finally prove 5) 2) in case A has enough injectives. Let us take 7^ T G 
T. There is a monomorphism j : T ^ E, with E injective. Now assertion 5) says 
that there exists a morphism h : E ^ T' , with T' G T, such that if = hj ^ Q. That 
ends the proof. ^ 

Example 2.5.5. Let A be a right perfect left coherent ring such that the injec- 
tive envelope of the (regular) right A-module Aa is projective {e.g. if A is a QF3 in 
the sense of C. M. Ringcl and H. Tachikawa [104] ). Since the class ProJ A of pro- 
jective modules is closed under small products it follows that Proj A is covariantly 
finite in Mod A, and hence functorially finite. The stable category of Mod A module 
the projective A-modules is a pretriangulated category which is weakly balanced 
due to Theorem 12.5.41 

We shall end the section by characterizing (weak) balance in abclian categories 
in which subobjects of projective objects are projective. We denote by Sub(T) the 
full subcategory formed by the subobjects of objects in T. The following is an 
auxiliary lemma. 
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Lemma 2.5.6. Let H. he an abelian category in which subobjects of projective 
objects are projective and let T be a full subcategory of Ti. consisting of projective 
objects and closed under direct summands. The following assertions are equivalent: 

1) T is covariantly finite in Ti. . 

2) Sub{T) is covariantly finite in Ti. and every P G Sub{T) has a T -preenvelope. 

3) {-^T,Sub{T)) is a (split) torsion pair in Ti and every P £ Sub{T) has a T- 
preenvelope. 

Proof. 1) =^ 2) If /^^^ : M T'^^ is a T-preenvelope and we take its epi-mono 

factorization M ^ P ^ T'^^ , then p is a Sub(T)-preenvelope. 

2) =J> 1) If A : A/ ^ P and /i : P ^ are a Sub(T)-preenvelope and a 
T-preenvelope, respectively, then /xA is a T-preenvelope. 

2) <^ 3) is a direct consequence of the dual of Lcmma r2.3.3l 

We remind the following definition which we are about to use: 

Definition 2.5.7. A torsion pair (^,3^) on an abelian category is called here- 
ditary if the torsion class X is closed under subobjects. 

Proposition 2.5.8. Let Ti be an abelian category in which subobjects of pro- 
jective objects are projective, and let T be a covariantly finite full subcategory of Ti 
consisting of projective objects and closed under direct summands. The following 
assertions are equivalent: 

1 ) The stable category TiofTi associated to T is balanced. 

2) ^T is closed under subobjects. 

3) The pair (^T, Sub{T)) is a hereditary (split) torsion pair in Ti. 

When T is contravariantly finite in Ti, the above assertions are equivalent to: 
i) Ti is weakly balanced 

When Ti has enough infectives, assertions 1),2) and 3) are also equivalent to: 

5) For every object T £ T , there is a monomorphism T ^ E, where E is an 
injective(-projective) object of Ti which belongs to T. 

Proof. Wc start by proving that, under anyone of conditions 1), 3) or 4), if 



A 



u 

V 



T ^ N ®P 



is a monomorphism, where T G T, N T and P is projective, then v is also a 
monomorphism. Indeed, since subobjects of projective objects are projective we 
get that T2 := im(z;) is projective and the induced epimorphism v : T T2 splits. 
Then we can decompose T = Ti Q) T2, where Ti ker(w), and then rewrite A as 

V2 

Since A is a monomorphism it follows easily that ui is a monomorphism. Under 
conditions 1) or 4), using condition 3) of Theorcm l2.4.6l or condition 5) of Theorem 
12.5.41 one readily sees that necessarily Ti = 0. Under condition 3), one has that 
Ti g T T since the torsion pair (^T, Sub(T)) is hereditary. But then Ti = as 
well. 
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1) ^ 2) By Lemma [2.5.61 we know that (^T, Sub(T)) is a split torsion pair in 
Ti. Let i : Af ^ iV be a monomorphism, where N T, and take any morphism 
h : M ^ T, with T E T. We then take the bicartesian square: 



T- 



■N 



V 



Then A is a monomorphism. We decompose V ~ V S) P, where V' T and 
P E Sub(T). According to the first paragraph of this proof, we can rewrite 



A 



7 
j 



T^V' ®P, 



where j : T — > P is a monomorphism. On the other hand, since (^T, Sub(T)) is a 
torsion pair, we have A{N, P) = 0. Then the second componen of rj vanishes 



u 




N ^V' ®P. 



The commutativity of the square imphcs that jh = and. since j is a monomor- 
phism, we conclude that h = Q. Therefore M E^ T . 

2) =^ 3) is a direct consequence of Lemma [2.5.61 

3) => 1) We shall check assertion 3) of Theorem gXl Let : T ^ M be a 
non-split monomorphism in Ti with Q ^ T E T . By hypothesis, we can decompose 
M = M' ® P, where M' E^ T and P E Sub(T). Then the first paragraph of this 
proof says that we have 



T ^ M' © P, 



where u : T ^ P is a monomorphism. But, since P E Sub(T), we have a monomor- 
phism w : P ^ T' , with T' E T . Clearly wv ^ (it is actually a monomorphism). 
We then claim that 

/i [ w ]: M' ® P ^ M ^T' 

is a morphism such that no morphism h : M = M' (S) P ^ {h^){T) = wviT) 
coincides with h on T . To see that notice that, if it exists, such a h can be written 
as 

h=[Q 13]: M' ®P^wv{T), 

because M' E^ T and wv{T) = T E T . If we denote by i the canonical inclusion 
wv{T) ^ T' and by ^ : T ^ wv(T) ~ h^{T) the isomorphism induced by (or 
wv), then we have 



iS^ ^ hji = ihj^i = i [ /3 ] 



= ij3v. 



Since i is a monomorphism we conclude that ^ = (3v, so that f is a section. But 
then the morphism /x is also a section, which contradicts the hypothesis. Therefore 
h cannot exists and the proof of this implication is finished. 

Suppose now that T is contravariantly finite in Ti. Then 1) 4) clearly holds. 
The proof of 4) =J> 2) is identical to that of 1) 2), done above. 

Finally, suppose that A has enough injectives. 
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5) ^ 1) We check condition 3) of Theorem 12.4.61 Let fi : T ^ M be a non- 
spht monomorphism. By hypothesis, there is another mononiorphisni j : T ^ E, 
where E is an injcctive object of Ti. belonging to T. For simphcity, we view j as an 
inclusion. Now j factors through /i, so that we get a morphism h : M —f E such 
that hjjL = j. If there were a morphism h : M ^ hiJL[T) = j{T) ~ T agreeing with 
h on T, then h would be a retraction for fj,, which is absurd. 

3) =J> 5) Let 7^ T € T be any non-zero object. We then have a monomorphism 
X : T ^ E, where E is an injective object of A. We decompose E ^ E' (B P, 
with E' G-^ T and P G Sub(T). Notice that then P is injective(-projective) and 
necessarily belongs to T. If we write now 



A 



T ^ E' (BP. 



then the first paragraph of this proof says that w is a monomorphism. That ends 
the proof. ^ 

Remark 2.5.9. On an arbitrary abelian category A, N. Yoneda defined the big 
abehan group Ext^(M, N) of n-extensions (c/. [TOl IIL5]), for all objects M,N e A, 
which was functorial on both variables. Due to J. L. Verdier |107|, Ch. Ill, 3.2.12], 
Ext^(M, TV) = {'DA){M,N[n]), where VA is the (possibly large) derived category 
of A. As a consequence, the long exact sequences of Ext's hold in every abelian 
category. In particular, if ^ = H is hereditary (namely, Ext^(?, ?) = 0), then every 
subobject of a projective object in Ti, is projective. Thus our Proposition 12.5.81 
applies to hereditary abelian categories. 

2.6. Some examples 

In this section we illustrate the previous results with some examples in module 
categories. Unless said otherwise, all rings are associative with unit and modules 
are right modules. For a given ring A, we denote by Mod A (respectively, mod A) 
the category of all (respectively, finitely presented) A-modules. 

Example 2.6.1. Let A be a right semihereditary left coherent ring. Let T = 
proj A the full subcategory of the abelian category = mod A consisting of finitely 
generated projective modules. By \27\ Corollary 3.11], we know that T is covari- 
antly finite in 7i. On the other hand, the right semihereditary condition of A gives 
that in Ti. submodules of projective objects are projective, so that we are in the situ- 
ation of Proposition l2.5.8] Then the stable category of mod A associated to proj A is 
(weakly) balanced if and only if the class ^T, formed by all the modules M E mod A 
such that Hom^(Af, A) = 0, is closed under (finitely generated) submodules. Two 
particular cases of this situation are those in which A is a commutative principal 
ideal domain or A = kAn is the path algebra of the Dynkin quiver 

An A ^ 2 ... ^ n 

over a field k. 

It is well-known that the above path algebra kAn is isomorphic to Tn{k), the 
ring of lower triangular nxn matrices with coefficients in k. When one moves from 
finitely presented to arbitrary modules, only this example survives. 

Example 2.6.2. Let _ff be a right hereditary ring. The following assertions are 
equivalent: 
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1) The category Proj H of projective iJ-modules is covariantly finite in Mod H 
and the stable category of Mod if associated to ProjiJ is a (weakly) balanced 
category. 

2) H is Morita equivalent to a finite direct product T„j {Di) x ... x T,^, {Dj.) of rings 
of lower triangular matrices, for some division rings Di and natural numbers Ui 

Proof. 1) =^ 2) Since Proj H is covariantly finite in Mod H it is closed under 
products, so that H is scmiprimary (c/. [21j and |100j ). On the other hand, since 
assertion 4) of Proposition 12 . 5 . 8l holds, we get that E{Hh) is projective, so that H 
is right QF-3 in the sense of Ringel and Tachikawa (c/. jl04l Proposition 4.1] ). 
Then, by |25| Theorem and Remark 1], one concludes that H is Morita equivalent 
to the indicated direct product of rings of lower triangular matrix. 

2) => 1) There is no loss of generality in assuming that H = Tn{D). for some 
natural number n and some division ring D. Since H is (two-sided) Artinian, 
Proj if is covariantly finite in Modi/ [92 , Corollary 3.5]. On the other hand, H is 
a serial ring and the row module E — \^ D D ■ ■ ■ D ] is the unique injcctive- 
projective indecomposable iJ-modulc, which cogencrates all other projective H- 
modules. Then assertion 5) of Proposition 12 . 5 . 8l holds, so that the stable category 
of Mod H associated to Proj H is balanced. ^J 

In the situation of Proposition 12.5.81 whenever T is closed under subobjects, 
one has an equivalence of categories 

U-^ r, 

so that 71 is an abclian category. That is no longer true if T is not closed under 
subobjects, as the following example shows. 

Example 2.6.3. Let H = fcvls, where ^3 is the Dynkin quiver 1 ^ 2 ^ 3 
and A; is a field. Let e.i be the primitive idempotent of H given by the vertex 
i , 1 < ? < 3 and take TL = mod H and T = add(e3ii), which is the full subcategory 
of projective-injective objects of mod H. Then the stable category H of mod H 
associated to T is a balanced category which is neither abelian nor triangulated 
(for its usual pretriangulated structure). 

Proof. Due to CoroUarv 12.4.71 the stable category H is balanced. If 

f:e2H^S2^ e2H/e2J{H) 

is the canonical projection, then, by Proposition 12.4.21 we have that / is not an 
epimorphism in TL. If this latter category were abelian, we would have a morphism 
g of Ti. such that ^ g ^ f . But such a morphism g : S2 C necessarily factors 
through the (unique up to multiplication by scalars) irreducible morphism j : S2 
£{82) ~ esH/ Soc{e3H) starting at 82- Therefore there exists a morphism h : 
£{82) ^ C such that hj g. Notice that, in principle, we have C = 8^ ® £{82)™- 
but, since HomA{E{82),82) = 0, we then get that h ^ [O h' Y : £{82) ^ 

8^ © £{82)"" and hence g = [O g' : 82 ^ 8^ ® £{82)'", with the obvious 
meaning. The universal property of the cokernel implies that n = and m = 1. In 
other word, up to multiplication by a nonzero scalars, we would have g = j. But 
this is absurd for j is not an epimorphism in 2£: if 

p : E{82) ^ esH/esJiH) = ^3 

is the canonical projection, then pj ~ but p ^ 0. 
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Notice also that ^ (for instance eiH E T^). Thus, the loop functor 
ri, given by the pretriangulated structure of 21, vanishes on some non-zero object. 
Therefore 7i is not a triangulated category either. 

Corollary 12.3.51 and Proposition 12.5.81 might induce the reader to believe that 
"weakly balance" (when it makes sense) and "balance" are synonymous concepts 
for stable categories. Our final example shows that it is not the case, even when T 
consists of projective objects. 

Example 2.6.4. Let fc be a field and A be the finite dimensional fc-algebra 
given by the quiver 



■5 /3 



with the following set of monomial relations R = {yx, xP, P"f,jSa,Sa(3}. Then 
proj A is functorially finite in mod A. We claim that the stable category modA of 
mod A associated to proj A is weakly balanced but not balanced. To see that, first 
notice that assertion 2) of Theorem 12.5.41 is equivalent in this case to the property 
that, for every indecomposable projective A-module P, the canonical restriction 
map 

HomAiE{P),A) HomA{P,A) 
has a non-zero image. This property is trivially satisfied whenever E{P) is projec- 
tive. In our situation, that is the case for P — eiA, with i e {1,2,3,6}. On the 
other hand, we have 

E{eiA) ^ E{e5A) (e^A e5A)/N =: E, 

where N is the cyclic submodule of e^A © e^A generated by (—(5a, x). One readily 
sees that Horn a{E, A) is a 2-dimensional vector space generated by the morphisms 
/ : (a, b) I— > ja and g : (a, b) i— > yb. Consider now the morphisms 

i : e^A E , a i— > (a, 0) 

and 

j:e5A~^E,b^ (M), 
which satisfy fi^O and gj ^ 0. That proves that mod ^ is weakly balanced. Now 
we shall see now that condition 3) of Theorem l2.4.6l is not satisfied by the morphism 
i : e^A E. Indeed, by the above paragraph, any morphism h = E ^ A is of the 
form h = kif + k2g, for some fci, fc2 S k. Then it maps (a, b) i-^ ki^a + k2yb and, 
hence, {hi){a) — ki^a. In case ki — 0, clearly h does not satisfy condition 3) of 
Theorem 12.4.61 But if fci 7^ then \m{hi) = im(/) and, choosing 

h = kif : E im(/) , (a, 6) i~> ki-ya, 

one has that h coincides with h on 64^!. That proves that mod ^ is not balanced. 
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Split TTF triples on module categories 

3.1. Introduction 

3.1.1. Motivation. Recall that a torsion torsionfree(=TTF) triple {X,y,Z) 
on an abclian category consists of a couple of torsion pairs {X, y) and {y, Z) 
{cf. Definition ll.6.3p . This notion was introduced by J. P. Jans [50] . who gave a 
bijection, for an arbitrary (associative unital) algebra A, between TTF triples on 
the module category Mod A and idempotent two-sided ideals of A {cf. Theorem 
I3.2.3p . J. P. Jans also proved that this bijection restricts to another one between 
centrally split TTF triples on Mod A {cf. Definition II. 6. 3p and central idempotents 
of A. However, the existence of TTF triples {X,y,Z) for which only one of the 
torsion pairs {X, y) and {y, Z) splits, which we shall call one-sided split, has been 
known for a long time {cf. |105| ) and no classification of them has been available. 
That is. until now, the idempotent ideals of A which correspond by J. P. Jans' 
bijection to those one-sided split TTF triples have not been identified, even though 
there were some efforts to classify them (see for instance jlOj and [49] V The goal 
of this chapter is to present such a classification, thus solving a problem which has 
been open for almost forty years. 

3.1.2. Outline of the chapter. In section [3?2l we give the definitions and 
relevant known results concerning TTF triples on a module category. In section [5T51 
we give the classification of left split TTF triples on Mod A {cf. Theorem 13. 3. 31 and 
Corollarv l3.3.4[) . For the sake of clarity, and as an intermediate step, we present in 
section [331 a partial classification of right split TTF triples, which is actually total 
when the ring A belongs to a class which includes semiperfect and left Noetherian 
rings {cf. Theorem l3.4.12l and Corollarv l3.4.13|) . Then, in section [5751 we classify the 
right split TTF triples {X,y,Z) on Mod A such that Aa belongs to Z (Theorem 
I3.5.7[) . from which the classification of all right split TTF triples ('Corollarv l3.5.8[) 
follows. 

3.1.3. Notation. All rings appearing in the chapter are associative with iden- 
tity and, unless explicitly said otherwise, all modules are right modules, the category 
of which will be denoted Mod A. Two-sided ideals will be simply called "ideals" , 
when there is no risk of confusion. The Jacobson radical of a ring A will be denoted 
by J {A). If M is a module over a ring ^, S* is a subset of ^, iV a subset of M and 
I an ideal of A then 

1) annA/(S') is the denotes the set of elements m S AI such that ms = for each 
s e S. 

2) ann^(iV) denotes the set of elements a E A such that na = for each n e N. 

3) lannyi(/) denotes the set of elements a G A such that ai — for each i E I. 
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We recall that if {X, y) is a torsion pair on an additive category V (in particular, 
a torsion pair on an abelian category), we write x : X —^ V and y :y ^ T) for the 
inclusion functors, tx '-"D ^ X for the right adjoint to x and for the left adjoint 
to y. 

3.2. Torsion torsionfree triples 

Lemma 3.2.1. Let I he an ideal of a ring A. Then: 

1) The class y of modules annihilated by I is Gen{A/I). 
If I is idempotent we also have: 

2) The class X of modules M such that MI = M is Gen{I). 

3) X is the left orthogonal to y, i.e. X = -^y 

Proof. 1) If M is generated by A/I it is clear that MI — 0. Conversely, 
assume M is a module annihilated by /. There exists an epimorphism A^'^^ -» M, 
which fits into the diagram 

lis) ^ ^(s) ^ {A/I)(s) ^ 



M 

0, then there exists a factorization 
^ ^(S) ^ ^ 

M 

so that the dotted arrow is an epimorphism, and so M is in Gcii(A/ 1). 

2) If AI is in Gen(/), then, since / is idempotent, it is clear that MI = M. 
Conversely, let M be a module such that MI = M. Assume M = A^'^^ /N for a 
certain module N. Then we have 

M = MI ^ {A'-^^I + N)/N ^ (/(^) +7V)/A^ = /(^VU^^^niV), 

i.e. Al is generated by /. 

3) If M is in the left orthogonal to y, then the epimorphism M -» M/AII 
is zero, which implies that M/MI = Q, i.e. M = MI. On the other hand, if 
f : M ^ N is, a. morphism of A-modules such that M = MI and is annihilated 
by /, then we have /(A/) = f{MI) CNI = 0, and so / = 0. ^ 

Associated to the notion of TTF triple we have: 

Definition 3.2.2. Let A be a ring. A class y of A-modules is a TTF class of 
Mod A if it is closed under submodules, quotients, extensions and products. 

The following is an alternative proof of J. P. Jans' result [50i Corollary 2.2] 
(see also [T02l VI.8]). 

Theorem 3.2.3. Let A be a ring. There is a one-to-one correspondence be- 
tween: 

1) The set of TTF triples on Mod A. 

2) The set of TTF classes of Mod A. 



with exact row. Since M I 
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3) The set of idempotent ideals of A. 

This correspondence sends the TTF triple {X,y,Z) to the ideal tx{A) and the 
ideal I to the TTF triple {X , 3^, Z) where X is the full subcategory formed by the 
modules M such that MI = M and y is the full subcategory formed by the modules 
M such that MI = 0. In this situation, we have X = Gen{I), y = Gen{A/I), 
Tx{M) = MI and Ty{M) = annM{I)- 

Proof. If {X, y, Z) is a TTF triple on Mod A, then it is clear that 3^ is a TTF 
class. Conversely, if 3^ is a TTF class of Mod A, then {^y,y,y^) is a TTF triple 
(c/. [T02| Proposition VI.2.1, Proposition VI.2.2]). 

Let / be an ideal of A and take y to be the full subcategory of modules M 
such that MI = 0. It is clear that y is closed under submodules, quotients, small 
products and small coproducts. If, moreover, / is idempotent, then y is closed 
under extensions, and so it is a TTF class, which implies that it fits in the middle 
of a TTF triple. For the description of the left orthogonal to y apply the lemma 
above. 

Conversely, let {X,y,Z) be a TTF triple on Mod A. Put / := tx{A) and 
consider the short exact sequence 

^ / A -» A// 0, 

of Mod A with I in X and A/ 1 in y. Since tx is a subfunctor of the identity 
functor iModyi and all the morphisms of End^(A) are given by multiplications to 
the left of elements of A, then / is a two-sided ideal of A. By using the short exact 
sequence above, one realises that the restriction of V\om a{A/ I , ?) to y is isomorphic 
to the identity functor \y. This implies that A/ 1 is a compact projective generator 
of the cocomplete abelian category y and so, by P. Gabriel's characterization of 
module categories among abelian categories [32j we know that y ~ Mod A/ 1. More 
directly, since A/ 1 is a generator of y and y is closed under small coproducts, by 
[1021 Proposition IV. 6.2] the modules of y are precisely those which are quotients 
of a small coproduct of copies of A//, and so, by using the lemma above we have 
the descriptions of y and X . ^ 

The TTF triple on Mod A associated to the idempotent ideal I oi A can be 
depicted as follows: 

Gen(A//)^^^^Mod A—^^^ Gen(/) 

The following is also well-known (c/. [102|, Proposition VI. 8. 5] or Corollary 
fTTTUD . 

Proposition 3.2.4. The one-to-one correspondence of Theorem \3.2.3\ restricts 
to a one-to-one correspondence between: 

1 ) Centrally split TTF triples on Mod A. 

2) (Ideals of A generated by) single central idempotents of A. 

Put £, £ and 9^ for the sets of left, centrally and right split TTF triples on 
Mod A. 
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Since there are one-sided split TTF triples which are not centrally split (c/. 
|105| ) we should have a diagram of the form: 



{TTF triples} ~ {idcmpotcnt ideals} 




€ ~ {central idempotcnts} 
The following is the main question tackled in the chapter: 
Question. What should replace the question marks in the diagram above? 



3.3. Left split TTF triples over arbitrary rings 



Definition 3.3.1. Given rings, B and C, and a _B-C-bimodule M, we can 
construct the associated triangular matrix ring: 

C 
M B 



A 



The elements of A are 2x2 matrices 



c 
m 



with c G C, m Cz M and b G B, and it becomes a ring with componentwise addition 
and matrix multiplication. 

The category Mod A admits an explicit description in terms of modules over 
C and B. Indeed, let Ca be a category whose objects are triples (L, N; (p) where 
L e Mode , N e Mods and ip G Homc(A^(E)B M, L). The morphisms between 
two objects {L, N; (p) and {L', N'; (p') are pairs 

e Homc(L,L') x HomBiN,N') 

such that the following diagram commutes: 

N®bM- — ^N'®bM 



L- 



L' 



Componentwise addition of morphisms gives Ca the structure of an additive cate- 
gory. Now define a functor 

F -.Ca-^ Mod A 

which takes (L, A^; p) to the A-modulc defined by the abclian group i ]J with 
scalar multiplication 



[I n] 



c 
m b 



[ Ic + p{n (E) m) nb 



At the level of morphisms, F takes (a,/3) to the canonical morphism a]J/3. 
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It is well-known (see [HI Proposition III. 2.2]) that F is an equivalence, and we 
shall often identify Mod A with Ca- Of course, a similar description of left A- module 
can be made. 

Notice that the assignments L i-^ {L, 0; 0) and N (0, A^; 0) give (fully faithful) 
embeddings Mod C ^ Ca — Mod A and Mod B Ca — Mod A. We shall frequently 
identify Mod C and Mod B with their images by these embeddings. 

Definition 3.3.2. If C is a ring and M is a C-module, then M is hereditary 
Yi-injective in case every quotient of a direct sum of copies of M is injective. 

We can already give the main result of this section. 

Theorem 3.3.3. Let A be a ring and let y be a full subcategory of Mod A. The 
following assertions are equivalent: 

1) {-^y,y,y^) is a left split TTF triple on Mod A. 

2) There exists an idempotent e € A such that: 

i) (l-e)Ae = 0. 

ii) NeA is a direct summand of N for every N Mod A. 
Hi) y is formed by the modules N e Mod^ such that Ne = 0. 

3) The ring A is isomorphic to the triangular matrix ring 



A' 



C 
M B 



where: 

i) M is a B-C-bimodule such that M is hereditary T,-injective in ModC. 
ii) y identifies with ModC. 

Proof. 1) ^ 2) Put {X,y,Z) := {^y,y,y^). By hypothesis / = tx{A) = 
eA, for some idempotent e e A, and so (1 — e)A = A/tx{A) belongs to y. Hence 
(1 - e)Ae = ^omAieA, (1 - e)A) ^ 0. We know that TxiN) = NI ^ NeA, which 
is then a direct summand of N, for every N G Mod A. We also have that a module 
N € Mod A belongs to y if and only if iVe = 0. 

2) ^ 1) Of course, 3^ is a TTF class. Then it only remains to prove that the 
torsion pair (^3^,3^) sphts. First of all, since eA S we get that Gen(eA) C ^3^. 
On the other hand, decompose an arbitrary N G '^y as N = NeA © N' where 
N'e = 0. Hence N' = iV'(l - e) G 3^, and so iV' = and N e Gen(e^). Then 
(^3^,3^) = (Gen(eA), 3^), which is a split torsion pair by 2.ii). 

1) = 2) =^ 3) Put iX,y,Z) (-^3^,3^,3^^). Take C := {I - e)A{l - e) , B 
eAe and M := eA{l — e). All the conditions of 3) are clearly satisfied except, 
perhaps, that Mc is hereditary S-injective. Let us prove it. In case eA{l — e) = 
we are done, so assume that eA{l — e) 7^ 0. For an arbitrary set S put 

T := eAU - e)^(-) e y , D := eA^^^ e X , F -.^ ^ ^ 

The short exact sequence 

O^T D ^ F ^ 

is not split. Indeed, since Homyi(A',3^) = then Hom^(D,r) = 0. Take now a 
non-zero epimorphism p : T -» E, and let us prove that E is injective over C. By 
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doing the pushout of p and i we get the commutative diagram 
^T—^D ^0 



*-y ^0 

with exact rows. Now, for any T' G y, there is an exact sequence 

HomA(r',F) ^ Ext\{T',E) ^ Ext\{T',V). 

But HomA{T',F) = because T' e y and F e Z, and Ext\{T',V) = because 
T' ey , V eX, and {X,y) sphts. So, Ext^(r',£;) 0, proving Ec is injective. 
3) 2) We identify A with the triangular matrix ring 



C 
M 




B 



Taking the idempotent 



we trivially have (1 — e)Ae = 0, and y ~ Mod C is formed by the modules N E 
Mod A such that A^e = 0. It only remains to prove that NeA is a direct summand 
of N for each N e Mod A. Of course, we have N = NeA + N{1 - e)A. Note 
that NeA n iV(l — e)A = NeA{l — e)A. Indeed, one inclusion is obvious. For the 
converse one, if x € NeA n A^(l — e)A, then xe — because (1 — e)Ae ~ 0, and so 
X = a-(l - e) e NeA{l - e) C NeA{l - e)A. Thus, NeA n A^(l - e)A is generated 

by 

eA(l-eM=[;^ 

which is hereditary Z'-injective in Mod C. Then NeA n A^(l — e)A is injective in 
Mod C, and so it induces a decomposition A^(l — e)A = NeA{l — e)A © A^' in 
Mod C C Mod A. It follows that AT = AT' © NeA. ^ 

As a direct consequence of the theorem, the classification of left split TTF 
triples on Mod A is at hand. 

Corollary 3.3.4. Let A be a ring. The one-to-one correspondence of Theo- 
rem \3.2^ restricts to a one-to-one correspondence between: 

1) Left split TTF triples on Mod A. 

2) Ideals of A of the form I = eA where e is an idempotent of A such that eA{\ — e) 
is hereditary Yi-injective as a right (1 — e)A{\ — e)-module. 

Proof. If e e A is an idempotent such that / = eA is a two-sided ideal, then 
Ae C eA and, hence, (1 — e)Ae ~ 0. Now apply (the proof of) Theorem 13.3.31 ^/ 

3.4. Right split TTF triples over 'good' rings 

Recall some definitions of module theory: 

Definition 3.4.1. A ring A is 

1) right hereditary if every right ideal is projective (equivalently, any submodule of 
a projective right A- module is projective). 

2) semilocal if A/ J{A) is semisimple. 
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3) left semiartinian if every non-zero left A-niodule has a non-zero socle. 

4) semiprimary if it is semilocal and J{A) is nilpotent. 

5) semiperfect if it is semilocal and idempotents lift module J (A). 

Recall now H. Bass' theorem 

Theorem 3.4.2. The following properties of a ring A are equivalent: 

1) A is left semiartinian and semilocal. 

2) A is left semiartinian and semiperfect. 

3) Every flat right A-module is projective. 

4-) Every right A-module has a projective cover. 

Proof. Cf [1021 Proposition VIII.5.1] or [1 Theorem 28.4]. y/ 
The following definition is due to H. Bass 

Definition 3.4.3. A ring A is right perfect if it satisfies any of the equivalent 
conditions of the above proposition. Dually, one defines left perfect. 

Proposition 3.4.4. Every semiprimary ring is right and left perfect. 

Proof. Cf [H Corollary 28.8]. V 

In this section and the next one hereditary perfect rings will play an important 
role. We gather some known properties of them which will be useful: 

Proposition 3.4.5. Let A be a right perfect right hereditary ring. Then it is 
semiprimary, hereditary on both sides and the class of projective A-modules (on 
either side) is closed under arbitrary products. 

Proof. From [1001 Corollary 2 and Theorem 3] if follows that A is semipri- 
mary and hereditary (whence coherent) on both sides. Then apply 21, Theorem 
3.3]. ^ ' V 

We start with some properties of (right split) TTF triples which will be used 
in the sequel. The following property is due to G. Azumaya [101 Theorem 6]: 

Lemma 3.4.6. Let {X,y,Z) be a TTF triple on Mod A with associated idem- 
potent ideal L. The torsion pair {X ,y) is hereditary if, and only if, L is pure as a 
left ideal. 

Proposition 3.4.7. Let {X,y,Z) be a right split TTF triple on Modyl. Then 
[X ,y) is a hereditary torsion pair and X ^ Z. 

Proof. Let M e y and let E{M) be its injcctive envelope. Of course, M C 
Ty{E{M)) and, by hypothesis, Ty{E{M)) is a direct summand of E{M). But M is 
essential in E{M), which implies that Ty{E{M)) = E{M) , i.e. E{M) e y. We 
have proved that y is closed under injective envelopes. But then [1021 Proposition 
VL3.2] says that {X ,y) is hereditary, and consequently A" C Z by |1021 Lemma 
VL8.3]. V 

We first want to classify the following type of right split TTF triples. 

Proposition 3.4.8. Let {X,y,Z) be a right split TTF triple on Mod A with 
associated idempotent ideal I . The following conditions are equivalent: 
1) X is closed under products. 
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2) I ^ Ae for some idempotent e Cz A. 

3) A/ 1 has a projective cover in Mod A. 

4) I is finitely generated as a left ideal. 

Proof. 1) <^ 2) Since iX,y) is hereditary (c/. Proposition [3X71), the class X 
is closed under products if, and only if, X is a TTF class. Then |10[ Theorem 3] 
applies. 

1) <^ 3) It follows from ^ Theorem 8]. 

2) ^ 4) is clear. 

4) =^ 2) Since / is pure submodule of aA [cf. Lemma [3.4.61 and Proposition 
13.4. 7p and aA \s flat, then [1021 Proposition 1. 11.1] says that A/ 1 is a flat left 
A-modulc. Now, if / is finitely generated on the left, then A/I is also a finitely 
presented left A-module, and so [102[ Proposition 1.11.5] states that A/ 1 is a 
projective left A-module. Therefore, the short exact sequence of left A-modules 

splits. y/ 

Definition 3.4.9. If i? is a ring, a i3-module P is called hereditary projective 
(respectively, hereditary II- projective) in case every submodule of P (respectively, 
of a direct product of copies of P) is projective. Recall also that a i?-module N is 
called FP-injective in case Ext]j(?, A^) vanishes on all finitely presented i?-modules. 

The following type of modules will appear in our next classification theorem: 

Proposition 3.4.10. Let B be a ring and M be a left B-module. The following 
conditions are equivalent: 

1) For every bimodule structure bMq and every N £ Mod C, the right B-module 
Homc(M, iV) is hereditary projective. 

2) There exists a bimodule structure bMc such that, for every N e Mod C , the 
right B-module Homc{M, N) is hereditary projective. 

3) If C = EndB(M)°'' and Q is the minimal injective cogenerator of Mod C, then 
Homc(M, Q) is hereditary W-projective in MoAB. 

4) The right B-module M"*" = Homz(A/, Q/Z) is hereditary Il-projective. 

5) annsiM) = eB for some idempotent e G B, the ring B = B / annsiM) is 
hereditary perfect and M is FP-injective as a left B-module. 

When B is an algebra over a commutative ring k, the above assertions are equivalent 
to: 

6) If Q is a minimal injective cogenerator ofModk, then D{M) := Homfc(Af, Q) 
is hereditary Il-projective in Mod_B. 

Proof. 1) ^ 2) Clear. 

1) =^ 3) Let L be a submodule of a product Homc'(-A/, QY of copies of the right 
B-module Homc'(M, Q). Since Homc{M,Q)^ = Homc'(A/, Q-^), we deduce that L 
is projective 

3) ^ 4) li E is an arbitrary injective cogenerator of Mod C then we have 
a section E — > for some set S. Then Homc(M, E) is a direct summand of 
Homc{M,Q)^ and hence also \-\orr\c{M, E) is hereditary Il-projective. In particu- 
lar, this is true for E = Homz(C, Q/Z). By adjunction, 

Homc(M, Homz(C, Q/Z)) = Homz(C 0c M, Q/Z) = M+, 
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we get that Af + is hereditary Il-projective. 

4) ^ 1) Let C be a ring and bMc a bimodule structure on A/. Since E = 
Homz(C, Q/Z) is an injcctive cogcnerator of Mod C, every right C-module embeds 
in a direct product of copies of E. So, it will be enough to prove that Homc(M, E) 
is hereditary Il-projective, which is clear since we have 

Homc{M,E) = M+ 

by adjunction. 

2) 4) We want to prove that, for any set /, every submodule of 
Homz(A/, Q/Zy = Homc(A/, Homz(C, Q/Z)Y = Homc(A/, Homz(C, Q/Z)^) 

is projective. Take for this N = Homz(C, Q/Z) in 2). 

5) ^ 4) We have B = eB ® {1 - e)B in Mod B, and thus B = (1 - e)B is a 
projective right B-module. Hence, any projective right B-module is also projective 
when regarded as a right B-module. Also notice that every submodule of a direct 
product of copies of Mg is annihilated by annB(Af). Then, it suffices to prove 
that Af+ is hereditary Il-projective when regarded as a right B-module. In fact, 
since B is hereditary perfect, it suffices (c/. Proposition 13.4.5)1 to prove that M+ 
is projective. Now, is flat thanks to |991 Proposition 1.15], and projectivity 

follows from H. Bass's theorem 13.4.21 because B is perfect. 

1) = 4) ^ 5) Put C = Ends(Af)°P and let : B ^ Endc(Af) be the canonical 
ring morphism. By 1), Endc(A/) is hereditary projective as a right i?-module. 
Then the short exact sequence in Modi? 

annB(A/) ^ B ^ im(^) 

splits, and so anns(Ajf) — eB, for some idempotent e £ B. Now, Bb is a submodule 
of Endc(A/). which is hereditary Il-projective by 3). Then every submodule of a 
direct product of copies of Bj^ is projective, which implies that B is hereditary 
perfect by [211 Theorem 3.3]. But then, by [99) Proposition 1.15], the fact that 
Af-i is projective implies that -^M is FP-injective. 

Finally, the equivalence of 6) with 1) — 3) follows as the equivalence of 4) with 
1) — 3) but replacing Z by fc. 

Definition 3.4.11. If B is a ring, a left B- module M satisfying the equivalent 
conditions of the last proposition will be said to have hereditary Il-projective dual. 

We can now give the desired partial classification. 

Theorem 3.4.12. Let A be a ring and let {X,y,Z) he a TTF triple on Mod A 
with associated idempotent ideal I . The following assertions are equivalent: 

1 ) {X , y ^ Z) is right split and I is finitely generated as a left ideal. 

2) There is an idempotent e of A such that I = Ae and the left (1 — e)A{l — e)- 
module (1 — e)Ae has hereditary H-projective dual. 

3) The ring A is isomorphic to a triangular matrix ring 



A' 



C 
M B 



in such a way that y gets identified with Mod B and bM has hereditary Il- 
projective dual. 
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4) There exist rings B' , H , C, where H is hereditary perfect, and bimodules 
hMc , b'Nh such that: 
i) The ring A is isomorphic to the triangular matrix ring 



COO 
M H 
Q N B' 



ii) y gets identified with the category of right modules over the matrix ring 

H 
N B' 

Hi) hM is faithful and FP-injective. 

Proof. 2) =^ 3) Since I = Ae is also a right ideal, then eA C Ae and so 
eA(l - e) = 0. Therefore, if C eAe , M = (1 - e)Ae and B = (1 - e)A{l - e), 
the map 



C 
M B 



eae 
(1 - e)ae (1 - e)a(l - e) 



is a ring isomorphism. 

3) 2) Take e e A to be the element corresponding to the matrix 

' Ic 0' 


3) =J> 4) We identify A with the triangular matrix ring 

C 
M B 

By Proposition l3. 4.101 there exists an idempotent e' of B such that annB(A/) = e'B, 
B := B /annsiM) is a hereditary perfect ring and -g-M is FP-injective. Notice that, 
since e'B is a two-sided ideal, then Be' C e'B and (1 — e')Be' = 0. This implies 
that e'Be' = Be'. We put B' := e'Be' = Be' , H := (1 - e')B{l - e') ^B and 
:= e'B{l — e'), and there is no loss of generality in assuming 

B = 

so that 

annB(Af) = e'B 

Representing now the left B-module M as a triple 

{hL,b' N';ip: N(E)h N') 

we necessarily get N' = 0. Then, abusing of notation, we can put M = [ Af 
That gives the desired triangularization 



" H 







■ 


" 


N 


B' 


, e' = 





1 




N B' 



C 
M B 



COO 
MHO 
N B' 
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4) ^ 3) Take B = 



H 

N B' 



and M ^[ M ] 



1) =^ 2) From Proposition 13.4.81 we know that / = Ae, for some idempotent 
e € A. Since / is a two-sided ideal, then eA C Ae and so eA{l — e) = 0. Therefore, 
we can identify A with the ring 

C 
M B 

where C = eAe , M = (1 - e)Ae and B = [l - e)A{l - e). Then 



C 
M 



and y consists of those modules N £ Mod A annihilated by /, i.e. such that A^(l — 
e) = N. This latter subcategory gets identified Mod B. 

We want to identify now Ty{N) for every N E Mod A. If 

N = {Lc, N'B-ifi : N' ®b M L) 

then Ty{N) = annAr(/) = {(0, y) £ N ^ L ® N' \ ip{y ® M) 0}. Now, we have 
that Lp{y ® M) = if and only if ip*{y) ~ 0, where ip* comes from the adjunction 
isomorphism 

Homc(A^' ®B M,L) ^ HomB(A^', \^omc{M,L)) , ip ^ ipK 

Then Ty{N) = (0, ker(iy9*), 0) and, since it is a direct summand of = {L,N';ip) 
by hypothesis, we get that ker((p*) is a direct summand of N' in Mod_B, for every 
(p G Homc(7V' (E)B M,L). But then ker{ip) is a direct summand of N' in Modi? 
for every tp e HomsiN', Homc{M, L)). Since this is valid for arbitrary Lc , Ng, 
we can take for A''^ an arbitrary projective and we get that every i3-submodule 
of Homc{M, L) is projective. Then by Proposition 13.4. lUl we get that bM has 
hereditary H-projective dual. 

3) =^ 1) We identify A with the ring 

C 
M B 



Take 



As we saw before, if N 
(0, ker(^*);0). But lm((p*) 



and / = Ae 



C 
M 



Mod B. Thus, ker{if*) is a direct summand of N' in 
summand of N in Mod A. 



= {L,N';ip) e Mod A, we have the identity Ty{N) = 
is a B-submodule of \-\omc{M, L), whence projective in 

od B, and so Ty{N) is a direct 

V 



Corollary 3.4.13. Let A be a ring. Then the one-to-one correspondence of 
Theorem \3.2.3\ restricts to a one-to-one correspondence between: 

1) Right split TTF triples on Modyl whose associated idempotent ideal I is finitely 
generated on the left. 

2) Ideals of the form I — Ae, where e is an idempotent of A such that the left 
(1 — e)A(l — e)-module (1 — e)Ae has hereditary H-projective dual. 
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In particular, when A satisfies either one of the two following conditions, the class 
1) above covers all the right split TTF triples on Mod^; 
i) A is semiperfect. 

a) Every idempotent ideal of A which is pure on the left is also finitely generated 
on the left (e.g. if A is left Nwtherian). 

Proof. Using Proposition 13.4.81 under conditions i) or ii) the idempotent 
ideal associated to a right spht TTF triple on Mod A is always finitely generated 
on the left. With that in mind, the result is a direct consequence of the foregoing 
theorem. ^y 

3.5. Right split TTF triples over arbitrary rings 

Let {X,y,Z) be a TTF triple on Mod A with associated idempotent ideal /. 

Lemma 3.5.1. If Ty{AA) = (1 — £)A, for some idempotent e E A, then eA{l — 
e) = and I C eAe. 

Proof. Since t^{A) = A/{1 - e)A = eA, then 

= HomA((l - e)A, eA) ^ eA{l - e). 

Moreover, = Ty{A)I = (1 - e)I, and so / C = eAe. ^ 

Proposition 3.5.2. The one-to-one correspondence of Provosition [3.2.3\ res- 
tricts to a one-to-one correspondence between: 

1) Right split TTF triples on Mod A. 

2) Idempotent ideals I of A such that, for some idempotent e € A, one has that 
lann^il) = (1 — e)A and the TTF triple on Mod eAe associated to I is right 
split. 

Proof. According to Lemma r3.5.1i our goal reduces to prove that if {X, y, Z) 
is a TTF triple such that Ty{AA) = (1 — e)A is a direct summand of Aa, then it is 
right split if, and only if, the TTF triple defined by / in Mod eAe is also right split. 

'Only if ' part: Every right eAe-module AI can be viewed as a right A- module 
(by defining M ■ (1 - e)A = 0), and then AI = Ty{M) F = annM(/) © F for some 
eAe-submodule F. 

'If ' part: Conversely, suppose that the TTF triple on Mod eAe associated to / 
is right split, and put C = eAe , B ~ {1 — e)A(l — e) and M = (1 — e)Ae. As usual, 
we can identify A with the triangular matrix ring 

' C " 

M B \ ' 

and in this case also / with 

" / " 
J ' 

where I is an idempotent ideal of C such that the TTF triple on Mod C associated 
to / is right split. Notice that, since lannA{I) = (1 — e)A, we have MI = 0. 
Now, let M' = {Lc,Nb;(p) be a right A-module. Then Ty{M') = annM'(/) = 
(annL(/), N] Lp), where tp is given by the decomposition of Lp 

N^bM ^ annL(/) ^ L. 
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Consider now a retraction p : L ^ annL(/) in ModC for the canonical inclusion 
j, which exists because the TTF triple induced by / in Mod C is right split. Then 
poip=pojoip~loip^ip, which implies that 

[p 1 ] : (i, TV; ^) = M' TyiM') = (annL(/), TV; ^) 

is a morphism of ^-modules, which is then a retraction for the canonical inclusion 

Ty{M') ^ M'. V 

In the situation of the above proposition, one has that lamii^Ae{I) = 0, that 
is, the TTF triple {X' ,y' , Z') in ModeAe associated to / has the property that 
eAe G Z'. The problem of classifying right split TTF triples gets then reduced to 
answer the following: 

Question. Let / be an idempotent ideal of a ring A such that lannA(/) = (i.e. 
A & Z where {X,y,Z) is the associated TTF triple on Mod A). Which conditions 
on / are equivalent to say that {X,y,Z) is right split? 

Definition 3.5.3. Let / be an idempotent ideal of a ring A. Given a right 
A-module M and a submodule N , we shall say that N is I -saturated in M when 
xl C TV, with X S M, implies that x G N. Equivalently, this occurs when M/N £ 
Z, where {X,y,Z) is the TTF triple on Mod A associated to /. 

When A is a subset of A, we shall denote by A^„xn(A) the subset of matrices 
of Mnxn{A) with entries in A. 

Lemma 3.5.4. Let I be an idempotent ideal of the ring A. The following asser- 
tions are equivalent: 

1) For every integer n > and every Mnxn{I) -saturated right ideal a of MnxniA), 
there exists x G a such that (1„ — a;)a C A4nxn{I)- 

2) For every integer n > and every I -saturated submodule K of A^^^\ the quotient 
K+i(") projective as a right ^-module. 

Proof. Fix any integer ti > and consider the equivalence of categories F =: 
Homyi(A("\?) : Mod A ^ Mod7W„xn(^)- It establishes a bijection between I- 
saturated submodules K of A*^"' and A^„xn(-^)-saturated right ideals a of the ring 
M.nxn{A) = HomA(^'"-' , A*-"-*). Now if K and a correspond by that bijection, one 
has that 



F 



\ _ Mnxn{A) 



Assertion 2) is equivalent to say that, for such a K, the canonical projection 



/ J /(") K + /(") 

is a retraction in Mod A. The proof is hence reduced to check that condition 1) is 
equivalent to say that the canonical projection 

M nxn 

(A) M {A) 
M (/) a + M nxn 
is a retraction in ModA^„xn(^)! for every A^„xn(^)-saturated right ideal a of 
■Mnxn{A). To do that it is not restrictive to assume that n = 1, something that 
we do from now on in this proof. Then the existence of an element x G a such that 
(1 — x)a C / is equivalent to say that there is an element x G a such that x = x + 1 
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generates {a + I)/I and = x. That is clearly equivalent to say that the canonical 
projection 

A A 

is a retraction. ^ 

Definition 3.5.5. An idcmpotcnt ideal / of a ring A will be called right split- 
ting if it satisfies one (and hence both) of the conditions of Lemma I3.5.4| is pure 
as a left ideal and lann^(J) = 0. 

Example 3.5.6. Let / be an idempotent ideal of a ring A. If / is pure on the 
left, lann^(/) = and A/I is a semisimple ring, then I is right splitting. 

Theorem 3.5.7. Let A be a ring and {X,y, Z) be a TTF triple on Mod A with 
associated idempotent ideal I and such that A Cz Z. The following assertions are 
equivalent: 

1) {X,y,Z) is right split. 

2) {X ,y) is hereditary and F/FI is a projective right A/I-module for all F Cz Z . 

3) I is right splitting and A/ 1 is a hereditary perfect ring. 

Proof. 1) 2) By Proposition 13.4. 71 wc know that iX,y) is hereditary. Now 
take arbitrary modules T G y , F G Z, and apply Homyi(?,T) to the short exact 
sequence 

0^ FI ^ F F/FI 0. 

One gets the exact sequence 

= HomA{FFT) ^ Ext\{F/FFT) Ext^(F,T). 

The spht condition of {y, Z) gives that Ext\(F, T) = 0, and hence Ext\{F/FI, T) = 
for all T e 3; = Mod y. Then F/FI is a projective right A/I-module. 

2) =^ 1) Since (,X,y) is hereditary, it follows that Ty{M) n = for every 
M e Mod A. So the composition 

Ty{M) ^ M 4> M/MI 
is a monomorphism with cokernel 

M _ M/Ty{M) 



cok(pj) 



Ty{M) + MI {M/Ty{M))-r 

which, by hypothesis, is a projective right A//-module. Then pj is a section in 
(Mod y , and so in) Mod A. Thus j is a section in Mod A. 

2) ^ 3) By Lemma [3.4.61 we know that / is pure on the left. Moreover, since 
Aa G Z we get lann^(J) = 0. On the other hand, the fact that F/FI is projective 
over A/I, for all Fez, imphes that ii K < A^") is an /-saturated submodulc then 
A("V(^ + ^^"^) is projective as a right y-modulc. Then, from Lemma [3.5.41 wc 
derive that / is right splitting. 

Take now any right ideal b/I of A/ 1 (notice that we then have b G Z). Since 
{X,y) is hereditary we have Txib) = b D tx{A), i.e. bl = b D I ^ I. Thus 
b/I = b/bl is a projective right A/J-module. That proves that A/I is a right 
hereditary ring. 

Finally, observe that if S is any set then A'^ /A'^ I is a projective right A/I- 
module. Now, |37[ Theorem 5.1] says that A/I is right perfect. 
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3) ^ 2) By Lemma 13.4.61 we know that {X,y) is hereditary. Let us take 
now F £ Z. If F is finitely generated then F = A'-^^^'/K, for some /-saturated 
submodule K < A^"'. Then, by Lemma[3331 we have that F/FI ^ A^") + 
is projective as a right A//-module. In case F is not necessarily finitely generated, 
then F ^ [J Fa is the directed union of its finitely generated submodules, which 
implies that F/FI is a direct limit of the Fa/Fal. Then F/FI is a direct limit of 
projective right A/I-modules. Since A/ 1 is right perfect, we conclude that F/FI 
is projective over A/ 1, for all F e Z. ^ 

The desired full classification of right split TTF triples on Mod A is now avail- 
able: 

Corollary 3.5.8. Let A be an arbitrary ring. The one-to-one correspondence 
of Theorem \3.2.3\ restricts to a one-to-one correspondence between: 

1) Right split TTF triples on Mod A. 

2) Idempotent ideals I such that, for some idempotent e G A, lannA^I) = (1 ~ £)A 
and I is a right splitting ideal of eAe with eAe/I a hereditary perfect ring. 

Remark 3.5.9. If in the definition of right splitting ideal we replace the condi- 
tions of Lemma l3.5.4l bv its corresponding ones with n — I, then the correspondent 
of Theorem 13 . 5 . 71 is not true. Indeed, consider 



A 



k 
M H 



where k is an algebraically closed field, 

is the Kronecker algebra and hM ~ th{S), where th is the Auslander-Reiten 
translation [U Chapter VII] and S is the simple injective left i/-module. Notice 
that hM is faithful. We put 

1" I 

^ ^ [ 

and take 

r A \ k 

^ = 

which is clearly pure as a left ideal and satisfies that lann^(/) = 0. A right ideal a of 
A is represented by a triple (V, u; (p : u(S)h M — > V), where y is a vector subspace 
of A: © M, u is a right ideal of H such that © uM C V and (p is the canonical 
multiplication map h(i)m ^ (0, km). One readily sees that a is /-saturated if, and 
only if , /i € u whenever © KM C V . In that case the canonical morphism 

H — y Homfc(M,/c©M) 

in Mod i/ induces a monomorphism 

But Homfc(Af, (fc © M)/V) is isomorphic to D{M)'-''\ for some natural number r, 
where D = Homfe(?, fc) is the canonical duality. Then D{M) = t^^{T), where 
T = D{S) is the simple projective right //-module. It is known that all cyclic 
submodules of D{M) are projective (see for instance |961 Section 3.2]). From that 
one easily derives that, in our case, H/a is a projective right //-module and, hence. 
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condition 2 of Lemma 13.5.41 holds for n = 1. However, according to Theorem 
13.4. 12( the TTF triple on Mod A associated to / is not right split because hM is 
not FP-injcctive. 

Example 3.5.10. Let H, C be rings, the first one being hereditary perfect, and 
hMc be a bimodule such that hM is faithful. The idempotent ideal 



c 





M 





C 





M 


H 



is clearly pure on the left and lannA(/) = 0. Combining Theorem 13.4.121 and 
Theorem 13.5.71 one gets that / is right splitting {i.e. , it satisfies the equivalent 
conditions of Lemma [3. 5. 4[) if, and only if. is FP-injective (equivalently, hM 
has hereditary H-projective dual). We leave as an exercise to check it directly by 
using an argument similar to that of Remark 13.5.91 

Example 3.5.11. If A is commutative and wc denote by £, £ and the sets of 
left, centrally and right split TTF triples on Mod A, respectively, then £ = £ C 91 
and the last inclusion may be strict. Indeed, since all idempotents in A are central, 
the equality £, ~ € follows from Corollarv l3.3.4l On the other hand, if A: is a field and 
A is the ring formed by the eventually constant sequences of elements of k, then the 
subset / = k^^^ formed by the eventually zero sequences is an idempotent ideal of A 
which is pure and satisfies that lann/i(/) = 0. Moreover, one has A/ 1 = k and then 
condition 3) in Theorem 13.5.71 holds (see the example after the Definition I3.5.5p . 
The associated TTF triple is then right split but not centrally split. 
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Preliminary results on triangulated categories 

4.1. Introduction 

4.1.1. Motivation. Wc remind results and set terminology for the subsequent 
chapters. We prove, however, some apparently new results which measure the dis- 
tance between "compact" and "self-compact" (or between "compact" and "per- 
fect"). Also, we study in some detail methods of constructing t-structurcs and 
some properties of 'right bounded derived categories' that we will need for the last 
chapter. 

4.1.2. Outline of the chapter. In section l4?2l we remind the notion of trian- 
gulated torsion-torsionfree(=TTF) triple on a triangulated category V, and prove 
that triangulated TTF triples on 2? are in 'bijection' with decollements of T). In 
section 14. 3| we study several ways of generating a triangulated category and the 
relationship between them. In section [4.41 we study the crucial notion of compact 
and (super)perfect objects, and the role they play in: the several ways of gener- 
ating a triangulated category, the construction or existence of t-structures. Brown 
representability theorem,. . . Also, we recall the definition of smashing subcategory 
and the fact that smashing subcategories are in bijection with triangulated TTF 
triples, for instance when the ambient triangulated category is perfectly generated. 
In section 14.51 we recall some basis of the seminal B. Keller's Morita theory of 
derived categories of dg categories. In section 14.61 we study general methods of 
constructing t-structures. Some of these methods require techniques of homotopi- 
cal algebra which we recall. Finally, in section [47l we define and study the 'right 
bounded' derived category of a dg category. 

4.1.3. Notation. Unless otherwise stated, k will be a commutative (associa- 
tive, unital) ring and every additive category will be assumed to be fc-linear. We 
recall that when I? is a triangulated category, the shift or the translation functor 
will be denoted by When we speak of "all the shifts" or "closed under shifts" 
and so on, we will mean "shifts in both directions" , that is to say, we will refer to 
the ?ith power 7[n] of for all the integers n G Z. In case we want to consider 
another situation {e.g. , non-negative shifts 7[n\ , n > 0) this will be said explicitly. 

If Q is a class of objects of a triangulated category T): 

1) 2+ will be the class of all non-negative shifts of objects of Q. 

2) Sumx)(Q), or Sum(Q) if V is clear, will be the class of all small coproducts of 
objects of Q. 

3) aislex)(Q), or aisle(Q) if 2? is clear, will be the smallest aisle in V [cf. Definition 
ll.3.2ip containing Q. Notice that aislex)(Q) might not exist, but, if it exists, it 
is closed under small coproducts. 
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4) Suspp(Q), or Susp(Q) if T) is clear, will be the smallest full suspended subcate- 
gory of T) {cf. Definition ll.3.ip containing Q and closed under small coproducts. 

5) Triai5(Q), or Tria(Q) if V is clear, will be the smallest full triangulated subca- 
tegory of V containing Q and closed under small coproducts. 

If U and V are two classes of objects of a triangulated category T), then U *V 
is the class of extensions of objects of V by objects of U, i.e. the class formed by 
those objects M occurring in a triangle 

U ^ M U[l] 

of V with U eU andV eV. The axiom RT4) of Definition [T3T1 implies that the 
operation * is associative. For each natural number n > 0, the objects of 

are called n-fold extensions or extensions of length n of objects of U. 

Recall that if (Z^,V[1]) is a t-structure on T> we denote hy u : U ^ V and 
V : V ^ T) the inclusion functors, by tk a right adjoint to u and by a left 
adjoint to v. 

4.2. Triangulated TTF triples and recoUements/decollements 

Recall the definition of triangulated TTF triple on a triangulated category: 

Definition 4.2.1. A triangulated TTF triple on a triangulated category V 
is a triple {X,y,Z) of full subcategories of T> such that (-^,3^) and {y,2) are 
t-structures on T>. Notice that, in particular, X , y and Z are full triangulated 
subcategories of T>. 

Definition 4.2.2. Let T) , Dp and Vu be triangulated categories. Then T) is 
a recollement ofT>p and T>i/, diagrammatically expressed by 



i* j. 




3\ 



if there exist six triangle functors which satisfies the following four conditions: 

Rl) — i\,i') and = are adjoint triples. 

R2) i'j^ = (and thus j'i\ = j*i^, = and i*j] ~ 0). 

R3) , j\ and are full embeddings (and thus = i'ii = Ipj?)- 

R4) For every object M of T> there exist two triangles, 

in-M M jJ*M {id'M)[l] 

and 

jij'M -^M^ i,i*M ^ (j!j'Af)[l], 

in which the morphisms i\r M —> M etc. are the corresponding adjunction 
morphisms. 

In this case we say that the data 

{VF,T)u,i*,i* = i<,r,j<,j- =j*,j*) 
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is a decoUement of V. Two decollements of 



and 



V' 



■v 



3, 

j"'=j' 



V' 



(7' 



are equivalent if 



(im(n),im(jj,im(j,)) (im(i'J, im(j;), im(j,')), 



where by im(i*) we mean the essential image of i*, and analogously with the other 
functors. 

It is well-known that triangulated TTF triples are in bijection with equivalence 
classes of decollements (c/. |121 1.4.4], [79| subsection 9.2]). For the sake of com- 
pleteness we recall here how this bijection works. First, we recall |121 Proposition 
1.1.9]: 

Lemma 4.2.3. Let V be a triangulated category and let X ^ M Y ^ X[l] 

and X' 4 M' 4 r' 4 X'[l] be two triangles such that V{X',Y) V{X,Y') = 
y[— 1]) = 0. Then every morphism g G ^{M, M') can be completed uniquely 
to a morphism of triangles 

'^X[l] 



X 




'/ 


^Y- 


\f 




g 


\ h 








y 


X' — 


^ M' 


^Y' 



^X'[l] 

Proof. By applying the functor ?) to the second triangle we get an 

isomorphism 

V{X,X') ^ V{X,M'), 

and so there exists a unique / G 'DiX, X') such that gu = u' f. Similarly, by 
applying the functor !?(?, Y') to the first triangle we get an isomorphism 

V{Y,Y') ^ V{M, Y'), 

and so there exists a unique h e ^(Y, Y') such that hv = v' f. 

Proposition 4.2.4. Ij{X,y,Z) is a triangulated TTF triple onV, then there 
exists a decoUement of V as follows: 
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Proof. R1) The only point to check is that {tx, zt^x) is an adjoint pair. Let 
us do it: given M ^T) and X e A", by applying 'D{xtx{M), ?) to the triangle 

yryxiX) ^xX^ zt^x{X) ^ yTyx{X)[l] 

we get an isomorphism 

X{tx{M),X) ^V{xTx{M),zT^x{X)). 

Similarly, by applying !?(?, zt'^ x{X)) to the triangle 

xTx{M) M ^ yT^{M) xTx{M)[l] 

we get an isomorphism 

V{M, zT^x{X)) ^ V{xTx{M),zT^x{X)). 

R2) T^zT^x = because t^z = 0. 

R3) Clearly y and x are full embeddings. Also 

is a full embedding since t'^ x : X ^ Z \s a, triangle equivalence (c/. Lemma ll.6.7p . 
R4) By applying zt'^ xtx{M)) to the triangle 

XTxM M yr^M xtx{M)[1] 
we get an isomorphism 

V{xTx{M),ZT^XTx{M)) ^ V{M, ZT^XTx{M)). 

Hence, there exists a unique morphism rj such that the square 

xTx{M) 

1 ; V 

y 

XTxiM) ZT^XTx{M) 

commutes. Notice that the mapping cones of 5x.m and 'ii^t^(^m) ^^'^ '^^ ^ ^^'^ thus, 
by the axiom RT4 of Definition 11.3.11 so is the mapping cone Cone(?7) of rj. But 
then, the uniqueness of the torsion triangle associated to the t-structurc {X, y) [cf. 
Lemma [4.2. Sp implies that Cone(77) = yTy{M)[l\. Therefore, there exists a triangle 

yTy[M) ^ M ZT^XTx[M) yTy{M)[l]. 

Proposition 4.2.5. // 




is a decollement ofD, then 
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is a triangulated TTF triple on V, where by j^XVu) we mean the essential image of 
j\, and analogously with the other functors. 

Proof. Let us check that {i\{T>u),i^,{T>F)) is a t-structure. Clearly both 
j\{T>u) and iiXVp) are strictly full triangulated categories of V. Also, we already 
know that for every M £ T) there exists a triangle 

j^-M ^ M ^ i,i*M ^ {jirM)[l], 

where j\j'M e i\{T>u) a-nd i^i*M G i^{T>F)- Finally, by using the adjunction (i*, i*) 
we can do 

V{j,{Vu)MT^f)) = V{i*MVu),VF) ^ P(0,Pf) = 0. 
To prove that (j*(2?f), is a t-structure we procede similarly. ^ 

4.3. Generators and infinite devissage 

Definition 4.3.1. We say that a triangulated category V is generated by a 
class Q of objects if an object Af of V is zero whenever 

V{Q[n],M) = 

for every object Q of Q and every integer n G Z. In this case, we say that Q is a 
class of generators of V. 

Definition 4.3.2. Recall that given a class Q of objects of a triangulated 
category V, we denote by Tria(Q) the smallest full triangulated subcategory of 
V containing Q and closed under small coproducts. We say that a triangulated 
category V satisfies the principle of infinite devissage with respect to a class of 
objects Q if X> = Tria(Q). 

Lemma 4.3.3. Let Q be a class of objects of a triangulated category V. Then 
Tria{Q)'^ is precisely the class of objects MofV which are right orthogonal to all 
the shifts of objects of Q. 

Proof. Let M be an object of V such that I>(Q[n], M) = for allQ G Q and 
rt G Z. Then, it turns out that the full subcategory C of Tria(Q) formed by all 
the objects A'' such that 2?(A^[n],M) = 0, for every integer n, is a full triangulated 
subcategory of T) containing Q and closed under small coproducts. This implies 
that C = Tria(Q). ^ 

Definition 4.3.4. We say that a triangulated category V is exhaustively ge- 
nerated by a set Q of objects of T) if the following conditions hold: 

1) Small coproducts of objects of Un>o Sum(Q)*" exist in T). 

2) For each object AI G V there exists an integer i E Z and a triangle 

U ^ II ^ ^^W ^ II 

ri>0 ri>0 Ti>0 

in T) where for each Qn there exists some to > such that Qn G Sum(Q)*™. 

If in the above setting Q = 7^+ for some set V, then we also say that D is exhaus- 
tively generated to the left by V. 

Lemma 4.3.5. Let Q be set of objects of a triangulated category V. 
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1) If T) is exhaustively generated by Q, then any full triangulated subcategory of V 
containing the small coproducts of extensions of objects of Sum{Q) equals V. In 
particular, it satisfies the principle of infinite devissage with respect to Q. 

2) If T> satisfies the principle of infinite devissage with respect to Q, then it is 
generated by Q. 

Proof. 1) Let U he a. full triangulated subcategory of V containing all the 
small coproducts of objects in lJ„>o Suin(Q)*". Let M be an object of V. There 
exists an integer i g Z and a triangle 

M' M" M[i\ M'[l] 

with M' and M" being small coproducts of objects of lJn>o Sum(Q)*". Therefore, 
M' and M" belong to U, and then so does M. 

2) Let M be an object of V such that 'D[Q[i],M) = for every Q G Q , i € 
Z. Consider the full subcategory U oi T> formed by all the objects N such that 
T>{N\i\, M) = for every i G Z. It is a full triangulated subcategory oiV containing 
Q and closed under small coproducts. Then. U = T>. In particular, T>{M, M) = 0, 
i.e. M = 0. ^/ 

Conversely, the first part of the following lemma states that under certain 
hypothesis 'generators' implies 'infinite devissage'. 

Lemma 4.3.6. 1) Let D be a triangulated category and let D' be a full triangu- 
lated subcategory generated by a class Q of objects. If Tria{Q) is an aisle in T> 
contained in T>' , then T>' = Tria{Q). 
2) Let T> be a triangulated category and let {X,y) be a t-structure on V with tri- 
angulated aisle. 

2.1) If Q is a class of generators ofT), then r-^(Q) is a class of generators of 

y. 

2.2) A class Q of objects of X generates X if and only if the objects of y are 
precisely those which are right orthogonal to all the shifts of objects of Q. 

Proof. 1) Indeed, given an object M of V there exists a triangle 

M' -> M" M'[l] 

with M' in Tria(Q) and M" in Tria(Q)^. Since M' and M are in V , then so is 
M" . But V is generated by Q, which implies that M" = and so M belongs to 
Tria(Q). 

2.1) If y G is such that = 3^(t^(Q)N, F) ^ V{Q[n],Y) for each Q G 
Q , n G Z, then F = 0. 

2.2) Assume the class Q generates X. li M E V is right orthogonal to all 
the shifts of objects of Q, then txM has the same property and so t^M = 0, 
i.e. M G 3^. Conversely, assume that an object y G 2? is in if and only if 
T>{Q[n], y) = for each Q (1 Q , n G Z. In that case, if an object X of A" is right 
orthogonal to all the shifts of objects of Q, then X E X D y = 0. y/ 

4.4. (Super)perfectness, compactness and smashing 

Lemma 4.4.1. Let D be a triangulated category and let Li ^ Mi ^ Ni ^ 
Li[l] , i E I , be a family of triangles ofV. If the coproducts ]Jj Li and ]Jj Mi exist 
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in D, then so does the coproduct Ylj Ni. Moreover, the induced sequence 
I I I I 

is a triangle ofD. 



Proof. Axiom RT4) of triangulated categories guarantees the existence a tri- 
angle of V starting with JJ^ /; : 

/ / I 

Notice that for each index i € I axiom RT3) implies the existence of a morphism 
Wi making the following diagram commutative: 



U/i. — U/M, 



■iV- 



M, 



■N,, 



Given an arbitrary object U oiV, we then get a morphism of long exact sequences 
. . . ViUi L^dl], U) V{N, U) I?(1J, M,, U) V{Y[, L,, U) 



■Y{,V{N,,U) ^YIMM^^U) 



■ Y{jV{L.Ai],u) 



and the five lemma implies that N = Yij Ni. 



V 



Definition 4.4.2. Let I? be a triangulated category. A localization of V is 
a triple {L,a,ri) where (£,«) is a triangle endofunctor of V and ry : 1 ^ i is a 
natural transformation such that: 

1) Lr] : L — > is an isomorphism, 

2) L77 = ?;L, 

3) 77 commutes with the shift functor, i.e. for each ilf S 2? the following diagram 
is commutative: 

M[1]^{LM)[1] 




mm) 

The localization is said to be smashing if L preserves small coproducts. 

The motivation for the term "smashing" here can be found, for instance, in 
K. Briining's thesis [20) Proposition 2.4.4]. 

In the following proposition we consider some standard definitions of smashing 
.subcategory and study their interplay in case the ambient triangulated category 
does not have small coproducts. 

Proposition 4.4.3. Let V be a triangulated category and let X be a full trian- 
gulated subcategory ofD. Consider the following assertions: 



72 



4. PRELIMINARY RESULTS ON TRIANGULATED CATEGORIES 



1) X is the kernel of a triangle functor : T) ^ y having a right adjoint y : y ^ 
V which preserves small coproducts and such that the counit of the adjunction 
is an isomorphism T-^y ^1 (or, equivalently, y is fully faithful). 

2) The inclusion functor — > T) preserves small coproducts, has a left adjoint 
and ^{X^) = X. 

3) X is closed under direct summands and small coproducts, and the quotient func- 
tor q :'D ^ T) I X admits a right adjoint which preserves small coproducts. 

4) The inclusion functor x : X ^ T> has a right adjoint tx which preserves small 
coproducts. 

5) X is the kernel of a smashing localization functor (L, a, J]). 

6) X is an aisle in T> such that X^ is closed under small coproducts. 

Then 1) 4^ 2) <^ 3) => 4) ^ 5) 6). If T) has small coproducts then the six 
assertions are equivalent. 

Proof. 1) 2) Since y is fully faithful, wc can identify y with a full triangu- 
lated subcategory of I?, which turns out to be a coaisle in T> with torsion functor 
given by and associated aisle given by X . In particular, X^ = y and -'-3^ = X . 

2) =J> 1) Put y := X^ . Since 3^ is a triangulated subcategory of 2?, the inclusion 
functor 3^ ^ I? is a triangle functor and then so is its left adjoint, say {cf. \(j2\ 
Proposition 1.6]). It remains to prove that X is precisely the kernel of . If 
X is an object of X, then yir^X, t^X) = V{X, yr^X) = 0, and so t^X = 0. 
Conversely, if M is an object of T> such that r-^A/ ~ 0, then for each Y e X^ we 
have 3^(t^M, Y) = V{M, yY), that is to say, M belongs to ^{X^) = X. 

1) 3) The functor t-^ preserves small coproducts, since it has a right adjoint. 
Therefore, its kernel X is closed under direct summands and small coproducts. 
Since y is fully faithful, we can identify y with a coaisle in V whose associated aisle 
is X. The quotient functor q identifies then with r-^. 

3) 1) Take y := V/X. The existence of a right adjoint y for q ensures that 
3^ is a 'true' category, i.e. it has small morphisms spaces. Take r-^ := q. Since 
X is closed under direct summands, then X is precisely the kernel of {cf. \79\ 
Lemma 2.1.33]). Finally, [791 Lemma 9.1.7], together with Lemma f 1.2. 11 proves 
that the counit r^y ^ 1 is an isomorphism. Alternatively, one can prove that y 
is fully faithful as follows. Let S' be the class formed by those morphisms f oi T> 
such that q{f) is an isomorphism. Then q factors through the localization (in the 
sense of P. Gabriel and M. Zisman |34j ) T> T>[S'~^] via a certain functor q': 



Thanks to [34[ Proposition 1.1.3], we know that y is fully faithful if and only if q' 
is an equivalence. For this, we will prove that q is a localization of T> with respect 
to S' . Indeed, by definition q is the localization of T> with respect to the class S 
formed by those morphisms / of 2? whose mapping cone Cone(/) belongs to X. Of 
course, we have that iS is contained in S' . Conversely, let / be a morphism such 
that q{f) is an isomorphism, i.e. Cone(g(/)) = or, equivalently, g(Cone(/)) = 0. 
Now, [79( Lemma 2.1.33] says that Cone(/) is a direct summand of an object of X, 
and so it belongs to X. 



V 




V/X 
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1) =J> 4) Given an arbitrary object M of T> we consider the triangle 
M' ^ M"^^ yr^M M'[ll 

where ijM is the unit of the adjunction {T-^,y). Since t-^{i]m) is an isomorphism, 
we get that M' belongs to X. By using the adjunction {t^ ,y) we prove that X 
is contained in ^y. Then, Lemma 14.2.31 implies that the construction M i— M' 
underlies a functor, denoted hy tx '■ —t X , which is easily seen to be right adjoint 
to the inclusion. Consider now a family Mi , z G /, of objects of T) such that 
its coproduct ]Jj Ali exists. Since r-^ and y preserve small coproducts, then the 
coproduct Wj yr^ Mi also exists. Finally, Lemma [4.4.11 implies the existence of the 
coproduct Wj TxMi and the canonical isomorphism ]Jj TxMi — > tx IJ/ Mi. 

4) 5) Consider the t-structure {X,y) on T) associated to the aisle X, and 
take L to be the composition 

L:V -^y ^V. 

It is clear that X is the kernel of L. It remains to prove that i is a smashing loca- 
lization functor. Take : 1 — > L to be the unit of the adjunction (r-^,?/). From the 
basic properties of t-structures one deduces that L is a localization functor. More- 
over, it preserves small coproducts. Indeed, let Mi , i e /, be a family of objects of 
T) such that its coproduct ]Jj exists. Since tx preserves small coproducts, we 
have that Wj xTxMi exists and the canonical morphism ]Jj xTxMi — > xtx Wj Mi 
is an isomorphism. Now, Lemma l4.4.1l ensures that the coproduct JJ^ yr-^ Mi exists 
and that 

11 xTxM, ^ W M, ^ W yr^M, ]\ xtxM, [1] 
/ II I 

is a triangle of T). Then, the canonical morphism Wj yr'^ Mi yr-^ JJj Mi is an 
isomorphism. 

5) ^ 4) Given M £ V we consider the triangle 

M' -> M LM M'[l]. 

Since L^tjm) is an isomorphism, then L{M') = 0. Notice that T>(M' , LN) = for 
every N eV. Indeed, it suffices to check that the map T>{LM, LN) V^M, LN) 
induced by rjM is surjective, which follows from the commutative square 




LN — ^ L'N 

valid for every /. The fact that M' is left orthogonal to all the objects of the form 
LN implies, via Lemma 14.2.31 that the construction M i— > M' induces a functor 
Tx '■ X . Let us check that this functor is right adjoint to the inclusion x : 

X ^V. For this, it suffices to prove that V{X, LM) = for every X £ X , M eV. 
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Take / e LM). The commutative square 



rix 

X ^ LX = 



f 



Lf 



LM — L^M 

riLM=L{riM) 

proves that / = 0. Finally, we have to prove that tx preserves small coproducts. 
Let Mi , z G /, be a family of objects of V such that the coproduct ]Jj Mi exists. 
Since L is smashing, the coproduct Ylj LMi exists and the canonical morphism 
Y[i LMi — *■ LjJjMi is an isomorphism. Then, Lemma [4.4.11 says that Wj xTxMi 
exists and that the induced sequence 

W XTxM, [J M, ^ [J LM, ^ W TxM, [1] 
/ III 
is a triangle. This implies that the coproduct Yli 'TxMi exists in X and that the 
canonical morphism JJj tx^Ii —>■ tx Yli is an isomorphism. 

4) =^ 6) Notice that is the kernel of tx- Let li , i e /, be a family of 
objects of X^ whose coproduct exists in T). Then tx Uj Yi = Wj TxYi = 0, and so 
Yii Yi belongs to X-^. 

Assume from now on that V has small coproducts. 

6) =^ 2) Wc just have to prove that the inclusion functor X-^ V preserves 
small coproducts. Let Yi , i € /, be a family of objects of X^ and consider its 
coproduct Yii Yi in T). Since X^ is closed under small coproducts, then JJj Yi 
belongs to X-^, and so it is the coproduct in X-^ of the family Yi , i E I. yj 

Definition 4.4.4. Let T) he a, triangulated category with small coproducts. 
A full triangulated subcategory of V is smashing if it satisfies the (equivalent) 
conditions of Proposition 14.4.31 

Definition 4.4.5. An object P of a triangulated category V is perfect (respec- 
tively, superperfect) if for every countable (respectively, small) family of morphisms 
Mi ^ Ni, i G I, oiT) such that the coproducts ]Jj Mi and Ni exist, the induced 
map 

ViP,l[M,)^ViP,]lN,) 
I I 

is surjective provided every map 

V{P,M,)^V{P,Ni) , iel 

is surjective. Particular cases of superperfect objects are compact objects, i.e. 
objects P such that ^{P, ?) preserves small coproducts. 

Remark 4.4.6. The class of (supcr)pcrfect objects is closed under small co- 
products, whereas the subclass of compact objects is not. Indeed, any algebra A is 
compact in its derived category VA, but this is not the case for the free j4-module 
over an infinite set / (c/. the proofs of |951 Lemma 2.1, Proposition 6.3]). 

Definition 4.4.7. A triangulated category with small coproducts is perfectly 
(respectively, superperfectly , compactly) generated if it is generated by a set of 
perfect (respectively, superperfect, compact) objects. A triangulated TTF triple 
(X, y, Z) on a triangulated category with small coproducts is perfectly (respectively, 
superperfectly, compactly) generated if so is A" as a triangulated category. 
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Let us prove a very useful lemma under condition 2) (slightly reformulated) of 
Proposition 14.4.31 

Lemma 4.4.8. Let {X,y) be a t-structure on a triangulated category T) . Assume 
that X is triangulated and that the inclusion functor y : y ^ V preserves small 
coproducts. The following assertions hold: 

1) If M is a perfect (respectively, superperfect, compact) object ofD, then M is 
a perfect (respectively, superperfect, compact) object of y . 

2) If M is a perfect (respectively, superperfect, compact) object of X, then M is 
perfect (respectively, superperfect, compact) regarded as an object ofV. 

Proof. 1) Assume M is compact in T> and let Yi, i S /, be a family of objects 
of y whose coproduct exists in 3^. The following commutative diagram finishes the 
proof 

y{r^M, Y,) U,e, V{M, Y) 



yir'^M, U,ei ^(^^' U^ei 

In case M is (supcr)perfect we proceed similarly. 

2) For simplicity, we will prove the statement for a compact object. The case 
of a (super)perfect object is proved similarly. Let Mi , z e /, be a family of 
objects of T) whose coproduct ]Jj Mi exists in T). Since both and y preserve 
small coproducts, the coproduct ]Jj yT^ Mi exists in T> and the canonical morphism 
Wj yr^Mi yr^ Yii is an isomorphism. Lemma [4.4.11 savs that the coproduct 
Wj XTxMi exists in T) and that the sequence 

/ II I 

is a triangle of T). Moreover, we have a canonical isomorphism ]Jj xTxMi — > 
XTx\Xi Mi. Since JJ^yr-^A/i ^ yr^^ Wj Ali E X-^, then we have a commutative 
square 

U, X{M, TxM,) U, V{M, Mi) 



X{M, TxMi) V{M, Ui M^) 

which proves that M is compact in P. y/ 

Now we introduce a crucial construction which formally imitates the construc- 
tion of the direct limit in an abelian category. 

Definition 4.4.9. Let I? be a triangulated category and let 

Mo ^ Ml ^ M2^ ... 

be a sequence of morphisms of T) such that the coproduct IJ„>o exists in T>. The 
Milnor colimit of this sequence, denoted by Mcolim A/„, is given, up to non-unique 
isomorphism, by the triangle 

U A/„ \[ Mn ^ Mcolim Mn ^ ]J A/„[l], 

n>0 n>0 n>0 
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where the morphism a has components 



Mn ^ Mn+1 [] Mp. 

p>0 

The above triangle is the Milnor triangle {cf. \74\ I58j ) associated to the sequence 
/n , n > 0. The notion of Milnor colimit has appeared in the literature under 
the name of homotopy colimit {cf. |17[ Definition 2.1], [79[ Definition 1.6.4]) and 
homotopy limit {cf. j56[ subsection 5.1]). However, we think it is better to keep 
this terminology for the notions appearing in the theory of derivators \71\ \72\ 122] 
and in the theory of model categories 



Now let us prove that compact objects transform Milnor colimits into true 
direct limits: 

Lemma 4.4.10. Let V be a triangulated category, P a compact object ofD and 



Mo ^ Ml ^ M: 



h 



a sequence of morphisms ofD such that the coproduct IJ„>o -^n exists inV. Then 
we have a natural isomorphism of short exact sequences 



U„>„2?(P,M„) 



l-s 



U„>oP(P,M„) 



■ \\mV{P,M„) 



■ Un>0 Mn) V{P, U„>o M«) 



■V{P, Mcolim A/„) 



In particular, for every morphism g S Mcolim A/„) there exists a natural num- 

ber N > and a morphism S 'D{P, Mpf) such that g factors through gN via the 
Nth component of t: : IJ„>q M„ — > Mcolim A/„; 



P- 



Mcolim 





Mn 



Proof. Compactness of P implies the existence of a natural isomorphism 

l-s(i) 



Ij„>„p(p,il/„W). 



.lJ„>„P(P,M„[z]) 



■T^{P,Un>oM,M) 



for all i G Z, where s{i) is the morphism with components 

i?(p,M„H) ^^"4'^' i?(p, A/„+iH) ^ H v{p,m,-M. 

m>0 
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Since 1 — s(i) is injective, we get the following commutative diagram 

lJ„>o T^iP^ M„) Un>o T^iP^ limI?(P, M„) ^ Q 

i I 
-DiP, Un>o Mn) V{P, lJ„>o Mn) 2?(P, Mcolim M„) 

with exact rows. The miiversal property of the cokernel liml?(i-', M„) of 1 — s 
induces the desired isomorphism. Finally, given a morphism g : P ^ Mcolim 7\/„, 
we know that there exists a family {gn\n>o G lJn>o -^(^i -^^") m^'PP^d to g. That 
is to say, if is the greatest index such that g^v 7^ 0, then 

N 

= ^ T^nQn = 7rAr(/7v_i . . . /o5o + In-I ■ ■ ■ fl9l H h On)- 

n=0 

V 

Definition 4.4.11. Let V he a. triangulated category. A contravariant functor 
: I? — > Mod fc is cohomological if it maps a triangle 

M ^ N 

to an exact sequence 

H{N) "M^ H{M) "M^ H{L). 
We say that V satisfies the Brown's representability theorem if every cohomological 
functor taking small coproducts to small products is representable. 

The following very useful lemma is known as "The adjoint functor argument" : 

Lemma 4.4.12. If V is a triangulated category and V a full triangulated sub- 
category of V such that the inclusion functor V ^ V preserves small coproducts 
and V satisfies the Brown representability theorem, then V is an aisle in V. 

Proof. If 

is the inclusion functor, for an object M of V we define the functor 

H{?) := X>(i(?), M) : V' Mod k, 

which is cohomological and takes small coproducts to small products. Then, by 
assumption this functor is represented by an object, say t(M) G V . By Yoneda's 
lemma it turns out that the map M i-^ t{M) underlies a functor t : D ^ D' which 
is right adjoint to l. Thus T>' is an aisle in V. ^ 

Now we present the so-called "Brown's representability theorem for cohomo- 
logy" , which is a seminal result in the theory of triangulated categories . One of the 
main ingredients of the proof is the algebraic analogue of the topological iterated 
attaching of cells. This theorem was independently proved by B. Keller [561 Theo- 
rem 5.2] and A. Neeman |77l I78j for the case of compactly generated triangulated 
categories. Then, A. Neeman |791 Theorem 8.3.3] proved the theorem for the more 
general case of \ii-perfectly generated triangulated categories (c/. |79[ Definition 
8.1.2]), motivated by V. Voevodsky's work on motivic cohomology. From this, he 
deduced the theorem for the important class of well-generated triangulated catego- 
ries (c/. |79| Definition 1.15 and Definition 8.1.6], see also the characterization due 
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to H. Krause [67j ). which are, m particular, perfectly generated. Finally, H. Krause 
[68( Theorem A] gave a short proof for the case of perfectly generated triangulated 
categories. This theorem deals with the representability of certain functors. From 
it, via the adjoint functor argument, one can deduce the existence of a t-structure 
which implies that, under certain hypotheses, 'generators' implies 'cxhaustivity'. 
We present now H. Krausc's version. 

Theorem 4.4.13. Let V be a triangulated category with small coproducts and 
letV be a set of objects ofD which are perfect in Tria{V). Then, Tria{V) satisfies 
the Brown representability theorem ( which implies that it is an aisle inV) and every 
object of Tria(V) is the Milnor colimit of a sequence 

Pq ^ Pi ^ P2 ^ 

where P„ is an nth extension of small coproducts of shifts of objects of V . In 
particular, if V generates T) then Tria{V) =1?. 

Proof. Let H : Tria(7') Mod Z be a cohomological functor which takes 
small coproducts to small products. It is proved in |68[ Theorem A] that there 
exists a sequence 

P0^Pl^P2^..., 

such that 

• each Pn is an nth extension of small coproducts of shifts of objects of V, 

• if we denote by Poo the Milnor colimit of the sequence, there exists an isomor- 
phism of functors 

TToo :Tria(P)(?,Poo) ^iJ. 

This proves that Tria(P) satisfies the Brown's representability theorem. Moreover, 
if M is an object of Tria(P), wc can take H ~ Tria(P)(?, M) and then by Yoneda's 
lemma we get an isomorphism Poo ^ M. This gives a description of all the objects 
of Tria(P) which shows that it is exhaustively generated by all the shifts of objects 
of P. The last statement follows from Lemma [4.3.61 y/ 

Proposition 4.4.14. IfD is a perfectly generated triangulated category, then 
the map 

is a one-to-one correspondence between smashing subcategories of T) and triangu- 
lated TTF triples on T) . 

Proof. Indeed, if {X,y,Z) is a triangulated TTF triple, then X \a a sma- 
shing subcategory since y being an aisle is always closed under small coproducts. 
Conversely, if A" is a smashing subcategory, then {X ,y) is a t-structure on T). But 
now, by using the Lemma 14.3.61 and Lemma 14.4.81 we have that takes the set 
of perfect generators of I? to a set of perfect generators y. Therefore, 3^ is a per- 
fectly generated triangulated category closed under small coproducts in T), and by 
Theorem 14.4.131 together with the adjoint functor argument (see Lemma [4.4. 12p we 
conclude that y is an aisle. 

We recall in the following result some of B. Keller's elegant techniques |561 
Lemma 4.2] to recognize fully faithful triangle functors or triangle equivalences: 
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Lemma 4.4.15. Let V and D' he triangulated categories, F : V ^ V a triangle 
functor which commutes with small coproducts and Q a set of compact objects of 
V. 

1) Assume V satisfies the principle of infinite devissage with respect to Q. If FQ 
is compact in V for each Q € Q and F induces an isomorphism 

V{Q,P[n])^V'{FQ,FP[n]) 

for each P , Q (z Q and ?i G Z, then F is fully faithful. 

2) Assume T) is exhaustively generated by Q. Then F is a triangle equivalence if 
and only if 

2.1) FP is compact in V for each P G Q. 

2.2) F induces an isomorphism 

V{Q,P[n])^V'{FQ,FP[n]) 

for each P , Q £ Q and n e Z. 

2.3) T)' is exhaustively generated by the objects FP , P Cz Q. 

Proof. 1) Let U be the full subcategory of T> formed by the objects N such 
that F induces and isomorphism 

V{Q[n],N) ^V'{FQ[n],FN) 

for each Q € Q , n £ Z. It is a full triangulated subcategory of V closed under 
small coproducts and containing Q. Hence 14 = 1). Fix now an object N G T> and 
consider the full subcategory V of 2? formed by the objects M such that F induces 
an isomorphism 

X>(M, N[n\)^ V'{FM, FN[n\) 

for each n £ Z. Again, it is a full triangulated subcategory of V closed under small 
coproducts and containing Q and so V = P. 

2) It is clear that F satisfies 2.1)-2.3) provided it is a triangle equivalence. 
Conversely, thanks to 1), we know that 2.1) and 2.2) imply that F is fully faith- 
ful. Hence, its essential image is a full triangulated subcategory of T)' contai- 
ning the objects FQ , Q £ Q and closed under small coproducts of objects of 
1J„>Q Sum({PQ}Qgg)*". Therefore, condition 2.3), together with Lemma r4.3.51 
implies that F is essentially surjective. 

Proposition 4.4.16. Let V be a triangulated category with small coproducts 
and let P be an object ofD. The following conditions are equivalent: 

1) P is compact in D. 

2) P satisfies: 

2.1) P is perfect in D. 

2.2) P is compact in the full subcategory Sum{{P[nW n^x) ofD formed by small 
coproducts of shifts of P. 

2.3) Tria{P)^ is closed under small coproducts. 

3) P satisfies: 

3.1) P is compact in Tria{P) . 

3.2) Tria{P)^ is closed under small coproducts. 

4) P satisfies: 

4.1) P is superperfect in D. 

4.2) P is compact in Sum{{P[nW nez)- 
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Proof. Of course, assertion 1) implies any of the others. 

2) ^ 1) If P is perfect in T), by Theorem A of |68j and the adjoint fmictor 
argument (c/. Lemma r4.4.12p we know that X = Tria(P) is an aisle in V. Moreover, 
assumption 2.3) says that X is a smashing subcategory. Thanks to Lemma [4.4.81 it 
suffices to prove that P is compact in X. For this, we will use the following facts: 

a) Every object of X is the Milnor colimit of a sequence 

/o -r^ /l /2 

where Xq as well as each mapping cone Cone(/„) is a small coproducts of shifts 
of P. 

b) Thanks to the proof of |68[ Theorem A] (c/. also the proof of [lOli Theorem 
2.2]), if {Xn, fn}n>o IS 9, dircct system as in a) we know that the canonical 
morphism 

limP(P, Xn) -> V{P, Mcolim X^) 

is an isomorphism. 

c) Hypothesis 2.2) implies that, for any fixed natural number m > 0, the functor 

?) preserves small coproducts of objects of Sum({P[ri]}„gz)*™- 
Let Mcolim , i G /, be an arbitrary family of objects of X. Then the canonical 
morphism 

]JA'(P, Mcolim A:;J ^ A'(P,]J Mcolim X;) 

is/ i£l 

is the composition of the following canonical isomorphisms 



]Ja'(P, Mcolim X;) = ]JlimA'(P,A:;j ^ lim]jA'(P,A:;) = 

ie/ iei iei 

limA'(P,]Jx;j = A'(P Mcolim ]Jx;) = A'(P, ]J Mcolim X^) 



Hence, P is compact in the smashing subcategory X. 

3) 1) By the adjoint functor argument we know that Tria(P) is an aisle in 
T), and condition 3.2) ensures that, moreover, it is a smashing subcategory. Hence 
Lemma [4.4.8! finishes the proof. 

4) ^ 1) Of course, 4) implies 2), and 2) implies 1). However, there exists a 
shorter proof pointed out by B. Keller: let Mi , i £ I, he a family of objects of V 
and take, for each index i S /, an object Qi G Sum({P[n]}„gz) together with a 
morphism Qi Mi such that the induced morphism 

ViP,Q,)^V{P,M,) 

is surjective. Since P is superperfect, this implies that the morphism 

V{P,]lQ,)^V{P,]lM,). 

I I 

is surjective. Now consider the commutative square 

v{p,UIQ^) — -WU.AfO 

I can 

1J,I?(P,0,) -1J,I?(P,M,) 
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The first vertical arrow is an isomorphism by assumption 4.2, and the horizontal 
arrows are surjections. Then, the second vertical arrow is surjective. But, of course, 
it is also injective, and so bijective. ^ 

4.5. B. Keller's Morita theory for derived categories 

Let ^ be a small dg category (c/. |56|, I60j ). It was proved by B. Keller |56j 
that its derived category IDA is a triangulated category compactly generated by the 
representable modules := A{7,A) induced by the objects A of A. Conversely, 
he also proved [561 Theorem 4.3] that every algebraic triangulated category with 
small coproducts and with a set V of compact generators is the derived category of 
a certain dg category whose set of objects is equipotent to V. 

The proof of Theorem 4.3 of [56] has two parts. In the first part, he proves 
that every algebraic triangulated category admits an enhancement, i.e. comes from 
an exact dg category. 

Definition 4.5.1. According with [591 160] . we say that a dg category A' is 
exact if the image of the (fully faithful) Yoneda functor 

Z° A' -> CA' , M := A' {7, M) 

is stable under shifts and extensions (in the sense of the exact structure on CA in 
which the conflations are the degreewise split short exact sequences). 

Equivalently (c/. Lemma [591 2.1]), for all objects M , iV of ^ and all integers n, 
the object Af^[n] is isomorphic to M[n]^ and the cone Cone(/'^) over a morphism 
: is isomorphic to Cone(/)'^ for unique objects M[n] and Cone(/) of 

Z°{A). 

If A' is an exact dg category, then Z'^ A' becomes a Frobenius category and 
Z° A' = H^A' is a full triangulated subcategory of TiA'. B. Keller has shown 
|59i Example 2.2.c)] that if C is a Frobenius category with class of conflations £, 
then C = H^A' for the exact dg category A' formed by the acyclic complexes with 
f-projective-injective components over C. 

In the second part, he proves the following. 

Proposition 4.5.2. Let A' be an exact dg category such that the associated 
triangulated category H^A' is compactly generated by a set B of objects. Notice 
that B inherits a structure of (small) dg category, regarded as a full subcategory of 
A' . Then, the map 

M^M''^^ :=^'(?,A/)|^ 
induces a triangle equivalence 

H"A' ^ VB. 

The dg category associated to the Frobenius category in the first part of the 
proof of |56[ Theorem 4.3] is not very handy. However, many times in practice we 
are already like in the second step of the proof, which allows us a better choice of 
the dg category. In what follows, we will recall how this better choice can be made. 

Recall that for a dg category A there exists an exact dg category CdgA |60j 
such that the category of right dg ^-modules CA is Z^{CdgA) and the category of dg 
modules up to homotopy TiA is H^{CdgA). Recall also that there is a triangulated 
TTF triple {TipA , N , TLiA) on TiA such that N is the full subcategory of acyclic 
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objects. TipA is the category of the Ti.-projective or cofibrant modules and TiiA is 
the category of the Ti.-injective or fibrant modules. Notice that the composition 

HiA ^HA^ HA/Af = VA 

of the projection with the inclusion is a triangle equivalence. A quasi-inverse will 
be denoted by 

i:VA^ HiA 

and will be called the Ti-injective resolution (or fibrant resolution) functor. Simi- 
larly, we have the H-projective (or cofibrant resolution) functor 

p:VA^ HpA. 

Let P be a set of objects of VA and define B as the dg subcategory of CdgA formed 
by the 7i-injective resolutions iP of the modules P of V. Then we have a dg 
S-yl-bimodulc X, defined by 

X{A,B) := B{A) 

for ^ in ^ and for B in B, and a pair (? X, Homj^{X, ?)) of adjoint dg functors 

^dgA 



HoniAiX,'!) 



CdgB 

For instance, Ho77i^(X,?) is defined by HornA{X,M) := {CdgA){l ,M)\^ for M 
in CdgA. These functors induce a pair of adjoint triangle functors between the 
corresponding categories up to homotopy |56l 160] 



nA 



HoniAiX,?) 



TLB. 

The total right derived functor R7ioTO^(X, ?) is the composition 

VA A n-A ^ HA - ^ HB ^ VB, 

and the total left derived functor ? X is the composition 

VB ^ HpA HB ■ HA VA. 
They form a pair of adjoint triangle functors at the level of derived categories 

VA 



iX 



HHomA^X:!) 



VB 

The following is an easy consequence of Proposition 14.51 

Corollary 4.5.3. Assume that the objects ofV are compact in the full trian- 
gulated subcategory Tria{V) of VA. Then: 
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1) the functors (? ®^ X, RHomA{X,7)) induce mutually quasi-inverse triangle 
equivalences 

RHomA(X.^) 

Tria{V) , VB 

which gives a bijection between the objects of V and the representable dg B- 
modules, 

2) Tria{'P) is an aisle in DA and, for each right dg A-module M , the triangle of 
DA associated to the t-structure {Tria{V), TriaiV) ) is 

RT-ConiAiX, M) ®^ X^-^ M ^ M' -> {RHomAiX, M) ®^ X)[l], 
where 5 is the counit of the adjunction (? ®^ X, RT-lomj({X, ?)). 

Proof. 1) Since the 7i-injective resolution functor i : VA ^ HiA is a triangle 
equivalence, it induces a triangle equivalence between Tria(P) and a certain full 
triangulated subcategory of TiiA. This subcategory is algebraic, i.e. the stable 
category C of a certain Frobenius category C, because it is a subcategory of HA. 
Since HA is the i?°-category of the exact dg category CdgA, then C is the 
category of an exact dg subcategory of CdgA. Moreover, C is compactly generated 
by the objects of B. Then, by Proposition 14.51 the restriction of Homj({X, ?) to C 
induces a triangle equivalence 

C'"''^4''-^ UB^VB. 

The picture is: 

H'^iCdgA) = HA 
VA i ^ HiA 

Tria(7') C VB 

The composition of the bottom arrows is the restriction of R7YoTOyi(X, ?) to Tria(P). 
Notice that by the adjoint functor argument (c/. Lemma [4.4. 12p Tria(7') is an aisle, 
and so Tria(7') = ^(Tria(7' )-'-). Finally, by adjunction the image of ? ®^ X is in 
~'"(Tria(7^)"^) = Tria(7'). Alternatively, we can also prove that the image of ? ®^ X 
is contained in Tria(7') by using Lemma 14.3.51 and then use Theorem 14.4.131 and 
Lemma 14.4.151 to show that 

1®^X:VB-* Tria(7') 

is an equivalence. 

2) Since ? ®^ X : VB — > VA is fully faithful, the unit 77 of the adjunction 
(? X, HHorriy^lX, ?)) is an isomorphism, thanks to Lemma [1.2.11 Then, when 
we apply the functor 7 (E)^ X o'R.Homj^{X , ?) to the counit d we get an isomorphism. 
This shows that for each module AI in VA, the triangle 

RHomjiiX, M) 0^ X ^ M M' {IiHomA{X, M) ®^ X)[l] 
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of VA satisfies that RHoto^(X, M') (g)'^X = 0. Since ? (g)^ X is fully faithful, then 
RHomAiX, M') = 0. That is to say, 

miomA{X,M'){P) = {CdgA){P,\M') 

is acyclic for each object P in V. But then, we have 

H'^{CdgA){P,iM') = {nA){P,iM'[n]) = {VA){P,M'[n]) = 

for each object P oiV and each integer n S Z. This implies, by infinite dcvissage, 
that M' belongs to the coaisle Tria('P)-^ of Tria('P). ^/ 

Remark 4.5.4. This result generalizes |51[ Theorem 1.6] and ^29t Theorem 
2.1]. Indeed, if A is the dg category associated to the dg /c-algcbra A and the set 
V has only one element P, then B is the dg category associated to the dg algebra 
B := {CdgA){\P, iP), the dg S-^-bimodule X corresponds to the dg i?-A-bimodule 
iP and the triangle equivalence 

m-LomA{X, ?) : Tria(P) ^ VB 

is given by R Hom^(iP, ?). 

4.6. Some constructions of t-structures 

Theorem 14.4.131 shows a way of constructing t-structures. Indeed, it says that 
a set of 'special' objects of a triangulated category with small coproducts gives 
rise to a triangulated aisle. Now, we will show that sometimes we can weaken the 
conditions on the set of objects if we increase the requirements on the ambient 
triangulated category. This will be done by assuming an underlying model. First, 
we need some previous terminology concerning homotopical algebra [46^ I47j . 

Definition 4.6.1. Let k be a cardinal. An ordinal A is K-filtered if it is a limit 
ordinal and, if 5 is a subset of A with cardinality \S\ < k, then its supreme satisfies 
sup (5) < A. 

Definition 4.6.2. Let C be a category with small colimits and let A be an 
ordinal (regarded as a category). A X-sequence in C is a colimit-preserving functor 
X : \ ^ C, depicted by 

Xq ^ Xi — > . . . ^ X/3 — > . . . 

Since X preserves colimits, for all limit ordinals 7 < A, the induced map 

colim/3<^X/3 Xj 
is an isomorphism. We say that the map 

Xq colimp^xXis 

is the composition of the A-sequence X . 

Definition 4.6.3. Let C be a category with small colimits, T a class of mor- 
phisms of C, M an object of C and k a cardinal. We say that M is K-small relative 
to T if, for all K-filtercd ordinals A and all A-sequences X : A — > C such that each 
map X(i — s- is in X with /? + 1 < A, the canonical map of sets 

co\m\(i<xC[M,X(i) C(M, colim;3<AJ^/3) 

is a bijection. We say that M is small relative to T if it is K-small relative to X 
for some k. We say that M is small if it is small relative to the class of all the 
morphisms of C 
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Definition 4.6.4. Let C be a category with small colimits and let X be a set of 
morphisms in C. A relative X-cell complex is a transfinite composition of pushouts 
of elements of X. That is, if / : Af ^ is a relative X-cell complex, then there is 
an ordinal A and a A-sequcncc X : X ^ C such that / is the composition of X and 
such that, for each /3 with /3 + 1 < A, there is a cocartesian square as follows, 

Yp ^X^ 

9/3 

with gp in X. The class of relative X-cell complexes is denoted by X-cell. An object 
M is an X-cell complex if the map from the initial object M is a relative X-cell 
complex. We say that a morphism / is X-injective if it has the right lifting property 
with respect to every morphism in X, i. e. if for every commutative diagram 

X^^M 

9 f 

y 

with g in X there exists a lifting h : Y M such that hg = x and fh^y. The 
class of X-injective morphisms is denoted X-inj. Given a class X' of morphisms of 
C, a morphism g is X' -projective if it has the left lifting property with respect to 
every morphism in X', i.e. if for every commutative diagram 

X^^M 

9 } 

Y—^N 

with / in X' there exists a lifting h : Y ^ M such that hg = x and fh = y. The 
class of X'-projective morphisms is denoted X'-proj. A morphism is an X-cofihration 
if it is in (X-inj )-proj. The class of X-cofibrant morphisms is denoted X-cof. 

Lemma 4.6.5. With the notation of Definition \4 . we have that X-cell C X- 
cof, i.e. every relative X-cell complex is an X-cofihration. 

Proof. Cf. [HI Lemma 2.1.10]. V 

Notation 4.6.6. Let C be a Frobenius category with small colimits. For a set 
Q of objects of C, we define Xq to be the set formed by the inflations iq : Q ^ IQ 
where Q runs through Q. 

The following theorem appears in [81) and shows that under mild smallness 
assumptions the existence of certain aisles is guaranteed. We include its proof here 
for the sake of completeness. 

Theorem 4.6.7. Let C he a Frohenius category with small colimits and let Q 
he a set of ohjects of C closed under shifts (in the stahle category C) and such that 
its objects are small relative to Xq-ccU. Then: 

1) Tria{Q) is an aisle in C with coaisle given by the class JV ~ Q^^. 

2) The ohjects of Tria(Q) are precisely those isomorphic to an Xq-ccU complex. 
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Proof. 1) By infinite devissage, it is always true that Tria(Q)-'-£- = 
Now, wc have to prove that for each object M there exists a triangle 

M' 



M 



M" 



M[l] 



in C with AI' in M and M" in Tria(Q). Now, given A/, thanks to the small object 
argument [471 Theorem 2.1.14] we have a relative Xq-cc11 complex f : M ^ M' 
such that the morphism M' is Xg-injective, i.e. M' belongs to M . Now we use 
that fact that / is an Xg-cofibration (c/. Lemma [4. 6. 5|) . This implies that / is an 
inflation. Indeed, consider a lifting in the following diagram 

M ^ IM 

<r 

M'' ^ 



This proves that / is a monomorphism in C and in the ambient abelian category 
(cf. Remark II. 3. 7[) . since is a monomorphism in that abelian category. Consider 
now the following commutative diagram in the ambient abelian category 



M ■ 



■M' 



r 



M ■ 



IM- 



cok/ 



■SM 



by using the cokernel f^' of /. Since the right square is cartesian, then is a 
deflation. Since / is a monomorphism in the ambient abelian category, then / is 
the kernel of and so / is an inflation. In particular, there exists a conflation 

M i A/' M" and hence a triangle M X M' M" M[l] in C. Since / is a 
relative Xg-cell complex and Xg-cell is closed under pushouts, the cokernel M" is 
anXg-cell complex and, by Lemma [4.6.81 below, it belongs to Tria(Q). 

2) The lemma below proves that every Xg-cell complex is in Tria(Q). Con- 
versely, given M in Tria(Q) we can form the triangle 

M[-l] N ^ M 

with N in M and C an Xg-cell complex, as we have shown in the proof of 1). But, 
since (Tria(Q), A/") is a t-structure and M is in Tria(Q), the morphism Af[— 1] N 
vanishes. This implies that C = N @ M . Therefore, N belongs both to N and to 
Tria(Q), that is to say, iV = and so C = Af. ^ 



Lemma 4.6.8. Under the hypotheses of Theorem \4.6.7\ each XQ-cell complex 
belongs to Tria{Q). 

Proof. First step: Let X be an ordinal. If we have a direct system of conflations 

£q : ^ Xa Ya ^ Za ^ , a < X , 

such that the structure morphisms Zq. Zp are inflations for all a < (3 < X, then 
the colimit of the system is a conflation. Indeed, it suffices to check that for each 
injective /, the sequence of abelian groups 



^ C(limZ„,/) ^ C(lhjiYa,I) C(limXc,,/) ^ 
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is exact. This follows from the Mittag-Leffler criterion |38| Om, 13.1] since the 
maps 

C{Zp,I)^C{Z^,I) 

are surjectivc for all a < /3 < A. 

Second step: If we have an acyclic complex of C 

...^xp-^ xp-'^ ^ . . . ^ X" ^ r ^ , 

then Y belongs to the smallest full triangulated subcategory of C containing the X^ 
and stable under countable coproducts. Indeed, by Lemma 6.1 of |54j . for each 
complex K over C, there is a triangle 

aK K iK -> SaK 

of 7i(C) such that iK has injective components and aK is the colimit (in the cate- 
gory of complexes) of a countable sequence of componentwise split monomorphisms 
of acyclic complexes. The functor iK is the left adjoint of the inclusion into 7Y(C) 
of the full subcategory of complexes with injective components. Thus, it commutes 
with small coproducts. The composed functor 

F : n{C) ^ C , K^ Z°{aK) 

is a triangle functor which commutes with small coproducts and extends the pro- 
jection C ^ C_ from C to H{C). Moreover, it vanishes on acyclic complexes. Thus, 
it maps the truncated complex 

X' = {...^XP^ xp+^ . . . X° ^ ^ . . .) 

to an object isomorphic to Y in C. Since F commutes with small coproducts, it 
suffices to show that the complex X' is in the smallest triangulated subcategory of 
H{C) containing the X^ and stable under countable coproducts. This holds thanks 
to Milnor triangle 

Y[x^p ^Yix^" -fX'^ s\]_x^p , 

where X~p is the subcomplex 

Q-^ XP ^ XP+i ^ . . . ^ X" ^ 
and the leftmost morphism has the components 

^yp'^lllX x>P ® X^P+^ ^UX^-J , 

where i is the inclusion X-P~* X-P^^. 

Third step: The claim. Let X be an Xg-ccll complex. Then there is an ordinal A 
and a direct system Xq,, a < A, such that we have X = X\ and 

-^0 = 0, 

- for all a < A, the morphism Xa — * Xa+i is an inflation with cokernel in 

- for all limit ordinals /3 < A, we have Xr ~ lim „ X„. 

I — ' >a<f3 

We will show by induction on /3 < A that Xjj belongs to Tria(Q). This is clear 
for Xq. Moreover, if Xa is in Tria(Q), so is Xa+i- So let us assume that /? is a 
limit ordinal and Xa belongs to Tria(Q) for each a < (3. We wish to show that 
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X/3 belongs to Tria(Q). Let Fun(/3,C) be the category of functors (3 ^ C. The 
evaluation 

Fun(/3,C) , Y^Ya 
admits a left adjoint denoted hy Z i-^ Z®ol. For each Y e Fun(/3, C), the morphism 

\^Y^®a^Y 

Q</3 

is a pointwise split epimorphism. By splicing exact sequences of the form 

a</3 

we construct a complex 

. . . ^ x^-i ^ . . . ^ X" ^ X 

which is acyclic for the pointwise split exact structure on Fun(/3,C) and such that 
each X'P is a small coproduct of objects Y ® a, Y G Tria(Q), a < l3. By the first 
step, the colimit C of the above complex is still acyclic. Moreover, the components 
of C are small coproducts of objects 

lim(r (g) a)(7) = Y 

7 

belonging to Tria(Q). Thus, each component of C belongs to Tria(Q). Now, the 
claim follows from the second step. ^y 

The following is the 'dg generalization' of \47\ Lemma 2.3.2] and shows that 
the smallness assumption of Theorem 14 . 6 . 71 is completely innocuous. 

Lemma 4.6.9. Let A be a small dg category and let M be a right dg A-module. 
Consider the cardinal 

n:=\[} MA\-{\[j MA\ + \ |J A[A,^)\ + 1 

AeA \ AeA A,A'(^A 

Then, M is n-small. In particular, every dg A-module is small. 

Proof. Let A be a K-filtered ordinal and let X : A ^ CA be a A-sequence of 
right ^-modules. Let us prove that the natural map 

colim(C^)(Af,X^) ^ (C^)(M, cofimX^) 
is an isomorphism. Indeed, call X colimX^ and let F £ {CA){M,Xp) and 

/3< A 

F' e {CA){M, Xp,) be two morphisms such that upF : M ^ X and up,F' : M 
X are the same morphism, with up : Xp X being the structural morphism. 
Consider, for each A E A and each m £ MA an ordinal (3{A, m) £ X such that 
{FA){m) = {FA'){m) in X/3(A,m)- The set S formed by the ordinals P{A,m), for 
each A £ A and m £ MA, is a subset of A satisfying \S\ < k, and so its supremum 
7 satisfies 7 < A. Then, the two compositions 

F = (M ^ Xp ^ ... ^ X-y) 

and 

{M ^ Xp, . .. -> X^) 
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agree, F is equivalent fo F and F' is equivalent to F' . Let us prove that the map 
is surjective. Given F G {CA){M,X), for each A E A and m G MA we consider 
(3{A,m) € X such that {FA)(m) is in the image of M^(A,m) ■ X0{A,m) ~^ X- The 
set S formed by the ordinals (3{A,m), for each A A and m G MA, is a subset 
of A satisfying |iS| < k, and so its supremum a satisfies a < A. This allows a 
factorization of F of the form 



M^X^ 



X, 



with {GA){m) := {FA){m). Of course, G may not be a morphism of right dg 
^-modules. Anyway, since for each A G A and m , n G MA we have 

{u^A){{GA){7n + 7i)) = {u^A)iiGA){m) + (GA)(n)), 

there exists an ordinal /?(^, to, n) G A such that {GA){m+n) = {GA){m) + {GA){n) 
in Xf^A,,n,n}- Similarly, 

- for each A G A and m £ MA there exists an ordinal (3{A,m) such that the 
identity {GA){dm) = d{GA){m) holds in X^(yi^„i), 

- for each A , A' G A , tog MA and a G ^1(^4, A') there exists an ordinal 
P{A,A',m,a) G A such that the identity {GA'){{Ma){m.)) = {Xaa){{Ga){m)) 



holds in X 



[3{A,A' ,m,a) ■ 



Then, the set S formed by all the ordinals I3{A, to) , I3{A, m, n) and I3{A, A' , m, a) 
as before is a subset of A such that \S\ < k, and so its supremum 7 is 7 < A. 
Therefore, the composition 



M ^ X„ 



X^ 



is a morphism of right dg ^-modules and F factors through it: 

colimXrt 




Corollary 4.6.10. Let A be a small dg category, 
objects ofDA we have that Tria{Q) is an aisle in VA. 



V 

Then, for any set Q of 



Proof. The derived category VA is triangle equivalent to the subcategory 
HpA of HA formed by the 7i-projective modules. Then, it suffices to check that 
HpA is aisled. Let Q be a set of objects of HpA. Since HpA is closed under small 
coproducts, then Tria>^p^(Q) = Tria>f^(Q). Thanks to Theorem 14 . 6 . 71 and Lemma 
14.6.91 we know that TrianAiQ) is an aisle in HA. Then, if M is an object of HpA, 
there exists a triangle of HA, 

M' M M" M'[l], 

with M' G Tria-H^(Q) = Tria-Hp^(Q) and M" G Tria-H^(Q)^. In particular, 
M' G HpA. This imphes that M" belongs to HpA, and so M" G Tria«p^(Q)-^«p^. 
That is to say, Tria->^p^(Q) is an aisle in HpA. 



Remark 4.6.11. Corollarv l4 . 6 . 1 01 is a generalization of the second part of Coro- 
llary |43?3l and it is both a generalization and an explanation of [I] Proposition 4.5]. 
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Definition 4.6.12. Recall that, if Q is a set of objects of a triangulated cate- 
gory V, we write aisle(Q) for the smallest aisle in V containing Q. An aisle U in T) 
is generated by Q if U ~ aislc(Q). 

Some sets generate non-proper aisles: 

Example 4.6.13. Let I? be a triangulated category and let Q be a class of 
generators of V closed under shifts. Then aislei5(Q) = T>. More generally, if U is 
an aisle in 2? containing Q, then U-^ = 0, and so U = 1). 

Notice that aisle(Q) might not exist in general, but if it does then it is closed un- 
der small coproducts. Anyway, wc know that Susp(Q), the smallest full suspended 
subcategory containing Q and closed under small coproducts, always exists. Let us 
state some basic results on Susp(Q): 

Lemma 4.6.14. Let Q be a class of objects of a triangulated category T). Then: 

1) Susp{Q)^ consists of those objects of T) which are right orthogonal to all the 
non-negative shifts of objects of Q, i.e. Susp{Q)^ = (Q^)^. 

2) If Susp(Q) is an aisle in T), then Susp{Q) = aisle{Q). 

Proof. 1) is proved by infinite devissage. Consider an object N he such 

that 

V{Q[n],N)^Q 

for each Q G Q and n > 0. Let U be the full subcategory of Susp(Q) formed by 
the objects M such that 'D{M[n],N) = for each n > 0. We have that U \s & 
full suspended subcategory of T) closed under small coproducts, containing Q and 
contained in Susp(Q). Then U = Susp(Q). 

2) Let hi be an aisle in P containing Q and contained in Susp(Q). In particular, 
U is closed under small coproducts, and the minimality of Susp(Q) implies U = 
Susp(Q). V 

Lemma 14.6.141 suggests a way of generating aisles in V from a set of objects: 
it suffices to prove that the smallest full suspended subcategory of V containing 
this set and closed under small coproducts is an aisle. For this, one can adapt the 
procedures used in Theorem 14.4.131 and Theorem 14.6.71 Indeed, by conveniently 
adapting H. Krause's proof of [681 Theorem A], M. Jose Souto Salorio proved in 
[lOTI Theorem 2.2] the following: 

Example 4.6.15. If I? is a triangulated category with small coproducts and V 
a set of perfect objects of T), then: 

1) Susp(7') is an aisle in T). 

2) The objects of Susp(7') are precisely the Milnor colimits of sequences 

Pq ^ Pi ^ P2 ^ 

where Pq, as well as each mapping cone Cone(/„) , n > 0, is a small coproduct 
of non- negative shifts of objects of V . 

Notice that, in this case, IJnez Susp(7')[n] is a triangulated category (in fact, a full 
triangulated subcategory of 2?, cf. Lemma l4.7.6|) exhaustively generated to the left 
hyV. 
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4.7. The right bounded derived category of a dg category 

By using Example 14. 6 . 1 51 we get the following: 

Example 4.7.1. If is a small dg category, then V-^A Susp({A^}yig^) is 
an aisle in VA whose coaisle, denoted by V^^A, consists of those modules M with 
cohomology concentrated in positive degrees, i.e. H^M{A) — for each A £ A and 
n < 0. For each integer n G Z we put 

V^"A := V^"A[-n] 

and 

V>''A:=V>'^A[-n], 
and denote by r-" and r^" the torsion and torsionfree functors corresponding to 
(2?^^"yl,I?>'M). 

The following lemma ensures that, in case A has cohomology concentrated in 
non-positive degrees, then I?-"^ admits a familiar description in terms of cohomo- 
logy. 

Lemma 4.7.2. Let A be a dg category with cohomology concentrated in degrees 
(— oo, m] for some integer to G Z. For a dg A-module M we consider the following 
assertions: 

1) M e V^'A. 

2) H^A4{A) = for each integer i > m + s an every object A of A. 
Then 1) ^ 2) and, in case m = 0, we also have 2) =^ 1). 

Proof. 1) 2) Since M[s] belongs to Susp({y4^}^g^), there exists a triangle 
in VA 

U P„ ^ II P„ ^ MM ^ n Pn[l] 

n>0 n>0 n>0 

with Pn e Sum({A^}j^g_4)*" for each n > 0. Then, for each A e A wc get the long 
exact sequence of cohomology 

. . . ^ [J WPn{A) ^ W+'M{A) ^ [] H'+^Pn{A) 

n>0 n>0 

with WPa{A) = {VA){A'',Pn[i]) = for each i > to. 
2) 1) Consider the triangle in VA 

M' M ^ M" M'[l] 

with M' e V^'A and M" G (2?^"^)-^. In particular, WM"{A) = for each A&A 
and each i < s. The aim is to prove that WM"{A) = for each A G A and each 
i G Z. Thus, consider the long exact sequence of cohomology 

. . . H'M{A) ^ WM"{A) W+^M'{A) . . . 

By using 1) and the extra assumption on A, we have that WM'{A) = for each 
i > s + 2 and, by hypothesis, WAI{A) = for each i > s + 1. This implies that 
WM"{A) = for each i>s + l. V 

Lemma [4.7.21 justifies the following: 

Definition 4.7.3. Let ^ be a small dg category. The t-structure associated 
to Susp({A^}yig_4) is said to be the canonical t-structure on VA. 
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Definition 4.7.4. li A is a. dg category, we will write 

V-A := y 
nez 

and we will refer to V~A as the right bounded derived category of A. 

Remark 4.7.5. Notice that 'D~A is not closed under small coproducts in VA. 
Indeed, given A G A, the coproduct Ungz^^i^^] does not belong to 'D~ A. Notice 
also that, thanks to Examplc l4.6.151 T>~ A is exhaustively generated to the left by 
the free Amodulcs A'^ , A e A. 

The following are general properties of subcategories constructed like the right 
bounded derived category of Definition 14.7.41 

Lemma 4.7.6. Let Q he a class of objects of a triangulated category V. If 
aisle{Q) exists, then V := Unez a''-sle{Q)[n] is a full triangulated subcategory ofV. 

Proof. It is clear that V is closed under shifts. Now, let 

M ^ N ^ L[l] 

be a triangle of T) with L , N E V . Then, there exists integers / , n £ Z such that 
L G aisle(Q)[/] and N € aisle(Q)[n]. If I < n, then aisle(Q)[n] C aisle(Q)[/] and so 
N £ aisle(Q)[Z]. Since aisle(Q)[/] is closed under extensions, then M e aisle(Q)[Z] 
and so M G V . ^ 

Lemma 4.7.7. Let D be a triangulated category with small coproducts and let Q 
be a set of generators ofD such that Susp{Q) is an aisle. The following assertions 
hold for the full triangulated subcategory V := UnGZ CLisle{Q)[n]: 

1 ) The inclusion functor i : V ^ V preserves small coproducts. 

2) If Susp{Q)-^ is closed under small coproducts, then an object P of T>' is com- 
pact (respectively, perfect, superperfect) if and only if it is compact (respectively, 
perfect, superperfect) in T> . 

Proof. 1) Let D\ , i G /, be a family of objects of V whose coproduct exists 
in 2?'. We write Ujgj D\ for the coproduct in T), D' for the coproduct in T>' and 
Vi : D[ ^ D' for the canonical morphisms. For simplicity, put aisle(Q)[fc] = Uk- 
Therefore, we have a chain 

■■■ QUk+iCUkCUk-i c ••• CP' 

of aisles in T> whose union is V. 

Claim: If m , ?i G Z are integers such that D' G Un and D[ G Um \ l^m+i for 
some i G I, then n < m. Indeed, fix such an i and assume n > m and consider the 
triangle 

ruAD',) ^ D[ ^ T^^{D[) ^ TuMm- 

Since the two first vertices of this triangle belong to V , then so does {D'i). 
Hence, by using the universal property of the coproduct, we have that / induces a 
morphism 

J:D' ^r^^{D\) 

such that 




/ if j = i, 
otherwise. 
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Since D' E Un, then / = and so / = 0. Therefore, is a direct summand of 
Tu„{D'i). This impUes that D'^ belongs to Un, and so it befongs to Um+i, which is 
a contradiction. 

Consider the foUowing two situations: 

First situation: For each i G / we have Z3,- e Clkez^i^- Since aisles are 
closed under small coproducts, this implies that the coproduct JJ^gj D'^ belongs 
to r\kez^k, and so to V. Hence D' ^ Uigj-D-. 

Second situation: There exists j G / such that D'^ G Um \ Um+i- Given i Cz I, 
put nii for the maximum of the set of those integers fc G Z such that D,- G Uk ■ Put 
rrii = oo if D,- G HfeGZ^fe- Thanks to the claim, we know that, in any case, rrii > n 
for each i G /. Then D[ G Un for every i & I, and so Uie/ ^'i ^ Un- Again, this 
implies U^eI D[ = D' . 

2) Assertion 1) implies that if P G V is compact in V then it is also compact 
in V' . Conversely, let P G P' be compact in V' and fix an integer n G Z such that 
P E Un- If Di , i G I, is a family of objects of T>, then we have isomorphisms 

V{P, D,) = Un{P, TU^ (A)) = V'{P, TU^ (A)) 

for each i € I, and 

I?(P, ]l A) = Un{P, Tu„ (\l A)) = V'iP, ru„ ill A)). 

iel i£l i£l 

By hypothesis, U^ is closed under small coproducts. This is equivalent to the fact 
that Tu^^ preserves small coproducts, and so we have a canonical isomorphism 



Finally, we have the commutative diagram 



U,,g,I?(P,A) 



lJ,,g,I?'(P,ri,„(A)) 



where the morphisms 'can' are the canonical ones. This proves that P is compact 
in T). The case of P being (super)perfect follows similarly using adjunction. 



CHAPTER 5 



Triangulated TTF triples on triangulated 

categories 

5.1. Introduction 

5.1.1. Motivations. One of the aims of this ehapter is to give a (probably 
naive) parametrization of all the decollements {cf. Definition 14. 2. 2p of triangulated 
categories of a certain, general and interesting enough, type. Nevertheless, this 
parametrization, together with B. Keller's Morita theory for derived categories 
|56j . already generalizes some results of |29|, 151] and offers an 'unbounded' version 
of S. Konig's theorem |65j on decollements of right bounded derived categories of 
algebras. In Chaptcr[S]we will study the problem of descending the parametrization 
from unbounded to right bounded derived categories, and the corresponding lifting. 

The following facts suggest that, in the case of derived categories, a more 
sophisticated parametrization is possible: 

1) Decollements 'are' precisely triangulated TTF triples {cf. section l4?2l of Chapter 

SD. 

2) TTF triples on module categories are well understood and a tangible parame- 
trization of them was given by J. P. Jans |50| . 

3) A natural proof of J. P. Jans' theorem {cf. Theorem 13.2. 3p uses P. Gabriel's 
characterization of module categories among abelian categories |32| , which is at 
the basis of Morita theory of module categories. 

4) The 'triangulated' analogue of P. Gabriel's result was proved by B. Keller, who 
developed a Morita theory for derived categories of dg categories |56| (and latter 
in [571I58]....). 

5) Some results {cf. |56| Theorem 4.3], |89| Theorem 5.2]) suggest that derived 
categories of dg categories play the role, in the theory of triangulated categories, 
that module categories play in the theory of abelian categories. 

Then, another aim of this chapter is to give a touchable parametrization of tri- 
angulated TTF triples on derived categories of dg categories by using B. Keller's 
theory, and to elucidate the links with H. Krause's parametrization |66| of sma- 
shing subcategories of compactly generated triangulated categories. For this, we 
use a generalization of the notion of homological epimorphism of algebras due to 
W. Geigle and H. Lenzing |35| . Homological epimorphisms appear as (stably flat) 
universal localizations in the work of P. M. Cohn |24| . A. H. Schoficld [98] . A. Nee- 
man and A. Ranicki [80] . . . . Recently, H. Krause has studied [69] the link between 
homological epimorphisms of algebras and: the chain map lifting problem, the ge- 
neralized smashing conjecture and the existence of long exact sequences in algebraic 
K-theory. Homological epimorphisms also appear in the work of L. Angeleri Hiigel 
and J. Sanchez [4] in the construction of tilting modules from ring epimorphisms. 
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5.1.2. Outline of the chapter. In section [5T2l we introduce for a class of 
objects of a triangulated category the property of being recollement- defining (sub- 
section I5.2.ip and prove how to find recoUcment-defining sets in aisled triangu- 
lated categories fsubsection I5.2.2( ) and in perfectly generated triangulated catego- 
ries (subsection 15.2. 3| ). In subsection I5.2.4i recoUement-defining sets enable us to 
parametrize all the triangulated TTF triples on a triangulated category with a set 
of generators, and all the dccoUements of a 'good' triangulated category in terms of 
compactly generated triangulated categories. In section [5.31 we define the notion 
of homological epimorphisms of dg categories, generalizing the homological epimor- 
phisms of algebras of W. Geigle and H. Lenzing [35]. We easily prove that this kind 
of morphisms always induce a triangulated TTF triple, which allows us to give se- 
veral examples of recollements of unbounded derived categories of algebras which 
were already known for right bounded derived categories (c/. S. Konig's paper |65j ). 
Conversely, we prove that every triangulated TTF triple on the derived category of 
a A:-fiat dg category A is induced by a homological epimorphism starting in A. This 
correspondence between triangulated TTF triples and homological epimorphisms 
keeps a lot of similitudes with the one accomplished by J. P. Jans [50j for module 
categories. In scction lS^ we state a parametrization of all the smashing subcatego- 
ries of a compactly generated algebraic triangulated category which uses the main 
results of subsection 15.2.41 and section 15.31 Finally, in section 15.51 we analyse how 
idempotent two-sided ideals of the category of compact objects appear in the 
description of triangulated TTF triples on (or smashing subcategories of) a com- 
pactly generated triangulated category V. In Theorem 15.5.81 we prove that such an 
idempotent two-sided ideal, which is moreover stable under shifts, induces a nicely 
described triangulated TTF triple. This, together with assertion 2') of H. Krause's 
[661 Theorem 4.2], gives a short proof of a result (Theorem l5.5.15p in the spirit of 
H. Krause's bijection |69|, Corollary 12.5 and Corollary 12.6] between smashing sub- 
categories and special idempotent two-sided ideals. As a consequence (c/. Corollary 
I5.5.17p . we get the following weak version of the generalized smashing conjecture: 
any smashing subcategory of a compactly generated triangulated category satisfies 
the principle of infinite devissage with respect to a set of Milnor colimits of compact 
objects. Another consequence (c/. Corollarv l5.5.18p is that, when T) is algebraic, 
we recover precisely H. Krause's bijection. We think it is worth to mention that, 
in the algebraic case, assertion 2') of |661 Theorem 4.2] admits a short proof (c/. 
Proposition 15.5. Ti)) based on the 'omnipresence' of homological epimorphisms of dg 
categories. 

5.2. General parametrization 
5.2.1. Recollement-defining classes. 

Definition 5.2.1. Let P be a triangulated category. A class V of objects of 
V is recollement-defining in V if the class y of objects which arc right orthogonal 
to all the shifts of objects of V is both an aisle and a coaisle in V. 

Notice that, in this case, one has that the triangulated category -^y is generated 
by V thanks to the Lemma [4.3.61 

In the following subsections, we will show how to weaken the conditions imposed 
to a set in order to be recollement-defining in some particular frameworks. 
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5.2.2. Recollement-defining sets in aisled categories. 

Definition 5.2.2. A triangulated category T) is aisled if it has a set of gene- 
rators, small coproducts and for every set Q of objects of T) we have that Tria(Q) 
is an aisle in T). 

Lemma 5.2.3. For a set V of objects of an aisled triangulated category T) the 
following assertions are eguivalent: 

1) V is a recollement-defining set. 

2) The class y of objects ofD which are right orthogonal to all the shifts of objects 
of V is closed under small coproducts. 

In this case Tria{V) = . 

Proof. 1) 2) By hypothesis, we have that 3^ is a triangulated aisle in T), 
and so y =^ Z for some full triangulated subcategory Z of T). This implies that 
y is closed under small coproducts. 

2) =4> 1) Since T) is aisled, Tria(7') is an aisle in T). By infinite devissage, we have 
that its coaisle is precisely y. If is a set of generators of 2?, then by using Lemma 
I4.3.6l we know that [Q] is a set of generators of y. Notice that Tria(T-'^(^)) is an 
aisle in T) contained in y. Hence, by Lemma [4.3.61 Triafr-*^ (Q)) = y. This proves 
that y is an aisle in P. ^ 

Remark 5.2.4. It is worth noting that, thanks to Lemma r4.3.61 if T) is an aisled 
triangulated category and V is a full triangulated subcategory of T) closed under 
small coproducts and generated by a set of objects Q, then V = Tria(Q). That is 
to say: roughly speaking, "to be generated by a set" and "to satisfy the principle 
of infinite devissage with respect to a set" are the same in aisled triangulated 
categories. 

5.2.3. Recollement-defining sets in perfectly generated triangulated 
categories. 

Lemma 5.2.5. Let V be a perfectly generated triangulated category, let V be a 
set of objects ofD and let y be the class of objects ofD which are right orthogonal 
to all the shifts of objects ofV. The following assertions are equivalent: 

1) V is recollement-defining. 

2) y is a coaisle in T) closed under small coproducts. 

If V consists of perfect objects, the statements above are also equivalent to: 

3) y is closed under small coproducts. 
In this last case Tria{V) = '^y. 

Proof. 1) ^ 2) Since y is an aisle, then it is closed under small coproducts. 

2) ^ 1) Since is a smashing subcategory in a perfectly generated triangu- 
lated category, thanks to Proposition 14.4.141 we know that its coaisle y is also an 
aisle. 

3) ^ 2) Theorem 14.4.131 implies that Tria(7') is an aisle in T>, whose coaisle is 
y by infinite devissage. ^y 

Remark 5.2.6. Notice that any set V of superperfect {e.g. compact) objects of 
a perfectly generated triangulated category satisfies condition 3) of the proposition 
above, and so it is recollement-defining. 
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5.2.4. Parametrization of triangulated TTF triples. 

Proposition 5.2.7. Let V be a triangulated category with a set of generators. 
Consider the map which takes a set V of objects of T) to the triple 

( ^y,y,y^) 

of subcategories of T) , where y is formed by those objects which are right orthogonal 
to all the shifts of objects ofV. The following assertions hold: 

1) This map defines a surjection from the class of all recollement- defining sets onto 
the class of all the triangulated TTF triples on T>. 

2) If T> is aisled, then this map induces a surjection from the class of all objects 
P such that {P[n]}nez dosed under small coproducts onto the class of all 
triangulated TTF triples on T>. 

3) If T> is perfectly generated, then this map induces surjections from 

3.1) the class of perfect objects P such that {P[n]]'^^2, closed under small 
coproducts onto the class of all perfectly generated triangulated TTF triples. 

3.2) the class of superperfect objects onto the class of superperfectly generated 
triangulated TTF triples. 

3.3) the class of sets of compact objects onto the class of compactly generated 
triangulated TTF triples. 

Proof. 1) Let {X,y,Z) be a triangulated TTF triple on V and let ^ be a 
set of generators of V. Since t'^{Q) is a set of generators of Z [cf. Lemma [4.3. 6|) . 
and the composition Z A I? ^ A" is a triangle equivalence [cf. Lemma ll.6.7p . then 
TxZT'^{Q) is a set of generators of X. But then, by using Lemma [4.3.61 we know 
that y is the set of objects which are right orthogonal to all the shifts of objects of 
TxZT'^ [Q), which proves both that txzt'^{Q) is a recoUement-defining set and that 
the triangulated TTF triple comes from a recoUement-defining set. 

2) We use Lemma fS. 2.21 and the fact that if 7-" is a recoUement-defining set, then 
{UpeP P} is ^Iso a recoUement-defining set which is sent to the same triangulated 
TTF triple onto which V was sent, because 

PeP 

3) For 3.1) and 3.2) we use the idea of the proof of 2) together with the fact 
that the class of (super)perfect objects is closed under small coproducts. For 3.3) 
we use Lemma 14.4.81 ^/ 

Definition 5.2.8. An object M of a triangulated category T) is called excep- 
tional if it has no self-extensions, i.e. T>{M, M[n]) = for each integer n ^Q. 

The following corollary generalizes [511 Theorem 3.3], and also [441 Theorem 
2.16] via [m Theorem 2.9]. 

Corollary 5.2.9. Let V be a triangulated category which is either perfectly 
generated or aisled. The following assertions are equivalent: 

1) T> is a recollement of triangulated categories generated by a single compact ( and 
exceptional) object. 

2) There are (exceptional) objects P and QofT> such that: 

2.1) P is compact. 

2.2) Q is compact in Tria{Q). 



5.2. GENERAL PARAMETRIZATION 



99 



2.3) V{P[n], 0) = for each n e Z. 
24) {P, 0} generates V. 

3) There is a compact (and exceptional) object P such that Tria{P)^ is generated 
by a compact (and exceptional) object in Tria{P)^ . 

In case T) is compactly generated by a single object we can add: 

4) There is a compact (and exceptional) object P (such that Tria{P)^ is generated 
by an exceptional compact object). 

In case T> is algebraic we can add: 

5) T> is a recollement of derived categories of dg algebras (concentrated in degree 0, 
i.e. ordinary algebras). 

Proof. 1) ^ 2) If {X,y,Z) is the triangulated TTF triple corresponding to 
the recollement of 1), we can take P to be a compact generator of X and Q to be 
a compact generator of y. Of course, conditions 2.2), 2.3) and 2.4) are satisfied. 
Finally, by Lemma [4.4.81 P is compact in T). 

2) 1) Thanks to Theorcm l4.4.13[ wc know that Tria(P) is an aisle. Moreover, 
since the associated coaisle consists of those objects which arc right orthogonal to 
all the shifts of P, then we have that Tria(P) is a smashing subcategory of V. 
Conditions 2.3) and 2.4) say that Q generates Tria(P)-'". Moreover, Tria((5) is 
contained in Tria(P)-'- and condition 2.2) ensures, via Theorem 14. 4. 131 that Tria((5) 
is an aisle in T>. Now Lemma [4.3.61 implies that Tria(P)-'- = Tria((5), and so Q is 
a compact generator of Tria(P)^. Finally, by using either that T> is perfectly 
generated (together with Lemma [5.2. 3|) or that T> is aisled (together with Lemma 
15X21) we have that (Tria(P), Tria(P)-^, Tria(P)-^-^) is a triangulated TTF triple. 

2) ^ 3) Thanks to condition 2.2), it suffices to prove Tria((2) = Tria(P)-^. 
Condition 2.3) implies that Q £ Tria(P)-'". Since P is compact, Tria(P)^ is closed 
under small coproducts, and so Tria((5) C Tria(P)-'". Now, condition 2.2) says, via 
Theorem 14.4.131 that Tria((5) is an aisle in V. Since condition 2.4) states that Q 
generates Tria(P)-'", then Lemma [4.3.61 implies that Tria((5) = Tria(P)-'-. 

3) 2) If Q is an object of Tria(P)^, then condition 2.3) holds. If, moreover, Q 
generates Tria(P)-'-, then condition 2.4) also holds. Notice that, since P is compact, 
then Tria(P)^ is closed under small coproducts. In particular, Tria((5) C Tria(P)-'" 
and so, if Q is compact in Tria(P)^, then so is in Tria(Q). 

3) => 4) is clear. 

4) => 3) Theorem 14.4.131 implies that Tria(P) is an aisle. Since P is compact, 
Tria(P)-'- is closed under small coproducts, and thanks to Lcmma l4.3.6l and Lemma 
14.4.81 we know that Tria(P)-'- is generated by a compact object in Tria(P)-'". 

5) 1) is clear since the derived category VA os a dg algebra A is generated 
by the algebra regarded as a right dg A-module with its regular structure. 

1) 5) We use that, by 1561 Theorem 4.3], an algebraic triangulated category 
compactly generated by a single object is triangle equivalent to the derived category 
of a dg algebra (c/. subsection 14. 5p . 

To deal with the case of exceptional compact objects, one uses that an algebraic 
triangulated category compactly generated by an exceptional object is triangle equi- 
valent to the derived category of an ordinary algebra (c/. for instance [581 Theorem 
8.3.3]). V 

Thanks to Corollarv l4.5l the dg algebras announced in 5) can be chosen to be 
particularly nice in case T) is the derived category VA of a dg algebra A. Indeed, 
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if P and Q are like in 2) and {X,y,Z) ^ (Tria(P), Tria(Q), Tria(Q)^), then the 
picture is 

y z 

?®^iQ ^ ^ ^i,-^^--^ RHom^(iP/i') 

VB , Tria(Q) VA Tria(F) , VC 

RHomA(iQ,?) '^^^ ^ ^''^ l®riP 

Ty X ^ 

where B is the dg algebra [CdgA){\Q,iQ), C is the dg algebra {CdgA){iP,iP) and 
Q is a compact generator of Tria(P)^ = Tria((5). 



Example 5.2.10. [Ml Example 8] Let A: be a field and let A = k{Q, R) be the 
finite dimensional fc-algebra associated to the quiver 

Q=(1^2) 

,3 

with relations R = (a/Ja). One checks that P := P2 = 62 A and Q := Si = 
eiA/eiradA are exceptional objects of VA and satisfy conditions 2.1) — 2.4) of 
the corollary above. Now. since the dg algebra {CdgA){iP2,iP2) has cohomology 
concentrated in degree and isomorphic, as an algebra, to C := End^(P2), its 
derived category is triangle equivalent to VC. Similarly, the derived category of 
{CdgA){iSi,iSi) is triangle equivalent to the derived category of B := Endyi(S'i). 
By applying Corollarv l5.2.41 we know that there exists a decoUement 

vb''-^^va—^vc 

with i^B = Si and j<C = P2. 



5.3. Homological epimorphisms of dg categories 

Let F : A B he a, dg functor and suppose that the corresponding restriction 
along F 

F* -.VB^ VA 

is fully faithful. Let U be the AS-bimodule defined by U{B, A) := B{B, FA) and 
let V be the B-Abimodulc defined by V{A, B) B{FA, B). Since the functor F* 
admits a left adjoint 

1 ®\U -.VA-^VB 

and a right adjoint 

RHoTO^(y, 1):VA^ VB, 

then the essential image y of F* is both a triangulated aisle and coaisle in VA. 
This shows that there exists a triangulated TTF triple on VA whose central class 
y is triangle equivalent to VB. 

In fact, by using Lemma 14.3.61 Lemma 14.4.81 and B. Keller's Morita theory 
for derived categories (c/. subsection I4.5p . we know that the central class of any 
triangulated TTF triple on the derived category VA of a dg category is always 
triangle equivalent to the derived category VB of a certain dg category. We will 
prove in this section that, up to replacing ^ by a quasi-equivalent |103j dg category, 
the new dg category B can be chosen so as to be linked to ^ by a morphism 
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F : B oi dg categories whose corresponding restriction F* : VB VA is fully 
faithful. 

Let us show an 'arithmetical' characterization of this kind of morphisms. For 
this, notice that a morphism : ^ S of dg categories also induces a restriction 
of the form V{B°p ®k B) V{A°p (E)kA), still denoted by F* , and that F can be 
viewed as a morphism F : A-^ F*{B) in V{A°p <SikA). Let 

X ^ A^ F*B^ X[l] 

be the triangle of 15(^4,°^ (E)k A) induced by F. 

Lemma 5.3.1. Let F : A^ B he a dg Junctor between small dg categories. The 
following statements are equivalent: 

1) F* -.VB^VAis fully faithful. 

2) The counit 6 of the adjunction (? 0^ U, F*) is an isomorphism. 

3) The counit J^a : F*{B'^) ®^ U is an isomorphism for each object B of 
B. 

4) F satisfies the following: 

4-.1) The modules (FA)'^ , A €z A form a set of compact generators ofDB. 
4.2) X{?, A)(g)^U ^0 for each object A of A. 

5) F satisfies the following: 

5.1) The modules [FA)^ , A^ A form a set of compact generators ofDB. 

5.2) The class y of modules M G VA such that iVA)iX{?, A)[n], M) = 0, for 
all A G A and n £ X, is closed under small coproducts and (F*B){7, A) G y 
for all Ae A. 

Proof. The equivalence 1) <^ 2) is proved in Lemma [1.2. II 
3) =4> 2) can be deduce from the chain of implications 3) ^ 4) ^ 2) below. 
However, a much shorter proof is possible by using that T>B satisfies the principle 
of infinite devissage with respect to the B^ , B G B and that the modules N with 
invertible 6n form a strictly full triangulated subcategory of T>B closed under small 
coproducts and containing the B^ , B G B. 

3) 4). It is easy to show that if F* is fully faithful, then the objects 
(FA)^ , A G A form a set of (compact) generators. Indeed, if 

{VB){{FA)'',N[i\) ^ H\N{FA)) ^ H'{{F*N){A)) = 

for each i gZ, A G A, then F*N = 0, i.e. F*{1n) = 0, and so = 0. Now, for 
an object A G A we get the triangle in T>A 

X{7,A) ^ ^ F*{{FA)'') X{7,A)[1]. 
If we apply ? (g)^ U then we get the triangle 

X{7, A)®^U^ (FA)^ ®^U^ X{7, A) ®^ U[l] 

of T>B, which gives the triangle 

F*{X{7, A) (g,^ U) ^ F*{{FA)'') ^ (g,^ U) ^ F*{X{1, A) ®\ U)[l] 

oiVA. The morphism -~> F*{F*{{FA)^) (g)^ U) is induced by the unit 

of the adjunction (? ®\ U,F*), it is the right inverse of J^*((5(i?^)A), and it is an 
isomorphism if and only if F*{X{7,A) (g)^ U) = 0. Since F* is fully faithful, then 
it reflects both isomorphisms and zero objects. Hence, we have that ^(Fyi)^ is an 
isomorphism for every A G A ii and only if condition 4.2) holds. 
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4) => 2) Condition 4.1) implies that F* reflects both zero objects and isomor- 
phisms. Indeed, thanks to Remark ll.6.2( it suffices to prove that F* reflects zero 
objects. Now, il F*N = 0, then 

H%{F*N){A)) = {VB){{FA)'',N[{\) = 

for each i G Z , A G A, and so = 0. Once we know that F* reflects zero objects 
and isomorphisms, we can use the argument of the implication 3) ^ 4) to prove 
that condition 4.2) implies that i5(p'^)A is an isomorphism for each A E A. But 
condition 4.1) guarantees that the modules N with invertible Sn form a strictly 
full triangulated subcategory of VB closed under small coproducts and containing 
a set of compact generators. Thus, by infinite devissage, we have that 2) holds. 

4) =4> 5) We know that the essential image y of F* is the middle class of a 
triangulated TTF triple {X, y, Z) on VA. Notice that 1 (^\U is left adjoint to F* 
and so it 'is' the torsionfree functor t-^ associated to {X,y). Since X{1, A)®^U ~ 
for each A € A, then Tria({X(?, A)}a(^a) Q X. Since A^ ®\X = A) is in X 
and the functor ? (g)^ X preserves small coproducts, then by infinite devissage we 
have that the essential image of ? ®\ X is contained in X. Hence, the triangle 

X ^ A^ F*B^ X[l] 

of 'D{A°'P ®k A) induces for each M e VA a triangle 

M (g>^X~^ M F*iM (g>^ U) (M ®\ X)[l] 

of VA with M®^X e X and F* [M ®^ U) e y. This proves that tx (?) =? (g)^ X, 
and thus Tria({X(?, A)}a6^) = X. 

5) 4) We want to prove 

iVB)iX{7, A) (8>^ [/, A) c/) = , 

for each A A, that is to say 

iVA)iXil, A),F*iXil, A) ®^ u)) = 

for each ^4 e ^ or, cquivalcntly, F*{X{7,A) iSij^U) e y for each A e A. But in 
fact, F*{M 0^ U) € y for every M G VA, as can be proved by infinite devissage 
since y is closed under small coproducts, F* and ? (g)^ U preserve small coproducts 
and F* (A^ ®^ U) = F*B{1, A)€y for each A & A. V 

Definition 5.3.2. A dg functor F : A ^ B between small dg categories is a 
homological epimorphism if it satisfies the (equivalent) conditions of Lemma 1 5. 3. II 

From the proof of Lemma [5311] we have that the dccoUement associated to the 
triangulated TTF induced by a homological epimorphism F is of the form 




RWom^(V,?) 



where x is the inclusion functor, ta'(?) =? ®^ X and X = Tria,{{X{7,A)}AeA)- 
Compare this situation with the one of Theorem 13.2.31 
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Remark 5.3.3. Our notion of 'honiological cpimorphism of dg categories' is 
a generalization of the notion of 'homological epimorphism of algebras' due to W. 
Geigle and H. Lenzing [35] . Indeed, a morphism of algebras f : A B is a 
homological epimorphism if it satisfies: 

1) the multiplication B ®a B ^ B is bijective, 

2) Torf (Ba, aB) = for every i > 1. 

But this is equivalent to require that the 'multiplication' B ^\ B ^ B is an iso- 
morphism in VB, which is precisely condition 3) of Lemma 15.3.11 when we view 
A and B as dg categories with one object and concentrated in degree . Hence, 
our lemma recovers and adds some handy characterizations of homological cpimor- 
phisms of algebras. Recently, D. Pauksztello has studied homological epimorphism 
of dg algebras j87| . 

The following are particular cases of homological epimorphisms: 

Example 5.3.4. Let / be a two-sided ideal of an algebra A. The following 
statements are equivalent: 

1) The canonical projection A — > A/ 1 is a homological epimorphism. 

2) Torf (/, A/I)=0 for every i > 0. 

3) The class of complexes Y G VA such that {'DA){I[n], Y) ^ Q for every n S Z is 
closed under small coproducts and Ext^(/, A/ 1) = for every i>Q. 

4) The class of complexes Y S VA such that {'DA){I[n], Y) = for every 7i € Z is 
closed under small coproducts and Ext\{A/I, A/ 1) ~ for every i > 1. 

In this case the decollement associated to the triangulated TTF induced by the 
homological epimorphism t: : A ^ A/ 1 is oi the form 

?(»\A/I 

V{A/I)^^^^ VA '-.^^L^ Tria(/) 

RHo7nA{A/I/!) ^ 

The first part of conditions 3) and 4) are always satisfied if I a is compact in VA, i.e. 
quasi-isomorphic to a bounded complex of finitely generated projective A-modules. 
Note that condition 2) is precisely condition 4) of Lemma [5.3. II Also, notice that 
from 

= Tor^;^(/, A/ 1) = / ®A A/ 1 = I/P 

follows that / is idempotent. Conversely, if / is idempotent and projective as a 
right ^-module {e.g. I = A{1 — e)A where e G A is an idempotent such that 
eA{l — e) = 0), then condition 2) is satisfied. 

The example above contains the unbounded versions of the decollements of 
Corollary 11, Corollary 12 and Corollary 15 of [65j . In Example 16 . 2 . 1 1 1 of Chapter 
[6] we will show that they restrict to decollements of the right bounded derived 
category V~ A. 

Example 5.3.5. Let j : A B he an injective morphism of algebras, which 
we view as an inclusion. The following statements are equivalent: 

1) J is a homological epimorphism. 

2) Torf (B/A, B)^Q for every i > 0. 
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3) The class of complexes Y e VA such that {VA){{B /A)[n],Y) = for every 
n e Z is closed under small coproducts and Ext\{B / A, B) ~ for every i > 0. 

Definition 5.3.6. A dg category A is k-flat if the functor 

7(g)kA{A,A') -.Ck^Ck 

preserves acyclic complexes of fc-modules for every A, A' £ A. Notice that it is 
always the case if is a field, since in that case the acyclic complexes of fc-modules 
are precisely the contractible ones. 

Theorem 5.3.7. Let A be a k-flat dg category. For every triangulated TTF 
triple {X , Z) on T>A there exists a homological epimorphism F : A B (bijective 
on objects) such that the essential image of the restriction of scalars functor F* : 

VB VA is y. 

Proof. For each A <E Avfc consider a fixed triangle 

Xa ^ A^ ^-A Ya ^ X[l] 

in VA with Xa G X and Ya G y. Assume that each Ya is 7i-injective. Let C 
be the dg category given by the full subcategory of CdgA formed by the objects 
Ya , A £ A. These objects define a C-yl-bimodulc Y as follows: 

(C°f ®u Ar ^ Cdgk , {Ya',A) ^ Y{A,Ya') := YA'iA), 

and the morphisms ipA , A Cz A induce a morphism of right dg ^-modules 

<fA:A''^Y{7,YA). 

Let C : r y be an 7^-injcctive resolution of Y in n{C°P <Sik A), and let B' be 
the dg category given by the full subcategory of Cdg{C°P) formed by the objects 
Y'{A, 7),Ae A. Consider the functor 

p:A°P^ B', 

which takes the object A to Y'{A,7) and the morphism / e A°p{A,A') to the 
morphism p{f) defined by 

p{f){C) : Y'{A, C) ^ C),y^ C){y) 

for a homogeneous / of degree |/| and a homogeneous y of degree |y|. Since Y' is a 
C-^-bimodulc, then the functor p is a dg functor. It induces a dg functor between 
the corresponding opposite dg categories 

F -.A^ B"'P =: B. 

Notice that, for each A' G A, the functor {CdgA){l, Ya') : CA Ck induces a trian- 
gle functor between the corresponding categories up to homotopy, {CdgA){7,YA') : 
HA Tik. Moreover, since Y^' is 7i-injectivc, then this functor induces a triangle 
functor between the corresponding derived categories 

iCdgA){7,YA'):VA^Vk. 

When all these functors are applied to the triangles considered above, then we get 
a family of quasi-isomorphism of complexes of fc-modules 

^A,A' ■.C{Ya,Ya') ^YiA,YA'), 
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for each A, A' G A. This family underUes a quasi-isomorphism of left dg C-modules 
^'a,? : C(Ya,?) ^(^7?) for each A E A. Hence, we have a family of quasi- 
isomorphisms of left dg C-modulcs 

U:^^>A:r.C{YA,7)~^Y'{A, ?), 

for A G A. Notice that, since A is fc-flat, for each A' G A the corresponding 
restriction from C-^-bimodules to left dg C-modules preserves 7i-injectives. Indeed, 
its left adjoint is 7 ®k A and preserves acyclic modules. Then for each A' E A the 
triangle functor 

Cdg(C°P)(?, Y'{A', ?)) : mr") ^ Hk 
preserves acyclic modules, and so it induces a triangle functor 

Cdg(C°f )(?, Y'{A', ?)) : Vi^n ^ Vk. 

When applied to the quasi- isomorphisms of left dg C-modules for A £ A, 

it gives us quasi-isomorphisms of complexes 

?), Y'iA', ?)) ^ Crf,(c°^')((yA)^ ?)), 

and so quasi-isomorphisms of complexes 

e : B'{Y'{A,7),Y'iA\7)) ^ Y'{A\Ya), 
for each A, A' e A. It induces a quasi-isomorphism of right dg ^-modules 

e:F*B{7,Y'{A,7))^Y'{7,YA) 
and we get an isomorphism of triangles 



Xa 



Xa 



■A' 



'A' 



Y'{7,Ya) ^X[l] 



F*B{1,Y'{A,1)) ^X[l] 



Notice that from this it follows that t^(A^) = Y'{A, ?)) for each A e ^. By 

infinite dcvissage of VB with respect to the set of objects B^, B £ B, the functor 
F* : VB — > DA has its image in y. We can assume Xa to be the restriction X{?, A) 



of an yl-^-bimodule X coming from the triangle induced by F in 



op 



A). 



Now, by adjunction one proves that the functor ? (g)^ U : DA VB vanishes on 
the objects of X, where U is the AS-bimodule defined by U{B,A) B{B,FA). 
In particular, it vanishes on X{?, A) and by Lemma [5.3. II we have proved that F* 
is a homological epimorphism. 

Thanks to Lemma [4.4.81 we know that the objects F*{B^) , B E B form a set 
of compact generators of y, and so, since F* is fully faithful, the essential image of 
F* is precisely y. 

V 

Notice that; ii F : A ^ B is a homological epimorphism of dg categories, the 
bimodule X in the triangle 



X 



A ^ F*B 



X[l] 



of V{A°P ®fe -4) has a certain 'derived idempotency' expressed by condition 4) of 
Lemma 15.3.11 and plays the same role as the idempotent two-sided ideal in the 
theory of TTF triples on module categories (c/. Theorem 13. 2. 3p . 
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Remark 5.3.8. Theorem 15.3.71 is related to subsection 5.4 of K. Briining's 
Ph. D. thesis |20j and section 9 of B. Huber's Ph. D. thesis [48j . In particular, 
it generalizes [201 Corollary 5.4.9] and [481 Corollary 9.8]. It is also related to 
B. Toen's lifting, in the homotopy category of small dg categories up to quasi- 
equivalences, of quasi-functors or quasi-representable dg bimodules to genuine dg 
functors (c/. the proof of [106[ Lemma 4.3]). Cf. also [591 Lemma 3.2]. 



5.4. Parametrization for derived categories 

Definition 5.4.1. Two homological epimorphisms of dg categories, F : A ^ B 
and F' : A ^ B', are equivalent if the essential images of the corresponding restric- 
tion functors, F* : VB VA and F'* : VB' VA, are the same subcategory of 
VA. 

Thanks to Theorem 15.3.71 we know that every homological epimorphism F 
starting in a fc-flat small dg category is equivalent to another one F' which is bi- 
jective on objects. Unfortunately, the path from F to F' is indirect. Nevertheless, 
there exists a direct way of proving that every homological epimorphism (with- 
out any fc-flatness assumption) is equivalent to another one F' such that H^F' is 
essentially surjective. 

Lemma 5.4.2. Every homological epimorphism F : A ^ B is equivalent to a 
homological epimorphism F' : A B' such that H'^F' : H'^A H'^B' is essentially 
surjective. 

Proof. Let B' be the full subcategory of B formed by the objects B' such 
that B'^ = (FA)^ in VB (equivalently, B' = FA in H°B) for some A e A. Put 
F' : A^ B' for the dg functor induced by F. Now, the restriction j* : VB VB' 
along the inclusion j : S' — > S is a triangle equivalence. Indeed, thanks to condition 
4) of Lemma r5.3.1l we know that the modules {jB')^ , B' E B' form a set of compact 
generators of VB. Moreover, we have 

H"B{B',B") = {VB){{jB')\{jB"r[n]) ^ {VB'){j*{jB')\f{jB'T) = 

^ {VB){B"',B"''[n])'^H''B{B',B"). 

Then Lemma [4.4.151 implies that j* is a triangle equivalence. Therefore, the com- 
mutative triangle 

VB 

r > 

VB' ——^ VA 

F 

finishes the proof. ^ 

Lemma 5.4.3. Every compactly generated k-linear algebraic triangulated cate- 
gory (whose set oj compact generators has cardinality X) is triangle equivalent to the 
derived category of a small k-flat dg category (whose set of objects has cardinality 
X). 
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Proof. Indeed, by B. Keller's theorem [56t Theorem 4.3] (cf. subsection 14. 5|) 
we know that it is triangle equivalent to the derived category of a small fc-linear 
dg category A satisfying this cardinality condition. If A is not fc-flat. then we can 
consider a cofibrant replacement : ^ ^ of ^ in the model structure of the 
category of small fc-linear dg categories constructed by G. Tabuada in |103| . which 
can be taken to be the identity on objects [106( Proposition 2.3]. In particular, F 
is a quasi-equivalence j601 subsection 2.3], and so the restriction along F induces 
a triangle equivalence between the corresponding derived categories |601 Lemma 
3.10]. Since A' is cofibrant, by |1061 Proposition 2.3] for all objects A, ^' in ^ the 
complex A' {A, A') is cofibrant in the category Ck of complexes over k endowed with 
its projective model structure [47\ Theorem 2.3.11]. This implies that A'{A,A') is 
7i-projective. Finally, since the functor ? ®k k preserves acyclic complexes and the 
7i-projective complexes satisfy the principle of infinite devissage with respect to fc, 
then ? (g)fe A'{A, A') preserves acyclic complexes. 

Notice that smashing subcategories of a compactly generated triangulated ca- 
tegory V form a set. Indeed, |56[ Theorem 5.3] implies that the full subcategory 
formed by the compact objects is skeletally small, and wc know that smashing 
subcategories of 2? arc in bijection with certain ideals of thanks to |691 Corollary 
12.5]. Now we will give several descriptions of this set in the algebraic case. 

Theorem 5.4.4. Let V be a compactly generated algebraic triangulated cate- 
gory, and let A be a k-flat dg category whose derived category is triangle equivalent 
to T). There exists a bijection between: 

1) Smashing subcategories X ofD. 

2) Triangulated TTF triples {X,y,Z) onT>. 

3) (Equivalence classes of) decollements ofD. 

4 ) Equivalence classes of homological epimorphisms of dg categories of the form 
F : A ^ B (which can be taken to be bijective on objects). 

Moreover, if we denote by S any of the given (equipotent) sets, then there exists a 
surjective map TZ ^ S , where TZ is the class of objects P G T> such that {P[n]}:^^2, 
is closed under small coproducts. 

Proof. The bijection between 1) and 2) was proved in Proposition l4.4.1^ and 
the bijection between 2) and 3) was proved in Proposition 14.2.41 and Proposition 
14.2.51 The map from 2) to 4) is given by Theorem l5.3.71 and the map from 4) to 2) 
was constructed at the beginning of section [5?3l The surjective map TZ ^ S follows 
from Proposition 1 5 . 2 . 7l ^ 

5.5. Idempotent tv^ro-sided ideals 

5.5.1. Generalized smashing conjecture: a short survey. The genera- 
lized smashing conjecture is a generalization to arbitrary compactly generated tri- 
angulated categories of a conjecture due to D. Ravenel [94) 1.33] and, originally, 
A. K. Bousfield [HI 3.4]. It predicts the following: 

Every smashing subcategory of a compactly generated triangulated category sa- 
tisfies the principle of infinite devissage with respect to a set of compact objects. 
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However, this conjecture was disproved by B. Keller in [55]. More precisely, he 
proved the following: if A is an algebra and / a two-sided ideal of A contained in 
the Jacobson radical of A and such that the projection A ^ A/ 1 is a homological 
cpimorphism, then the smashing subcategory Tria(/) of VA contains no non-zero 
compact object of VA. 

In [66], H. Krause gives the definition of being 'generated by a class of mor- 
phisms': 

Definition 5.5.1. Let I? be a triangulated category, X a strictly full triangu- 
lated subcategory of T> closed under small coproducts and T a class of morphisms 
of v. We say that X is generated by I if A" is the smallest full triangulated sub- 
category of V closed under small coproducts and such that every morphism in X 
factors through some object of X. 



This is a generalization of the notion of infinite devissage (c/. Definition l4.3.2p . 
at least when the existence of certain countable coproducts is guaranteed. Indeed: 

Lemma 5.5.2. Let V and X be as before, let Q be a class of objects ofD and 
let X be the class of identity morphisms 1q where Q runs through Q. Assume that 
V has countable coproducts. Then, every morphism of X factors through an object 
of X if and only if every object of Q is in X. In particular, X satisfies the principle 
of infinite devissage with respect to Q if and only if X is generated by X. 

Proof. Let Q be an object of Q, and assume that the identity morphism Ig 
factors through an object X oi X: 




We have to prove that Q belongs to X. For this, notice that both fg^e and 1 — e 
are idempotent morphisms. Thanks to |791 Proposition 1.6.8], wc know that there 
exist morphisms f : P ^ X and g' : X P such that 1 — e = f'g' and g' f = 1, 
where P can be taken to be the Milnor colimit of the sequence 



1— p 1— p 
X X X 



Then, the compositions 



9 
9' 



X -^Q®P ^ X 



and 



9 
9' 



[ f f ]:Q®P^X^Q®P 



are the corresponding identity morphisms. Indeed, gf = g(l — e)/' = .9(1 — ./.9)/' = 
(.9 - 9)f' = and gf = g'ef = .g'(l - f'g')f = {g' - g')f = 0. Thus', X = Q ® P 
and in the triangle of T) 

[o] [l\ 

both P and Q ® P belongs to X . This implies that Q belongs to X. ^ 
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This allows H. Krause the following reformulation of the generalized smashing 
conjecture: 

Every smashing subcategory of a compactly generated triangulated category is ge- 
nerated by a set of identity morphisms between compact objects. 

This reformulation enables at least two weak versions of the conjecture, one of 
which was proved by H. Krause |66l Corollary 4.7]: Every smashing subcategory 
of a compactly generated triangulated category is generated by a set of morphisms 
between compact objects. 

In Corollarv l5.5.17] below we prove 'the other' weak version of the conjecture, 
which substitutes "morphisms between compact objects" by "identity morphisms" 
of Milnor colimits of compact objects. 

5.5.2. From ideals to smashing subcategories. If I? is a triangulated ca- 
tegory, we denote by the full subcategory of T) formed by the compact objects 
and by A4or{'D'^) the class of morphisms of V^. If T> is the derived category VA of 
a dg category A, then we also write VA to refer to V^. 

We write 7'(A^or(I?^)) for the large complete lattice of subsets of A^or(I?^), 
where the order is given by the inclusion. Notice that if V is compactly generated 
and we form the lattice with a skeleton of V instead of V itself, then we get a 
small lattice. Also, we write 7^(1?) for the large complete lattice of classes of objects 
of V, where the order here is also given by the inclusion. Consider the following 
Galois connection (c/. |102[ section III. 8] for the definition and basic properties of 
Galois connections): 

?^ 

V{Mor{V')) , nV), 

Mor{V')' 

where given I E V{Aior{'D'^)) we define to be the class of objects Y oi T) 
such that !?(/, Y) = Q for every morphism / of X, and given y € ■p(X') we define 
M.oriT)'^)^ to be the class of morphisms / of such that !?(/, F) = for every 
Y in 3^. 

Definition 5.5.3. According to the usual terminology in the theory of Galois 
connections, we say that a subset I of Mor{T)'^) is closed if X = M.or{T>^y' , and 
a class y of objects of T) is closed if 3^ = {M.or{T)'^)^)^ . 

One of the basic properties of Galois connections says that: 

Lemma 5.5.4. The following descriptions of the closed elements of the Galois 
connection hold: 

1) A subset I of M.or{T)'^) is closed if and only if I ^ M.or{'D'^)^ for some class 
y of objects of v. 

2) A class y of objects of T) is closed if and only if y = for some set I of 
morphisms ofV'. 

If I is a subset of A^or(I?'^), we write T[l] for the subset formed by all the 
morphisms of the form /[I] with / in T. 
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Lemma 5.5.5. The Galois connection above induces a bijection between the 
class formed by the closed ideals X of V such that = 2 and the class formed 
by the full triangulated subcategories of V closed under small coproducts which are 
closed for the Galois connection. 

Proof. It is well-known that any Galois connection induces a pair of mutually 
inverse anti-isomorphisms between the corresponding complete lattices of closed 
elements. Notice that, in our situation, the closed elements of V{Mor{'D'^)) are 
ideals of the additive category P"^, and the closed elements of V{'D) arc classes 
closed under small coproducts and extensions. Moreover, if I is an ideal of such 
that = X, then is closed under shifts. Conversely, if 3^ is a full triangulated 
subcategory of V, then Mor{Vy[l] = Morivy . ^ 

Definition 5.5.6. A two-sided ideal X of a triangulated category I? is saturated 
if whenever there exists a triangle 

p' ApAp"^p'[l] 

in P and a morphism / £ T>(P, Q) with fu, v E T, then f E T. 

Lemma 5.5.7. LetV be a triangulated category. Every closed two-sided ideal X 
ofV^ is saturated. 

Proof. Indeed, let I = MoriV)^ be an ideal of 

p' ApAp"^p'[l] 

a triangle in V with v E T and / E 'D'^{P,Q) a morphism such that fu E T. 
We have to prove that f E T, i.e. that gf = for each morphism g E 'D{Q,Y) 
with Y E y. But, since fu E I, then gfu ~ 0, and so there exists a morphism 
h E V(P", Y) such that hv = gf: 



P' 




Now, since v E T, then hv = 0, i.e. gf = 0. y/ 

In the following result we explain how a certain two-sided ideal induces a nice 
smashing subcategory or, equivalently, a triangulated TTF triple. 

Theorem 5.5.8. Let T) be a compactly generated triangulated category and let 
X be an idempotent two-sided ideal ofV with X[l] = X. There exists a triangulated 
TTF triple {X, y, Z) on T> such that: 

1) X ~ TrialV), for a certain set V of Milnor colimits of sequences of morphisms 
ofX. 

2) y^x^. 

3) A morphism ofV belongs to X if and only if it factors through an object of V . 
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Proof. Theorem 5.3 of |56j implies that is skeletally small. Fix a small 
skeleton of T)^ closed under shifts. Let V be the set of Milnor colimits of all the 
sequences of morphisms of X between objects of the fixed skeleton. Remark that V 
is closed under shifts. Put {X,y,Z) := (Tria(7'), Tria(P)-L, Tria(7')-L^). 

First step: Tria{V)^ = . Notice that Tria(7')-'- is the class of those objects 
which arc right orthogonal to all the objects of V. Hence, for the inclusion C 
Tria(7')-^, it suffices to prove V{P, F) = for each P G 7^ and F G I^. For this, 
let 

p^hp^^p^^ ... 

be a sequence of morphisms in I between objects of the fixed skeleton and consider 
the corresponding Milnor triangle 



p 



i>0 



i>0 



Since I>((7, =0 for each n G Z, we get a long exact sequence 

...^ V(W P,[llY) ^ Y) ^ V{W P,, Y) ^ . 



which proves that 'D{P^Y) = 0. Conversely, let Y G Tria(7^)"'- and consider a 
morphism f : P ^ P' oi T. Put Pq .— P and, by using the idempotency of T, 
consider a factorization of / 




with /o , 5i G I. We can consider a similar factorization for gi, and proceeding 
inductively we can produce a sequence of morphisms of X 

p^hp^hp^h... 

together with morphisms gi : Pi ^ P' oi X satisfying gifi-i ~ gi-i , * > 1 with 
go := ,/• 

fo /l 



p = p 




P2 



h 



This induces a factorization of / 

f-P 



McolimP,, P' 



Since Mcolim P„ is isomorphic to an object of V, then {'DA){f, Y) = 0. This proves 
that Tria(P)-L =1^. 

Second step: {X,y,Z) is a triangulated TTF triple. Thanks to Proposition 
14.4.141 it suffices to prove that A" is a smashing subcategory of V, i.e. that X is 
an aisle in T> and y is closed under small coproducts. The fact that X is an aisle 
follows from [891 Corollary 3.12]. The fact that y is closed under small coproducts 
follows from the first step, since the morphisms of X are morphisms between compact 
objects. 
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Third step: part 3). Notice that in the proof of the inchision Tria(7')^ C 
we have showed that every morphism of I factors through an object of V . The 
converse is also true. Indeed, let 5 : Q' ^ Q be a morphism between compact 
objects factoring through an object P oiV: 



Q 



By definition of T', we have that P is the Milnor colimit of a sequence of morphisms 
oil: 

P = Mcolim(Po ^ Pi ^ P2 ^ • • • ) 

Now compactness of Q' implies (see Lemma r4.4.10p that h factors through a certain 
P.: 



P- 



■Q 



where 7r„ is the nth component of the morphism tt appearing in the Milnor triangle 
defining P (see Definition [4A9|). One of the properties satisfied by the components 
of TT is the identity: TTm+ifm — i^m for each m > 0. This gives the following 
factorization for g: 

..... Q' 



Pr 



n+1 



Since /„ belongs to the ideal X, so does g. 



P- 



Q 



V 



Remark 5.5.9. Notice that if X = MorlV^) then X = !>. Indeed, in this case 
X contains all the identity morphisms Ip of compact objects P. In particular, since 
P is the Milnor colimit of the sequence 



p ^ p p 



we have that P contains all the compact objects. Therefore Tria(T')- 
so TriaCP) = V. 



{0} and 



5.5.3. Stretching a filtration. The results of this subsection are to be used 
in the proof of Proposition 15. 5. and Corollarv l5.5.18l However, we believe that 
they are interesting by themselves. Throughout this subsection A will be a small 
dg category. 

We define S to be the set of right dg ^-modules S admitting a finite filtration 
Q^S-iCSoClSiC...Sn=S 

in CA such that 

1) the inclusion morphism Sp-i C 5*^ is an inflation for each < p < n, 
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2) the factor Sp/Sp-i is isomorphic in CA to a relatively free module of finite type 
{i.e. , it is a finite direct sum of modules of the form A^[i] , A E A , i e Z) for 
each < p < n. 

Lemma 5.5.10. 1) The compact objects of VA are precisely the direct sum- 
mands of objects of S . 

2) For each S E S the functor {'DA){S, q?) : CA Mod fc preserves direct limits, 
where q : CA VA is the canonical localization functor. 

3) For each S E S the functor {CA){S, ?) : CA Mod k preserves direct limits. 

Proof. 1) Wc know by [561 Theorem 5.3] that any compact object P of VA is 
a direct summand of a finite extension of objects of the form A'^ [n] , A E A^ n eTi. 
By using that every triangle of "DA is isomorphic to a triangle coming from a 
confiation of CA^ we have that this kind of finite extensions are objects isomorphic 
in VA to objects of S. 

2) Let / be a directed set. We regard it as a category and denote by Fun(/, ?) 
the category of functors starting in /. We want to prove that, for every object 
S E S, the following square is commutative: 



fun{FCA) 



lim 



Fun(/, Modfc) • 



lim 



■CA 

{VA){S,q?) 

od k 



First step: Wc first prove it for S = A^ , A G A. That will prove assertion 2) for 
relatively free dg ^-modules of finite type. For an object A of .4 we consider the 
dg functor F : k ^ A, with F{k) = A and F{lk) ~ 1a- The restriction 

F* -.CA^Ck, M{A) 

along F admits a right adjoint, and so it preserves colimits. Consider the commu- 
tative diagram 



fun{I,CA) - 
{i,{VA){A'',qi))[ Fun(/,Cfc) — 
Fun(/,Mod fc) 



lim 



■CA 



lim 



■Ck 



■ Modfc 




Since F* preserves colimits, the top rectangle commutes. Since 

lim : Fun(/, Mod fc) Mod fc 

is exact, the bottom rectangle commutes. Indeed, 

lim iJ°M, = limcok(B" Z° Mi) = cok(lim(B° M, Mi)) = 

= cok(lim B° M, limZ" Mi) = cok(B° (lim Af,) ^ Z°(limMi)) = ij" lim A/.,. 

Second step: Let S' ^ S ^ S" be a conflation of CA such that S' and S" 
(and hence all their shifts) satisfy property 2), and let M e Fun{I,CA) be a direct 
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system. By using the cohoniological functors {'DA){?, Mi) , {T>A){7, lim Mj) and 
the fact that lim : Fun(/, Mod k) Mod k is exact, we have a morphism of long 
exact sequences 



lim(X'^)(5",A/,;) (I?^)(^",limM,) 



lim{VA) {S, Ah) ^ [VA) (S*, Urn Mi) 



lim(I?^)(S", M,) -^1^ {VA){S' ,\\^Mi) 



And so the central map is an isomorphism thanks to the five lemma. 

3) By using the same techniques as in 2), one proves that relatively free dg 

modules of finite type have the required property. Now, let S' ^ S ^ S" be a 
conflation such that S' satisfies the required property and S" is relatively free of 
finite type. For each N E CA, this conflation gives an exact sequence 

0^ {CA){S",N) ^ {CA)iS,N) ^ {CA){S',N). 

Let u £ {CA){S"[~1], S') be a morphism whose mapping cone is Cone(u) = S. By 
using the triangle 

and the canonical localization q : CA VA we can fit the sequence above in the 
following commutative diagram 



iCA)iS",N) 

{CA){S, N) — ^ (pA){S, N) 

{CA){S\ N) (PA){S', N) 

V 

{VA) (5" [- 1] , TV) iVA) (^" [- 1] , N) 

The aim is to prove that the left-hand column is exact. Indeed, (^j^ = since 
2^ = 0. It only remains to prove that Vexip is contained in im(j^). For this, let 
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/ e {CA){S\ N) be such that ip{f) = fu vanishes in 

{'DA){S"[^1],N) ^ {nA){S"[-l],N), 

i.e. fu is miU-homotopic. By considering the triangle above, one sees that / factor 
through j in HA, i.e. there exists g G {CA){S, N) such that f—gj is iiuU-homotopic. 
Then, there exists h e {CA){IS', N) such that f = gj + his', where is' ■ S' IS' 
is an inflation to an injective module (for the graded-wise split exact structure of 
CA). Since j is an inflation, then there exists g' such that g'j = 15/. Therefore, 
f = gj + his' = {g + hg')i belongs to im(j^). 

Finally, let M g Fun(/,C^) be a direct system. Using assertion 2) and the 
hypothesis on S' and S" , we have a morphism of exact sequences: 





\\^{CA){S",Mi) ^ {CA){S", lim A/,) 

y ' ■ 

lim(C^) (5*, M,) ^ iCA) {S, lim M,) 



lim(C^) (5", Mi) ^ {CA) (5", lim M,) 



\\^[VA){S"[-l],Mi) {VA){S"[-~l],\\^Mi) 

where the horizontal arrows are the natural ones. Hence, the second horizontal 
arrow is an isomorphism. ^ 

Proposition 5.5.11. Every Ti.- projective right dg A-module is, up to isomor- 
phism in HA, the colimit in CA of a direct system of submodules Si , i £ I such 
that: 

1) Si G S for each i G I, 

2) for each i < j the morphism fij : Si —^ Sj is an inflation. 

Proof. First step: Assume that an object P is the colimit of a direct system 
Pt , t G T oi subobjects such that the structure morphisms /i[ : — ^ Pt are 
inflations and each Pt is the colimit of a direct system S'(t,i) , i G It of subobjects 
satisfying the following property (*): 

1) S(^t,i) G S for each i G It, 

2) for each i the morphism fj.(^t.i) '■ Sit,i) ^ Pt is an inflation. 

Notice that 2) implies that for each i < j the structure morphism /i^ : S(^t i^ — > S(^t,j) 
is an inflation. 
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Put / := {Jterii^} ^ ^0 define the following preorder: (r, i) < {t,j) if r < t 
and we have a factorization as follows 



(r,i) 



Pr 



Pt 



Notice that /^[j is an inflation. To prove that / is a directed preordered set take 
{r,i) , (t,j) in / and let s G T with r , t < s. Since S(^r,i) and S(^t,j) are in 5, 
thanks to Lemma 15.5.101 we know that the compositions S'(r.i) ~^ Pr Ps and 



Pt Ps factors through 5( 



sj^^) Ps and S(^s,jt) Ps- Now, if v , jt < k 
we have that {r,i) , {t,j) < {s,k). Now, take the quotient set /' := // ~, where 
{r,i) ^ when (r,i) < {r',i') < {r,i). Notice that in this case r = r' and the 



inflations and are mutually inverse. Thus, S(^t.i) > [(^: *)] G /' is a direct 

system of subobjects of P which are in S and whose colimit is easily seen to be P. 

Second step: Let P be an 7i-projective module. The proof of [56[ Theorem 
3.1] shows that, up to replacing P by a module isomorphic to it in TiA, we can 
consider a filtration 

= P_i C Po C Pi C . . . P„ C P„+i • • • C P , 71 G N 

such that 

1) P is the union of the P„ , n G N, 

2) the inclusion morphism P„_i C P„ is an inflation for each n G N, 

3) the factor P„/P„_i is isomorphic in CA to a relatively free module (i.e. , a direct 
sum of modules of the form [i] , A ^ A , i G Z) for each n G N. 

Thanks to the first step, it suffices to prove that each P„ is the colimit of a direct 
system of subobjects satisfying (*). We will prove it inductively. 

Third step: Notice that P„ = Cone(/) for a morphism f : L ^ Pn-i, where 
L = ^jA^[ni] , Ai G A , Hi £ Z. By hypothesis of induction, P„_i = lim 
where Sj , j G J is a direct system satisfying (*). Let !FP{I) be the set of finite 
subsets of /, and put Lp = 0^eF ^i' ^ ^ J^P{I)- Notice that TP{I) is a 

directed set with the inclusion, and that L ~ lini L p . Consider the set $7 of pairs 
(P, j) G !FP{I) X J such that there exists a morphism /(fj) niaking the following 
diagram commutative: 



(r,i') 



Mi 



Pn-1 



51 is a directed set with the order: (P, j) < {F',j') if and only if P C P' and 
j !i j'- Let : Sj Sj' and Up, : Lp ^ Lpi he the structure morphisms of 
the direct systems Sj , j £ J and Lp , P G TP {I). Then one can check that 
Cone(/(Fj)) , (P, j) G 51 is a direct system of modules, with structure morphisms 











Cone(/( 



F.j)) 



Cone(/(F'j'))> 
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and whose colimit is Cone(/) = P„ via the morphisms 

Cone(/(^j)) Cone(/) = P„, 



^lJ 
uf[1] 



which are inflations. FinaUy, notice that, since there exists a conflation 

Sj -> Cone(/(^j)) Lf[1] 
with Sj € S and £f[1] relatively free of finite type, then each Cone{ f i^p j-^) is in 

s. ' V 

5.5.4. Prom smashing subcategories to ideals. Let P be a compactly 
generated triangulated category. H. Krausc gives in |691 Corollary 12.5] a bijcction 
between the class of exact {cf. |691 Definition 8.1]) two-sided ideals I of and 
the class of smashing subcategories X of V. This bijection sends an exact ideal 
T to the smashing subcategory Filt(X) formed by those objects X oiV such that 
every morphism P ^ X, with P compact, factors through some morphism of T. 
Conversely, the bijection sends a smashing subcategory X to the ideal Ix formed 
by those morphisms of V which factor through an object of X. 

The definition of exact ideal is quite abstract, since it appeals to the existence 
of a so-called cohomological quotient functor {cf. [691 Definition 4.1]). However, 
after [691 Theorem 11.1 and Theorem 12.1], a nice characterization of the notion of 
exact ideal is available in |69[ Corollary 12.6]. Namely, a two-sided ideal I of is 
exact if and only if it is idempotent, saturated and satisfies X[l] = X. On the other 
hand, thanks to Proposition 14.4.141 we know that we can replace in this bijection 
"smashing subcategories X of P" by "triangulated TTF triples {X, Z) on P" . 
After all these remarks, we have that: 

1) A saturated idempotent two-sided ideal X[l] =1 oiV^ is mapped to 

(Filt (X) , Filt (I) , Filt (X) ) . 

2) A triangulated TTF triple {X,y,Z) on V is mapped to Ix- 

Now we use: 

Lemma 5.5.12. Let [X,y[\\) he a t-structure on a triangulated category V. For 
a morphism f € P(A/, N) the following statements are equivalent: 

1) f factors through an object of X . 

2) V{f, r) = for every object Y of y . 

Proof. 1) => 2) Use that y ^X^. 
2) 1) Consider the triangle 

XTxN N ^ yr^N -> {xtxN)[1]. 

Since the composition M N yr-^N vanishes, then / factors through xtxN 
N. V 

Thanks to Lemma [5.5. 12[ we have that Xx = M.oriV'^)^ . Finally, thanks to 
[691 Theorem 12.1], we have that Filt(X)^ = X^ . Hence, one can reformulate 
H. Krause's bijection as follows: 

Theorem 5.5.13. IfD is a compactly generated triangulated category, the maps 

X^{^{X^),X^,X^^) 
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and 

define a bijection between the set of all saturated idempotent two-sided ideals X of 
V' such that X[l] ~ 2 and the set of all the triangulated TTF triples on T>. 

Let us deduce a bijection in the same spirit directly from Theorem 15.5.81 and 
the following H. Krause's result: 

Proposition 5.5.14. Let X be a smashing subcategory of a compactly generated 
triangulated category T>. If P is a compact object ofT>, M is an object of X and 
f : P M is a morphism in T>, then there exists a factorization in T> 

P 



P' 



with P' compact and u factoring through an object of X . 

Proof. This statement is assertion 2') of |661 Theorem 4.2]. We will give here 
the proof for the algebraic setting by using that, in this case, every smashing sub- 
category is induced by a homological epimorphism. First, recall that the smashing 
subcategory X fits into a triangulated TTF triple {X , y, Z) on T). Let ^ be a small 
dg category whose derived category T>A is triangle equivalent to T>. In the proof 
of Lemma 15.4.31 it was shown that, up to quasi-equi valence, we can assume that A 
is fc-flat. Also, thanks to Lemma [5 . 5 . 1 01 we can assume that P belongs to S. Let 
F : A-^ Bhc & homological epimorphism of dg categories associated (c/. Theorem 
I5.3.7P to the triangulated TTF triple {X,y,Z), and fix a triangle 



X 



A^F*B 



X[l] 



in V{A°^ (E)k A). Assume M is 7i-projective, and let Si , i G /, be a direct system 
of submodules of M as in Proposition 15.5.11] so that AI = \im Si. Then, we get a 
direct system Si (g)^ X , i G I such that lim(S'i (8)_4 X) = M ®_4 X. Since M £ X, 
for each i G I we have a commutative square 



iVA)iP, S, ®A X) 



{VA){P,S, 



{VA){P,M ®aX) 



{VA){P,M) 



where the horizontal arrows are induced by the morphisms fXi : Si —f M associated 
to the colimit and the vertical arrows are induced by the compositions 



S^®AX'^ S^ ®A A 



S^ 



and 



M(^aX^ M ®a a 



M. 



According to Lemma 15.5.101 there exists an index i e / such that / comes from a 
morphism {T>A){P, Si ®a X) via the square above. Then, / factors in VA as 



f--P^S, 



X 



S^ ^ M 
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and the result follows from the fact that Si & S and Si(E)AX £ X (see the comments 
immediately after Definition l5.3.2p . 

Here we have the promised bijcction: 

Theorem 5.5.15. IfD is a compactly generated triangulated category, the maps 

and 

define a bijection between the set of all the triangulated TTF triples on V and the 
set of all closed idempotent two-sided ideals 2 ofV^ such that T[l] = T. 

Proof. Let {X, y, Z) be a triangulated TTF triple on the category V and put 
I := AiorlV^)^ . Bearing in mind the Galois connection of subsection 15 . 5 . 21 it only 
remains to prove that I is idempotent and = y . 

Thanks to Lemma r5.5.12[ we have that X is precisely the class of all morphisms 
of V^- which factor through an object of X. Then, by using Proposition 15.5. we 
prove that I is idempotent. Finally, let us check that = y. Of course, it is clear 
that y is contained in . Conversely, let M be an object of and consider the 
triangle 

XTxM -> M yr^M xtxM[1\. 

Since both M and yr^ M belongs to X^, then xtxM belongs to X {^I^ . Since the 
compact objects generate T), if xtxM ^ there exists a non-zero morphism 

/ : P ^ XTxM 

for some compact object P. Thanks to Proposition 15 . 5 . 14} we know that / admits 
a factorization f = vu through a compact object with u in X, and so / = 0. This 
contradiction implies xtxM = and thus May. 

Remark 5.5.16. When T) is the derived category VA of a small dg category 
A, the idempotency of the ideals of the above theorem reflects the 'derived idem- 
potency' of the ^-^-bimodulc X appearing in the characterization of homological 
epimorphisms (c/. Lcmma l5.3.ip . 

The following is our announced weak version of the generalized smashing con- 
jecture: 

Corollary 5.5.17. Let V be a compactly generated triangulated category. 
Every smashing subcategory of V satisfies the principle of infinite devissage with 
respect to a set of Milnor colimits of compact objects. 

Proof. Let X he a. smashing subcategory of V. Put y :~ X^. Thanks 
to Proposition 14.4.141 and Theorem I5.5.15[ we know that y = for a certain 
idempotent two-sided ideal T of V such that T[l] = T. Then Theorem 15.5.81 savs 
that X = Tria(7'), where V is a set of Milnor colimits of sequences of morphisms 
ofX. V 

For compactly generated algebraic triangulated categories Theorem 15 . 5 . 1 51 gives 
an alternative proof of H. Krause's bijection (as stated in Theorem 15. 5. 13p . 
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Corollary 5.5.18. Let V be a compactly generated algebraic triangulated ca- 
tegory. The maps 

{X,y,Z)^ MoriVAf 

and 

define a bijection between the set of all the triangulated TTF triples on V and the 
set of all saturated idempotent two-sided ideals X ofV^ such that T[l] = T. 

Proof. Thanks to Corollary 15.5.171 and Lemma [5.5.71 we just have to prove 
that, in this case, every saturated idempotent two-sided ideal T of T>'^ such that 
X = X[l] is closed. For this, let X be a saturated idempotent two-sided ideal of 
withl[l] =1. Consider the triangulated TTF triple {X,y,Z) := (-L(XJ-),I-L,I-L-L) 
associated to X in Thcorcm l5.5.81 and let P be a 'set' of Milnor colimits of sequences 
of morphisms of X as in the proof of that theorem (in particular, closed under shifts). 
RecaU that Tria('P) = X. Put X' := 7Wor(X>=)^. Of course, X C X' . The aim is to 
prove the converse inclusion, which would imply that X is closed thanks to Lemma 
15.5.41 Let / : Q' — > Q be a morphism of X' and consider the triangle 

xTxQ Q ^ yT^Q xTxQ[l]- 

Since r]f = 0, then / factors through 6 via the following dotted arrow: 



Q' 




xTxQ Q ^ yr^Q ^ xtxQ[1] 

Theorem 4.3 of |56j says that we can assume that V is the derived category VA of 
a small dg category A. Also, Lemma [5.5.101 enables us to assume that Q' belongs 
to the set S described in subsection 15.5.31 Thanks to Theorem 14.6.71 we know that 
XTxQ can be taken to be, in the category of dg ^-modules, the direct limit of a 
certain A-sequence X : X CA such that: 

- Xo - 0, 

- for all a < A, the morphism — > Xa+i is an inflation with cokernel in V. 
Then Lemma 15.5.101 implies that / factors through a certain Xa'. 

,....Q' 




''^XQ Q ^ ^ XTxQ[l] 



Let us prove, by transfinite induction on a, that if a morphism of X' factors through 
some Xa then it belongs to X. 

First step: For a = it is clear since Xq = 0. 
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Second step: Assume that every morphism of T' factoring through Xa belongs 
to T. Let / be a morphism of X' factoring through XaJ^\: 



Q' 



Q 




Xa 



+ 1 

In we have a triangle 

Xa Xa + 1 —fP-^ Xa[V\ 

with P ^ V, i.e. P is the Milnor cohmit of a sequence 

PO ^ Pi ^ P2 ^ . . . 



of morphisms of X. By using Lemma 15.5.101 we get a commutative diagram 

/ 




where 7r„ is the nth component of the morphism tt appearing in the definition of 
Mihior coUmit. Consider the following commutative diagram in which the rows are 
triangles 



Xa 



Xa 



Xa 



■Mt- 



^P,-^Xa{\\ 



Mi 



t+i 



Pf 



t+1 



Xa^ 



P- 



■Xa[l] 



Since 77rtw = ^bu = 0, then w ~ btw' for some morphism w' : Q' Mf . Therefore, 
bu = TTtW = TTtbtw' = bipipw' , that is to say, b(u — ifipw') = and so u — ipipw' = 
= tpipat^ for a certain morphism ^ : Q' — *■ Xa. Hence, u = ipij^iw' + a*^). Put 
u' tplw' + at^). We get the following commutative diagram 




Pt+i 



Xa[l] 
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Notice that bt+iu' ~ bt+iipw' + bt+iipatS, = bt+iipw' = gtbtw' belongs to J since so 
does gt- Apply the octahedron axiom 



Q' 



Mt+i - 

bt+l 



L- 



Q'- 



t+i 



N 



-at+i[l] 



Q' 



^[l] 



u'[l] 



and consider the diagram 



A/t+i[l] 



'C I bt+iu' 



■L[l] 



-at + l[l] 



Mt+i[l] 



Pt+i 



N[l] 



Q 

The morphism — /c = —vipu'c = vipat+in belongs to X' (since so does /) and 
factors through X^- The hypothesis of induction implies that — /c belongs to I. 
Since bt+iu' also belongs to I and I is saturated, then / belongs to I. 

Third step: Assume a is a limit ordinal and that every morphism ofX' factoring 
through Xp with (3 < a belongs to X. Then we have X^ = lim^ Xp and Lemma 
15.5.101 ensures that we have a factorization 



X. 



lim Xg 

yf3<a P 



Q 



The hypothesis of induction implies that / belongs to X. 



CHAPTER 6 



Restriction of triangulated TTF triples 

6.1. Introduction 

6.1.1. Motivations. The idea here is to make an 'unbounded' approach to 
S. Konig's work [65| . Namely, once the problem of characterizing triangulated TTF 
triples on compactly generated triangulated categories (in particular, unbounded 
derived categories of dg categories) was solved in Chapter [5l we study the problem 
of descend. 

6.1.2. Outline of the chapter. In section I6.2i we characterize in several 
situations when a triangulated TTF triple on a full triangulated subcategory T)' of a 
triangulated category T) is the restriction of a triangulated TTF triple on T). Special 
attention is paid to the case in which T)' is a kind of 'right bounded' triangulated 
subcategory of T). In this situation, we also characterize when a triangulated TTF 
triple on P restricts to P'. In section r6.3[ we definitely concentrate on the right 
bounded derived category of a dg category. We use 'unbounded' methods and the 
results of section [6?2l to characterize when such a right bounded derived category is 
a recollement of two others right bounded derived categories. The characterizations 
we get are similar to the one obtained by S. Konig in |65j . 

6.2. Restriction of triangulated TTF triples 

Definition 6.2.1. Let P be a triangulated category and let V be a full trian- 
gulated subcategory of V. We say that a triangulated TTF triple {X,y,Z) on V 
restricts to or is a lifting of a triangulated TTF triple (A"', y' , 2') on P' if we have 

{X r\v',yr\v',zr\ p') = (a", y', z'). 

In this case, we say that {X' ,y\ Z') lifts to or is the restriction of {X,y,Z). 

Proposition 6.2.2. LefD be a triangulated category with small coproducts and 
letV be a full triangulated subcategory which contains a set of generators ofD. For 
a triangulated TTF triple [X' ,y' , Z') onTD' the following assertions are equivalent: 

1) {X\y' , Z') is the restriction of a triangulated TTF triple onT>. 

2) There is a set V of objects of X' such that: 

2.1) V is recollement- defining in P. 

2.2) If an object of T> is right orthogonal to all the shifts of objects of V , then 
it is right orthogonal to all the objects of X' . 

3) The objects of X' form a recollement- defining class of T> . 

Proof. 1) => 2) Let {X,y,Z) be a triangulated TTF triple on P which res- 
tricts to Z'), and let Q be a set of generators of P contained in P'. Notice 
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that, for each object Q G Q, the torsion triangle associated to {y, Z) can be taken 
to be 

ry,{Q) ^ Q ^ r^\Q) ry,{Q)[l]. 

Hence, by Lemma [4.3.61 we know that (Q) is a set of generators of Z. Remind 
that the composition 

Z-^V^ X 

is a triangle equivalence (c/. Lemma [l.6.7p . and so V :~ tx{t^ (Q)) is a set of 
generators of X. But, since (Q) is contained in V, then V is in fact V = 
tx'{t^ (Q)), which is contained in X'. Now, Lemma [4.3.61 implies that y is the set 
of objects of T> which are right orthogonal to all the shifts of objects of V, and so 
P is recollement-dcfining in D. Finally, the inclusions y C X-^ C X'^ prove 2.2). 

2) 3) Part 2.2) implies that A"'^^ is the class of all objects which are right 
orthogonal to all the shifts of objects of V, and so, thanks to part 2.1), it is both 
an aisle and a coaisle in V. 

3) ^ 1) Consider iX,y,Z) {^{X'^),X'^,X'^^), with orthogonals taken 
in V, which is a triangulated TTF triple on V. Since {X' ,y' , Z') is a triangulated 
TTF triple on P', then we have y' = X'^rW = yr{D' . We next prove X' = Xr(D' . 
The inclusion C is clear. Conversely, let X G A" n P' and consider the triangle 

TX\X) -^X^ T^'{X) ^ TX'{X)[1]. 

Its two terms on the left belong to X. Then t^' (X) e X ny' C X ny ^ {0} and 
so X G X' . Now, we have the following inclusions 

z nV = y^ nV c y'^ nV = z' . 

Finally, let Q be the set of generators of T) contained in V . Lemma [4.3.61 implies 
that T^{<3)^ = Z. Also, notice that r^(Q) C n X>' = y . Therefore, 

z' = n 2?' c r^(Q)^ r\V' = zr\V' . 

Corollary 6.2.3. Under the hypotheses of Proposition [6. 2. 2\ the map 

{X, y, z)^{xr\ V, yr\V',zc] V) 

defines a bijection between: 

1 ) Triangulated TTF triples on T> which restricts to triangulated TTF triples on 

v. 

2) Triangulated TTF triples on T>' which are restriction of triangulated TTF triples 
on T> . 

Proof. Of course, the map is surjective. Now, let Q C P' a set of generators 
of V and let (A", y, Z) be a triangulated TTF triple such that (A", y , Z') = (A" n 
V , yr,V',ZfXD') is a triangulated TTF triple on V . Then, the proof of Proposition 
16.2.21 shows that y is precisely the class of objects of T> which are right orthogonal 
to all the shifts of objects of rA''(T^ (S))- This implies the injectivity. ^ 

Corollary 6.2.4. Under the hypotheses of Provosition \6.2.M - 
1 ) IfT) is an aisled triangulated category, then a triangulated TTF triple (A", y , Z') 
on TD' is the restriction of a triangulated TTF triple on T> if and only if there 
exists a set V of objects of X' such that: 
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1.1) The class y of objects ofD which are right orthogonal to all the shifts of 
objects of V is closed under small coproducts. 

1.2) y is contained in X'^^ . 

2) If T) is compactly generated, then every triangulated TTF triple on T>'^ is the 
restriction of a triangulated TTF triple on T>. 

Proof. 1) If {X' ,y' , Z') admits a lifting, then wc know there exists such a 
set V thanks to Proposition 16.2.21 Conversely, assume the existence of a set V 
satisfying 1.1) and 1.2) is guaranteed. According to Proposition 16.2.21 we iust have 
to prove that V is recoUement-defining, which holds thanks to Lemma r5.2.3l 

2) Let {X',y\Z') be a triangulated TTF triple on A skeleton V of X' 
clearly satisfies condition 2.2) of Proposition lHTT^ and. thanks to Remark l5.2.61 we 
know that it also satisfies condition 2.1). y/ 

Recall ( cf. Lemma 14.6.141 and Example I4.6.15P that if Q is a set of perfect 
objects of a triangulated category V with small coproducts, the existence of the 
smallest aisle in T> containing Q, denoted by aisle(Q), is guaranteed. 

Proposition 6.2.5. LetT> be a triangulated category with small coproducts and 
perfectly generated by a set Q such that the coaisle aisle{Q)^ is closed under small 
coproducts. Put T>' :~ Unez ci'i'Sle{Q)[n] and let {X' ,y' , Z') be a triangulated TTF 
triple on T>' . The following assertions are equivalent: 

1) [X' ,y' , Z') is the restriction of a triangulated TTF triple on T>. 

2) X' is exhaustively generated to the left by a set V of objects such that Triax>{V) 
is an aisle in T> whose associated coaisle is closed under small coproducts. 

Proof. 2) =J> 1) We will apply condition 2) of Proposition 16.2.21 to the set 
V. Since TriaD(7^) is an aisle in T>, TTia.'p{V)^'^ is closed under small coproducts 
and T> is perfectly generated, then V is recollement-dcfining in T> thanks to Lemma 
15.2.51 This proves condition 2.1). Let us prove condition 2.2). First notice that, 
thanks to Lemma 14.7.71 we know that the inclusion functor X' ^ T> preserves 
small coproducts for it is the composition of the coproduct-preserving inclusions 
X' ^ T>' ^ T>. Now, for every object X € X' there exists an integer i S Z such 
that X fits into a triangle of X' (and so of T>) 

II Pn[i] -^\[Pn[l]^ X ^\[P^[i+\\ 

n>0 n>0 n>0 

with Pn e Sum(7'+)*" for each n > 0. Let M be an object of T) which is right 
orthogonal to all the shifts of objects of V . Then, we get a long exact sequence 

. . . ^ P„[i + 1], M) ^ M) ^V{[1 P„[i],M) -> . . . 

n>0 n>0 

in which 

V{]]_Pn[i + l],M)=V{]]_Pn[i], M) = 0, 

n>0 n>0 

and so V{X, M) ^ 0. 

1) 2) In the proof of Proposition [6?2T2l it was shown that V := {tx'z't'^ )(Q) 
is recoUement-defining in and so Triai5(7^) is an aisle in V whose associated 
coaisle is closed under small coproducts. It remains to prove that X' is exhaustively 
generated to the left by V . Given X ^ X\ there exists an integer i S Z such that 
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X[i] g aislex)(Q), that is to say, X[i] £ Susp-p{Q) [cf. Lemma |4.6. 141 together with 
Example l4.6.15p . Hence, thanks to Example l4.6.151 X[i\ occurs in a triangle 

ri>0 ri>0 n>0 

with Qn G Sum(Q+)*" for each ti > 0. Notice that the above triangle Uves in I?', 
and so it makes sense to apply the triangle functor tx'z't'^ . Since this functor is 
isomorphic to tx', it preserves small coproducts and we get a triangle 

n>0 ri>0 )i>0 

in X' with Tx'ir^'Qn) & Sum(7'+)*" for each n > 0. V 

As a consequence we deduce that, sometimes, an intrinsic property of a trian- 
gulated TTF triple on V, which is independent of the ambient category V, already 
guarantees that it lifts to a triangulated TTF triple on V. Indeed, 

Corollary 6.2.6. Let V be a triangulated category with small coproducts and 
perfectly generated by a set Q such that the coaisle aisle{Q)^ is closed under small 
coproducts. Put V :~ lj„g2 ais^e(Q)[n] and let {X' ,y' , Z') be a triangulated TTF 
triple on T>' such that X' is exhaustively generated to the left by a set V whose 
objects are superperfect in X' . Then, (X' ,y' , Z') is the restriction of a triangulated 
TTF triple on T>. 

Proof. By using the techniques of the proof of Lemma [4.4.81 we prove that 
the objects of V are superperfect in V. Now, Lemma [4.7.71 implies that they are 
also superperfect in T>, and thanks to Theorem 14.4.131 and Remark 15.2.61 we know 
that Triax)(7-') is an aisle in V whose coaisle is closed under small coproducts. ^ 

The following lemma is well-known (cf. [121 paragraph 1.3.19]): 

Lemma 6.2.7. Let (U,V[l]) be a t-structure on a triangulated category T>, and 
let T>' be a strictly full triangulated subcategory ofT>. The following assertions are 
equivalent: 

1) {V nU,V' n V[l]) is a t-structure on V. 

2) {uTu){V') C v. 

Proof. 1) ^ 2) Put [W ,V) := [V r\U,V' n V), and lei l : V ^ V be the 
inclusion functor. For each object N of V we have a triangle in T> 

uTuN N ^ VT^N {uTuN)[l], 

which is isomorphic to 

lu'tu'N N ^ lv't^'N ^ {lu'tu'N)[1] 

thanks to Lemma [4.2.31 Therefore utuN belongs to V . 
2) 1) Given an object TV of I?', in the triangle 

uTuN -> N VT^N -> {uTuN)[l] 

we have that both utuN and belongs to V . Thus, vt^ N belongs to V . 

We present now a very particular situation in which condition 2) of Lemma 
16.2.71 can be improved. 
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Proposition 6.2.8. LetV be a triangulated category with small coproducts and 
perfectly generated by a set Q such that the coaisle aisle{Q)^ is closed under small 
coproducts. Put V := lj„g2; o,isle{Q)[n\ and let (U,V) be a t-structure on V such 
that U is triangulated and V is closed under coproducts. The following assertions 
are equivalent: 

1) {V r]U,V' nV) is a t-structure on V . 

2) {uTu){Q) C aisle{Q,)[n\ for some integer n. 

Proof. 1) ^ 2) Thanks to Lemma |6X7[ it suffices to prove that {utu){V') C 
V hiiphes condition 2) of the proposition. Since N := UgeQ ^ belongs to aisle(Q), 
there exists an integer n such that utuN belongs to aislc(Q)[n]. Now notice that for 
each Q G Q we have that utuQ is a direct summand oiuTuN. But since aisle(Q)[n] 
is closed under Milnor colimits in V then it is also closed under direct summands. 
This implies that utkQ belongs to aisle(Q)[n]. 

2) ^ 1) Thanks to Lemma [6.2.71 it suffices to prove the inclusion {uti(){T>') C 
V . Let TV be an object of V and fix an integer i such that N[i\ belongs to aisle(Q). 
By Example 14. 6 . 1 51 we have that N[i] is the Milnor colimit of a sequence 

Mo ^ Ml ^ A'h^ ... 

where M„ G Sum(Q"'")*" for each n > 0. Now, since utu commutes with small 
coproducts, by applying it to the corresponding Milnor triangle we get that uTiiN[i] 
belongs to V , and then so does ut^N . ^ 

Remark 6.2.9. If in Proposition 16.2.81 Q is a finite set, then one can replace 
condition 2) by: {utu){Q) C V . 

Corollary 6.2.10. Under the hypotheses of Provosition [6.2.81 the following 
assertions are equivalent for a triangulated TTF triple {X,y,Z) on T>: 

1) (P' n X,V' n n Z) is a triangulated TTF triple on V. 

2) The following conditions hold: 

2.1) (xTx){Q) C aisle(Q)[n] for some integer n. 

2.2) {yTy){V')CV'. 

Example 6.2.11. Let / be a two-sided ideal of a fc-algebra A, and assume the 
projection tt : A — > A/I is a homological epimorphism. We know (c/. Example 
I5.3.4P that in this case T>A is a recoUement of V{A/I) and Tna.xiA{I)- 

V{A/I)^^^^^ VA ^^—^^^rm-vAil) 

TlHomA(A/IJ) ^ 

Notice that, in case / is compact in TriauA (-?^) , Corollary 14.5.31 implies that T>A is 
a recoUement of and PC, where C := (Cdgyl)(i/, i/). Thanks to Corollary 

16.2. lOi we know that the associated triangulated TTF triple restricts to T)^ A if 
and only if the following conditions hold: 

1) Tx{A) =■ A®\I = I belongs to A, 

2) RHomA(A//,M) belongs to V-^Ajl) for each M in V- A. 

Of course, the first condition always holds. The second condition holds \i Ajl has 
finite projective dimension regarded as a right A-module or, equivalently, / has 
finite projective dimension regarded as a right ^-module. Assume then that I a bas 
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finite projective dimension and also that it is compact in TriavAil)- In this case 
the mutually quasi-inverse triangle equivalences 

TTia.-DA(I) Z ^ VC 

guaranteed by Corollary 14.5.31 restrict to mutually quasi-inverse triangle equiva- 
lences 



Tria2,^(/) nV-A ^3 p-C. 

Therefore, V'A is a recollement of 'D~{A/I) and V^C. This example contains as 
particular cases the decollemcnts of Corollary 11, Corollary 12 and Corollary 15 
of |65j . and describes functors appearing in those decollemcnts as restrictions of 
derived functors. 

6.3. Recollements of right bounded derived categories 

All through this section the appearing dg categories are small. 

Definition 6.3.1. Let ^ be a dg category with associated exact dg category 
CdgA {cf. [60] or subsection 14. 5p . A fibrant replacement of a set V of objects of 
the derived category VA is a full subcategory B of CdgA formed by the fibrant (or 
7Y-injective) replacements iP of the modules P of V. 

Recall from subsection 14.51 that, under the conditions of Definition 16.3.11 we 
have a dg S-^-bimodule X defined by 

X{A,B) := B{A) 

for A in A and B in B. This gives rise to a funtor 

HorriAiX, ?) : CdgA CdgB 

which induces triangle functors 

HomAiX,?) -.HA^HB 

and 

m-ConiAiX, 7) -.VA-^ VB. 

Definition 6.3.2. Under the conditions above, we say that: 

1) V is right hounded if P C V-'^A for some n G Z. 

2) V is dually right bounded if the functor 

miamA{X,l) -.VA^VB 
sends an object of D'A to an object of V^B. 

A priori, the notion of "dually right bounded" depends on the fibrant replace- 
ment of V, however this is not drastic. Indeed, 

Lemma 6.3.3. Assume we are under the conditions above. Consider two fibrant 
replacements B , B' of V , and let X , X' be the corresponding dg himodules. Then 
there exists a triangle equivalence F : DB' ^ VB making the following diagram 

VA ^ — ^VB 

RHomAiX' ,7) 

VB' 
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commutative up to triangle equivalence. Moreover, F induces a bijection between 
the corresponding representable modules. 



Proof. Our proof is based on Corollary 14.5.31 but, for the sake of simplicity, 
wc will use the following notation: Hx '■= ini.omj,{X,?) , Tx :=? <8)g X and 6-^ 
for the counit of the adjunction {Tx,Hx). Similarly for X' . Take F to be the 
composition 



VB' 



Tx' 



■VB 



The fact that _F is a triangle equivalence and induces a bijection between the co- 
rresponding representable modules follows from Corollary 14. 5. 31 Let us check that 
Fo Hx' is isomorphic to Hx. Giyen an object M of VB' wc know, thanks to Coro- 
llary [5321 Lemma l4.2.3l that there exists a unique isomorphism of triangles 



Tx'Hx'iM) 



TxHx{M) 



Cone((5f/; 



■Tx'Hx'iAim 



■AF 



Cone((5 



aA/[l] 



■TxHxiM)[l] 



extending the identity 1m. Now, the composition 

Hx (om) 



FHx'{M) = HxTx'Hx'iM) 



HxTxHx{M) 



HxiS'lr) 



■ HxM 

is an isomorphism which induces an isomorphism between F o Hx' and Hx- \J 

Lemma 6.3.4. Let A be a dg category and V a set of objects ofV~A . Assume 
that there exists an integer m such that for every two objects P and P' of V we 
have {VA){P, P'[i]) = for i > m. Consider the following assertions: 

1) V is dually right bounded. 

2) For each object AI ofV^A there exists an integer sm such that {VA){P, AI[{\) = 
for every P Cz P and every i > m + Sj\/ . 

Then 1) implies 2) and, if m ~ 0, we also have that 2) implies 1). 

Proof. Let S be a fibrant replacement of the set P . Notice that the assump- 
tion on the set P is equivalent to say that B has cohomology concentrated in degrees 
(— cxD,m]. Let X be the associated yl-S-bimodule. Assertion 1) says that for each 
AI e V^ A there exists an integer sm such that 

{CdgA){l,iAI)yeV^'''B. 

Now, thanks to Lemma this imphes that {VA){P, M[z]) = for every P eP 

and every i > m+s^v/. As stated in Lemma [4 .7. 21 in case m = we can go backward 
in the proof. ^/ 



The following is a kind of 'right bounded' version of Corollary 14. 5. 31 

Lemma 6.3.5. Let A be a dg category and let P be a set of objects ofV^A such 
that: 

a) it is right bounded, 

b) its objects are compact in Tria-pAiP) ^P -^; 

c) Tria-pAO^) ^ V^A is exhaustively generated to the left by P. 
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Let B be a fibrant replacement of V and let X be the associated B-A-bimodule. 
Then, the functor ? X : DB DA induces a triangle equivalence 

?(g)^X : V-B ^ TriavAiV) n A, 
and the following assertions are equivalent: 

1) Triu'pAi'P) ^ 'D A is an aisle in V^A. 

2) V is dually right bounded. 

Proof. First step: The triangle functor 

1 ®^X -.VB -^VA 

induces a triangle functor 

? ®^ X : V-B Tria{V) n A. 

Let U be the full subcategory of V^B formed by those N such that N (g)g X £ 
Tria{'P)nV- A. It is a full triangulated subcategory of T)~B. Notice that, if B = iP 
is the object of B corresponding to a certain P E V, then 

(g}lX = iP = P e TTia{V) n v-A. 

This proves that U contains the representable dg S- modules B^. It also proves 
that, since Tria(7') n T>~A is closed under small coproducts of finite extensions of 
objects Sum(7-'"'"), then U is closed under small coproducts of finite extensions of 
objects of Sum({B^}^gg). Finally, Lemma [4.3.51 implies that U — T>~B. 

Second step: The functor 7 ig)^ X : V-B Tria{V) n V-A is a triangle 
equivalence. 

This is proved by using Lemma 14.4.151 Indeed, \i B = \P is the object of B 
corresponding to P € 7^, we have seen already that B'^ ®^X = P, which is compact 
in Tria(P) fl V' A by hypothesis. Also, if B = iP and B' = iP' are objects of B, 
we have 

(I?S)(P^,P'^[n]) ^ H''B{B,B') = 
= {nA){iP:iP'[n\) ^ {VA){B'' ®^X,P'^[n] 

Finally, by hypothesis, Tria(P) n V-A is exhaustively generated to the left by the 
objects B'^ ®^X = \P = P. 

Third step: Thanks to the second step, 1 ) holds if and only if the functor 
? X : V~B — > V~ A has a right adjoint. Let us prove that this happens if and 
only if V is dually right bounded. 

The 'if part is clear. Conversely, let G : V-A V-B be a right adjoint to 
? X. For simplicity, put R7ioTO^(X, ?) = Hx. Consider the diagram 













V- 






' V- 








G 






IB 








VB^ 




' VA 






Hx 







where n is any integer and t is the inclusion functor. We have that 
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since these two compositions are right adjoint to 7(^^Xol. Let the M be an object 
of V^A and fix an integer n such that GM E V-'^B. Then, we get 

for each i > 0. This imphcs that t>"{HxM) e for each i > 0. In 

particular, 

W{t>''Hx{M)) = 
for every j e Z, that is to say, t>'^{Hx{M)) = 0. Thus, Hx{M) G P^'^S. ^ 

The following is a kind of 'right bounded' version (with several objects) of 
Corollary Em 

Proposition 6.3.6. Let A be a dg category. The following assertions are 
equivalent: 

1) 'D~ A is a recollement ofD^B and V^C, for certain dg categories B and C. 

2) There exist sets V , Q in T>~ A such that: 

2.1) V and Q are right bounded. 

2.2) V and Q are dually right bounded. 

2.3) Tria[V) HV^A is exhaustively generated to the left by V and the objects 
of V are compact in T>A. 

2.4-) Tria{Q) nV^A is exhaustively generated to the left by Q and the objects 
of Q are compact in Tria{Q) D T>^A. 

2.5) {VA){P\iiQ) =^ for each P eV , Q e Q and i e Z. 

2.6) VUQ generates VA. 

Proof. 1) ^ 2) Consider the decoUement 



i' j. 




3'. 



and let {X' , Z') be the corresponding triangulated TTF triple on T> A. Let V 
be the set formed by all the objects j\{C^) ,0^0 and let Q be the set formed by 
all the objects i*{B^) , B G B. 

2.1) Notice that the coproduct Ucec '-^^ lives in V^C and, since ji : T>^C ^ X' 
is a triangle equivalence, then there exists in T>^ A the coproduct Opep P- Now, 
the claim in the proof of Lemma 14.7.71 implies that V is right bounded. Similarly 
for Q. 

2.3) Since j\ : V^C ^ A"' is a triangle equivalence, then X' is exhaustively 
generated to the left by the set 7^, whose objects are compact in X' . Then Corollary 
16X61 savs that {X' ,y' , Z') is the restriction of a triangulated TTF triple {X,y, Z) 
on VA. Moreover, X = TriaCP) and so X' = Tria(7') n V- A. This proves that 
Tria(7^) n T>~ A is exhaustively generated to the left by V . With the techniques of 
the proof of Lemma [4. 4. 81 we can prove that the objects of V are compact in T>~A, 
and then Lemma 14.7.71 implies that they are also compact in VA. 

2.4) Since : V^B ^ 3^' is a triangle equivalence, then y' is exhaustively 
generated to the left by the set Q, whose objects are compact in y' . From the 
proof of 2.3) we know that 

y = Tria(7')^ n V'A. 
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Of course, Q is contained in y' and so Tria(Q) n V^A is contained in y' . Notice 
that Tria(Q)nl?^^ is a full triangulated subcategory of 3^' containing Q and closed 
under small coproducts of objects of Un>o This implies (c/. Lemma 

liX5l) that Tria(Q) n V'A = y' . 

2.2) From the proof of 2.3), we know that Tria(7') n V^A is an aisle in V^A. 
Then Lemma 16.3.51 implies that V is dually right bounded. Similarly for Q. 

2.5) and 2.6) follow from the fact that (Tria(7'), Tria(Q)) is a t-structure on 

VA. 

2) =^ 1) Since the objects of V are compact in VA, then (c/. Lemma [5.2.31 or 
Lemma [5.2. 5p we know that 

(Tria(7'), Tria(7')^, Tria(7')^-^) 

is a triangulated TTF triple on VA. From conditions 2.5) and 2.6) we deduce that 
Q generates Tria(7')-'-. Moreover, since Tria(7')-'- is closed under small coproducts, 
then Tria(Q) is contained in Tria(7')^. The fact that Tria(Q) is an aisle in VA 
{cf. Corollary 14. 6. lOp together with Lemma [4.3.61 implies that Tria(P)-'" = Tria(Q). 
Lemma [6.3.51 implies that Tria(P) n V^ A and Tria(Q) n V^ A are aisles in V^ A. 
Given AI E V^A, consider the triangle 

M' M ^ M" M'[l] 

in V-A with M' € Tria('P) n V- A and M" e (Tria(7') n V- A)^ . In particular, 
M' e Tria(7') and M" e Tiia.{V)^ = Tria(Q). This proves that 

(Tria(7') n V-A, Tria(Q) n V-A) 

is a t-structure on V-A. Similarly, 

(Tria(Q) n V-A, Tria(Q)^ n V-A) 

is a t-structure on V-A. These t-structures together form a triangulated TTF 
triple {X',y',Z') on V-A. Finally, Lemma (6X51 implies that X' = 2?"C (for a 
cofi-brant replacement C of T-") and y' = V~B (for a cofibrant replacement B of 

Q)- V 

We will prove in Corollarv l6.3.9l bclow that conditions of assertion 2 in Proposi- 
tion [^321 can be weakened under certain extra hypotheses. But first we need some 
preliminary results. The following one is a 'right bounded' version of the proof of 
B. Keller's theorem |561 Theorem 5.2]: 

Proposition 6.3.7. Let V he a set of objects of a triangulated category V such 

that 

1) the objects of V are compact in Tria^V), 

2) V{P, P'[i\) ^ for each P , P' eV andi>l, 

3) small coproducts of finite extensions of Sum{V^) exist inV, 

4) for each M e V there exists G Z such that V[P[n\, M) = if n < kM. 

Then Tria{V) is an aisle in V exhaustively generated to the left byV. In particular, 
if V generates V, then Tria(V) = V. 

Proof. Let M G V. We know that if V{P[n],M) ^ for some P &V, then 
n > ku. Since T' is a set, there exists an object 

PoeSum(7'+[fcM]) 
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and a morphism ttq : Po ^ A/ inducing a surjection 

for each P e "P , n G Z. Indeed, one can take 

Po := [] p[„](P(PN,A/))^ 

PeP . n>kM 

Now, we will inductively construct a commutative diagram 

Po ^ Pi ^ -p Pq ^ ■ • ■ , 9 > 

M 

such that: 

a) P, e Sum(P+[fcM])*«, 

b) TTq induces a surjection 

< :I?(PN,P,)^I?(PN,M) 
for each P g P , n e Z. 
Suppose for some q > we have constructed Pq and iTq. Consider the triangle 

C,^P,^A/^C,[1] 

induced by tt^. By applying I?(P[n], ?) we get a long exact sequence 

. . . ^ V{P[n + 1], M) ^ P(P[n], Cq) V{P[n],Pq) . . . 

If V{P[n],Cq) ^ 0, then either V{P{n + 1], M) 7^ or V{P{n\Pq) ^ 0. In the first 
case, we would have n > fcj\f — 1. In the second case we would have 'D{P[n], P'[m]) ^ 
for some P' E V , m > Um, and so n > to > fcj\/. Therefore, 2?(P[n],Cq) 7^ 
implies n > k}^[ — 1. This allows us to take 

ZqESuTn{V+[kM-l]) 

together with a morphism [3q : Zq Cq inducing a surjection 

[3^ ■.ViP[n],Zq)^V{P[niCq) 

for each P G P , n G Z. Define /q by the triangle 

Zq Pq h P,+ i ^ 

Since TTqUq = 0, there exists TTg+i : Pg+i ^ M such that TTq+ifq = TTq. Notice that, 
since 

Zq[l] e Sum(P+[A:M]), 

then 

P,+i e Sum(P+[fcM])*^'^+'^ 
Also, the surjectivity required for T^q^i follows from the surjectivity guaranteed for 
TT^. Define Poo to be the Milnor colimit of the sequence fq, q > 0: 

U^.^U^. ' ^°o-iip,[i]. 

q>0 q>0 q>0 
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Consider the morphism 

61 = [ ... ]:Y[Pq^ M. 

q>0 

Since i^q+ifq = tt^ for every g > 0, we have Oip = 0, which induces a morphism 
T^oo '■ Poo ^ M such that tTqc^j = 0. If we prove that tTqc induces an isomorphism 

7r^:V{P[n],P^)^V{P[n],M) 

for every P d V , n G Z, then we would have 

I?(P[n],Cone(^oo)) =0 

for every P V , n G Z, that is to say 

Cone(7roo) e Tria(7')^. 

Therefore, we would have proved that Tria(7') is an aisle in T>. Also, if AI G Tria(7'), 
in the triangle 

Poo ^ M ^ Cone(^oo) ^ Poo[l] 
we would have that Poo , M G Tria(P), which implies 

Cone(7roo) G Tria(P). 

Therefore, Cone(7roo) = and so tToo is an isomorphism. Thus, we would have 
proved that for every object of Tria(P) there exists an integer kM and a triangle 

II P, ^ II P, ^ M[-kM] ^ II P,[l] 

g>0 9>0 i3>0 

with Pq G Sum(P+)*' , q > 0- In particular, we would have that Tria(P) is 
exhaustively generated to the left by V. 

Let us prove the bijectivity of tt^. The surjectivity follows from the identity 
TT^ip^ ~ 0^ and the fact that 9^ is surjective (thanks to the surjectivity of the 
T^q 1 9 > and the compactness of the P E V). Now consider the commutative 
diagram 

U,>o -DiPinlPq) Uq>, l^iPHPq) ^ V{P[n],P^) 




V{P[n],M) 

The map ip^ is surjective since the map 

^[ir : IIl?(PW,P,[l]) ^ Il2?(P[n],P,[l]) 

q>0 q>a 

is injective. If we prove that the kernel of 9^ is contained in the image of (p^, then 
we would have the injectivity of tt^ by an easy diagram chase. Let 

.9= [ .90 .91 ••• ]' ■P[n]^l[Pq 

q>0 

such that 

[ TTo TTl ...][ go gi ...]*= 7ro5o + tti^i H = 0. 
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Notice that there exists an s > such that ps+i = gs+2 = • • • = 0. Then 

TToffO H 1- T^s9s = 

imphes 

TTs{fs~i ■ ■ ■ /o5o + fs-1 ■ ■ ■ /i5i H \-gs) = 

and so the morphism 

fs-i ■ ■ ■ /o.9o + fs-i ■ ■ ■ figi H 1- ,9s 

factors through as'. 

fs-i ■ ■ ■ /o,9o + fs-i ■ ■ • /i.9i H \-9s = asls ■ P[n] ^ Cs ^ Ps- 

By construction of Zg wc have that 7^ factors through f3s, and so 
fs-i ■ ■ ■ /offo + fs-i ■ ■ ■ /i,9i H \-gs = oisPsis- 

This imphes 

fs--- fo90 + fs--- /l,9l H 'r fsQa = fsO^sPsL = 0, 

since fgOisf^s = by construction of fg. Therefore, the morphism 

h : P[n] ^ U 

q>0 

with non-vanishing components 

P[n] -^Pr^Y[Pg 
q>0 

induced by 

,9r H K /r-i • • ■ /i.9i + fr-i ■ ■ ■ /o.9o : P[n] -> Pr 

with < r < s, satisfies ip^{h) = g. 

Corollary 6.3.8. Let A be a dg category and let V be a set of objects ofD^A 
such that: 

1) it is both right bounded and dually right bounded, 

2) its objects are compact in Tria{V) H V^A, 

3) {VA){P, P'\i]) = for each P , P' e V and i > 1. 

Then Tria{V) OD^ A is exhaustively generated to the left by V. 

Proof. Put V Tria(7') n V-A. Since V is right bounded, then V is 
contained in V and for each integer k smah coproducts of finite extensions of 
Sum(7^+[fc]) are in T). Also, since V is right bounded, for each M G T) there 
exists an integer km such that I?(P[n],M) = for each P ^ V and 7i < kM- 
Therefore, we can apply Proposition 16. 3 .71 ^ 

Corollary 6.3.9. Let A be a dg category. The following assertions are equi- 
valent: 

1) T>~ A is a recollement ofT>~B and T)~C, for certain dg categories B and C with 
cohomology concentrated in non-positive degrees. 

2) There exist sets V , Q in 'D~ A such that: 

2.1) V and Q are right bounded. 

2.2) V and Q are dually right bounded. 
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2.3) The objects of V are compact in VA and satisfy 

{VA){P,P'[i])=0 

for all P , P' eV and i > 1. 

2.4) The objects of Q are compact in Tria{Q) C]'D~ A and satisfy 

{VA){Q,Q'[i])^0 

for all Q ^ Q' & Q and i>\. 

2.5) {VA)[P[i\,Q) = for each P e V , Q e Q and i e Z. 

2.6) VUQ generates VA. 

Proof. 1) ^ 2) Is similar to the corresponding implication in Proposition 
16.3.61 The fact that the dg categories B and C have cohomology concentrated in 
non-positive degrees is reflected in the fact that 

{VA){P,P'[j]) = iVA){Q,Q'[i])^0 

for each P , P' e V , Q , Q' e Q &nd i > 1. 

2) ^ 1) Thanks to CoroUarv 16.3.81 conditions 2.3 and 2.4 of Proposition 16 . 3 . 6l 
are satisfied. Therefore, this Proposition (and its proof) ensures that V^A is a 
recollement of V^B and V^C, where S is a fibrant replacement of Q and C is a 
fibrant replacement of V. Finally, the fact that 

{VA){PP'[i]) ^ {VA){Q,Q'[i]) = 

for each P , P' E V , Q , Q' E Q and i > 1 implies that B and C have cohomology 
concentrated in non-positive degrees. ^ 

Definition 6.3.10. Let A be an ordinary algebra. If M e CA is a complex 
of ^-modules, the graded support of M is the set of integers i G Z such that 
AP 7^ 0. In case M is a bounded complex, we consider w{M) ~ sup{i € Z | 7^ 
0} — inf{i G Z I 7^ 0} -I- 1 and call it the width of AI. Suppose now that 
P e CA is a bounded complex of projective A-modules, so that P is a dually right 
bounded object of T>~A {cf. Lemma [6.3.4|) . and M g A is any object of the 
right bounded derived category. Unless M e Triax)A(^')^, there is a well-defined 
integer kn = inf{n G Z | {VA){P[n],M) ^ 0}. 

Lemma 6.3.11. Let P be a bounded complex of projective A-modules such that 
{VA){P,P[i\) = 0, for all i > 0, and the canonical morphism {VA){P, P[i\)^^^ 
{T>A){P, P[iY^'>) is an isomorphism, for every integer i and every set A. Let M be 
an object of Triax>A{P) H T>~ A. There exists a sequence of inflations = P_i 
Pq — > Pi — > ... in CA, whose colimit is denoted by P^o, satisfying the following 
properties: 

1) Poo is isomorphic to M in VA. 

2) Pn/Pn-i belongs to Sum{{P}^[kM + ri]), for each n > 0. 

3) If n > w{P) — kM then the graded supports of P and Poo/Pn are disjoint. 

Proof. Imitating the proof of Proposition l6.3.7l we shall construct a filtration 
satisfying conditions 2) and 3), leaving for the last moment the verification of 
condition 1). 

First step: condition 2). Note that in the proof of that proposition, we start 
with Pq G Sum(P[i] : i > km) and then, at each step, Pq+i appears in a triangle 

Zq Pq Pq+l ^ Zq[l], 
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where Zq is a coproduct of shifts /'[«], with i > fcj\/ — 1. Working in CA and bearing 
in mind that Zq is 7i-projective (it is a right bounded complex of projective A- 
modulcs), we can assume without loss of generality that fq is the mapping cone of 
a chain map Zq — s- Pq and, as a consequence, that fq is an inflation in CA appearing 
in a conflation 

Pq ^ Pq+l Zq[l], 

where Zq[l] is a coproduct in CA of shifts i > k^. We shall prove by induction 
on g > that one can choose Zq[l] G Smji{{P}^[q + 1 + or, equivalcntly, 

that Zq G Sum({P}"''[(7 + /cm]). Since Zq is defined via a Sum({P[i]}igz)-prccovcr 

Zq ^ Cq, our task reduces to prove that {'DA){P[i],Cq) ^ implies i > q + km- 
We leave as an exercise checking that for g = 0. Provided it is true for g — 1, we 
apply the homological functor {'DA){P[i], ?) to the triangle 

Zq-l ^ Cq-l Cq ^ Zq^l[l] 

and, bearing in mind that (VA){P[i], Zq^i) {'DA){P[i],Cq-i) is surjcctive, we 
get that {'DA){P[i],Cq) {'DA){P[i], Zq-i[l]) is injective. As a consequence, 
the inequality {VA){P[i],Cq) ^ implies that {VA){P[i], Zq^i[l]) ^ and the 
induction hypothesis guarantees that Zq-i is a coproduct of shifts P[j], with 
j >q-l + kM- Then {VA){P[i\,Cq) ^ implies that 7^ [V A){P[i\, P[j + 1]) = 
(I?A)(P, P[j + 1 — i]), for some j > q ~ 1 + kM- Then i > q + kM as desired. 
In conclusion, we can view the map fq '■ Pq ^ Pq+i as an inflation in CA whose 
cokerncl is isomorphic in CA to a coproduct of shifts P[j], with z > g + 1 + kM- 

Second step: condition 3). If now n > is any natural number, then Poo/Pn 
admits a filtration 

= Pn/ P71 Pn+l/ Pn ^ ••■ 

in CA, where the quotient of two consecutive factors is a coproduct of shifts P[j], 
with i > n + kM- If n > w{P) — kM, then any such index i satisfies i > w{P) 
and then the graded supports of P and P[i] are disjoint. As a result the graded 
supports of P and Poo/Pn are disjoint whenever n > w(P) — kM- 

Third step: condition 1). Finally, in order to prove condition 1), notice that 
the argument in the final part of the proof of Proposition l6.3.7l can be repeated, as 
soon as we are able to prove that the canonical morphism Un>o(-^^)(-^W' ~^ 
(I'A)(P[i], P„) is an isomorphism, for every integer z € Z. It is not difficult 

to reduce that to the case in which i = 0. For that we fix n > w{P) — kM large 
enough so that also the graded supports of P[l] and Poo/Pn are disjoint. Then we 
get a conflation in 

\fc<n I \k>n / k>Q k>n 

That conflation of CA gives rise to the corresponding triangle of VA. But the right 
term in the above conflation has a graded support which is disjoint with those of 
P and P[l]. That implies that 



{VA){P, W Pk/Pn) = = (VA)iP, ]l Pk/Pnhl]) 
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and also 

H {VA){P, Pu/Pn) = = U {VA){P, Pu/Pn[-l]). 

k>n k>7i 

We then get a commutative diagram with horizontal isomorphisms: 



{m){P,Uk<nPk)) ® im){P,Uk>nPn)) — (PA) (F, Ufc>o 

The proof will be finished if we are able to prove, for any fixed natural num- 
ber n, that {'DA){P[i],7) preserves small coproducts of objects in Sum({P}+)*" 
for every i £ Z. Let us prove it. From the hypotheses on P and the fact if 
i > w{P) then (I?A)(P, P[i]('^' ) = for every set A, one readily sees that, for 
every integer m and every family of exponent sets (Aj)j>„j, the canonical mor- 
phism !];>,„ (X'A)(P,PH)(^') i'DA)iP,l[i>n^P{^\^^'^) is an isomorphism. Our 
goal is then attained for n = and an easy induction argument gets the job done 
for every n > 0. -^Z 

Now S. Konig's theorem [651 Theorem 1] 'follows' from our results. 

Theorem 6.3.12. Let A, B and C be ordinary algebras. The following asser- 
tions are equivalent: 

1) 'D~ A is a recollement ofD^C andV^B. 

2) There are two objects P , Q G A satisfying the following properties: 

2.1) There are isomorphisms of algebras C = {'DA){P,P) and B = {VA){Q,Q). 

2.2) P is exceptional and isomorphic in "DA to a bounded complex of finitely 
generated projective A-modules. 

2.3) (X'A)(Q,g(A)H) = for every set A and every i e Z \ {0}, the cano- 
nical map {VA){Q,Qy^^ {VA){Q,Q^^^) is an isomorphism, and Q is 
isomorphic in VA to a bounded complex of projective A-modules. 

2.4) {VA){P,Q\i]) = for all i e Z. 

2.5) P ®Q generates VA. 

Proof. 1) ^ 2) is a particular case of the proof of the corresponding impli- 
cation in CoroUarv 16.3.91 where we take into account the additional consideration 
that the dg categories are in this case ordinary algebras, whence having cohomology 
concentrated in degree zero. 

2) ^ 1) Taking V = {P} and Q = {Q}, one readily sees that these one- 
point sets satisfy conditions 2.1, 2.2, 2.3, 2.5 and 2.6 of CoroUarv 16.3.91 As for 
condition 2.4 it only remains to prove that Q is compact in Triax)A(Q) nT>~A. For 
this, let {Mj)j^j be a family of objects in Tria((5) H V~A having a coproduct, say 
M, in that subcategory and denote by qj : Mj M the injections. Of course, 
we have that sup{i € Z | H\Mj) 7^ 0} < sup{i € Z | H\M) ^ 0}, for every 
j G J. Then the coproduct Ujgj^-^j of the family in VA belongs to T>~ A and 
thus to Tria(Q) n T)^ A. This easily implies that M = Yije J -^'^i injection 
qj : Mj M gets identified with the canonical injection Mj WkeJ -^k- ^'^'^ each 
j ^ J we consider the complex Qj, 00 and the filtration 

~ Qj,-^ ^ Qj,o ^ Qj,i ^ ■■■ 
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given by Lemma [6 . 3 . 1 II for AIj, where we have replaced the letter "P" by the letter 
"Q" to avoid confusion with the object P. Notice that < for every j £ J. 
Therefore, the integer r := inf{k]\i.}j^j is well defined. If we fix n S N such that 
n + r > w{Q), then n > w{Q) — kM ■ Notice that |54l Lemma 5.3] implies that 
a countable composition of inflations of CA is again an inflation of CA. Then, for 
every j € J wc get a conflation in C^, 

By Lemma 16.3.111 the right term of this conflation has a graded support which 
is disjoint with that of Q and Q[V\ (enlarging n if necessary). Then we get a 
commutative diagram: 



lJj(PA)(Q,Q,-„) 



(DA)(Q,lJ,,Q,-„). 



Y[j{VA){Q,Q, 



{VA){Q,Y[jQ,,^) 



Y[j{VA){Q,M,) 



{VA){Q,Y[jMi) 



The fact that the leftmost vertical map is a bijection has been proved in the third 
step of the proof of Lemma [6. 3.111 and so we are done. ^ 

Remark 6.3.13. The reader will have noticed that we changed S. Konig's 
condition that Q is exceptional for the stronger condition that {VA){Q, Q[i]'^^^) = 
(*), for all i 7^ and all sets A. We have not been able to derive this condition from 
S. Konig's hypotheses. In principle, there is no prohibition for having a module 
Q over a hereditary algebra A such that £xt\{Q,Q) = but Ext^((5, Q'"^') ^ 0, 
for some infinite set A (see Lemma [6.3.141 and Example 16.3.151 below). However, 
S. Konig's theorem implies, together with our Theorem 16.3.121 that equality (*) 
must hold for the particular Q there. 

The following lemma and example have been suggested to us by J. Trlifaj. 

Lemma 6.3.14. Let A be a countable simple Von Neumann regular ring which 
is not right Noetherian. Then there exists an injective right A-module Q such that: 

1) The functor Uom a{Q, ?) : Mod A Mod Z preserves small coproducts. 

2) Ext\{Q,Q^^^) ^ 0, /or every infinite set A. 

Proof. 1) Since A is countable its pure global dimension on either side is 
smaller or equal than 1 (c/. |391 TheoreiTi 7.10]) and, since A is Von Neumann 
regular, we conclude that A is hereditary on both sides (c/. |391 Proposition 10.3]). 
On the other hand, since every finitely generated right ideal is generated by an 
idempotent element, one easily constructs an infinite sequence of nonzero orthogonal 
idempotents e„ , n G N. We then take / = ®„>o ^nA and take the injective 
envelope Q :~ E{A/I) of A/I. Let now , i £ I, be an infinite family of 
nonzero right A-modules and suppose that the canonical map Yliei Hom^((5, Xi) — > 
\-\orr\A{Q,Yl^f^j Xi) is not bijective and, hence, not surjcctive. That means that we 

have a morphism f '■ Q ^ Yliei such that the composition fj'-Q^ Yliei ~^ 
Xj is nonzero, for infinitely many j G /. Selecting an infinite countable subset of 
the set formed by those j £ J such that fj ^ 0, we see that it is not restrictive to 

assume that J = N and the composition fj'-Q^ Uign ^* ~^ -^i nonzero for 
all j e N. Put now A/„ := /^^(Uo<i<n "''^i) , n & N. Notice that the sequence 
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Mq C Ml C ... C Mn C ... is strictly increasing and Q = Uri>o-^^"- ^^^'^ ^'^ 
fact that ^ is a simple ring, we have that Ae„A = A, for all n e N. From that we 
derive the existence, for each n g N, of an element Xn G MnCn \ Mn-i (convening 
that A/_i = 0). Now we get a morpliism h : I = ®„>o ^ Q by the rule 
^(X)n>o'^") ~ X]n>0'^n'^"- ^^'^ ^^'^^ thsX Q IS injectivc implies that h is given by 
multiplication on the left by an element x G Q. In particular x„ = XnCn = h{en) = 
xCn- But from the equality Q = IJ^gN Af„ we derive that x € Air, for some r G N, 
which implies that \m{h) C xA C Mr- But then Xn S Mr, for all n E N, and 
in particular Xr+i € Mr, which contradicts the choice of the Xr+i- Therefore the 
canonical map Yii^i ^o<^a{Q, Xi) — > Hom^((5, JJ^-^j X^) is bijective, for every set 
/. 

2) First step: \Q\ = |(3e„|, for every n £ N, where |?| denotes the cardinality. 
Indeed, since A = AcnA it follows that Q = QcnA = X^ogA Q^-na (sum as abclian 
groups). Since Q is infinite and not countable (see for instance [28]) and A is 
countable, one readily sees that \Q\ = |(5e„a|, for some a € A. But the map 
Qe„ Qe„a , z ^ za, is surjective, so that we have \Q\ = |(5e„a| < |(5e„| < \Q\, 
for some a e A. Then \Q\ = |Qe„| as desired. 

Second step: Ext^(^//, Q'"'^'') 7^ 0. By applying the contravariant functor 
HomA(?, Q'-'^-') to the projective presentation ^ / ^ A — > A// — > 0, we get an 
exact sequence: 

^ UomA{A/I, O^N)) ^ Hom^(A, Q^^)) HomA(/, Q^^^) ^ 

-.ExtJi(A//,QW)^0. 
Using the obvious isomorphisms and bearing in mind that 

Hom^(/,0(N)) ^ Hom^(0e„AQ'^^) = H HomA(e„A Q^""^) = H Q^''^^"' 

n>0 )i>0 n>0 

the above exact sequence of abclian groups gets identified with the sequence 
^ antiQ,., (/) ^ g(N) ^ n Q(N)g^ _^ Ext\(A//, Q^^)) 0, 

n>0 

where Lp{x) = (a::e„)„gN for every x e Q^"^^. Since = \Q\ < \Q^\ = 

|(Q('^))'^| = I Tin ^'■'^■'^"1 follows that the map tp cannot be surjective, and 
hence Ext\(A//, Q^^)-) _^ q. 

Third step: Ext\{Q,Q^^^) ^ /or every infinite set A. It suffices to prove that 
Ext\{Q,Q^^^) ^ 0. Bearing in mind that A is right hereditary and Q'-'^-' is not 
injective, we have an exact sequence of right A-modules 
O^q(n) ^^(q(n))^^/^0^ 

with ^ E' injective. We then get the following commutative diagram with exact 
rows, where the vertical arrows are induced by the canonical inclusion A/ 1 ^ Q: 

HomAiQ, E') Ext^(Q, Q^^)) ^ q 



HomA(A//, E') ^ Ext\{A/I, Qf^)) ^ q. 

The left vertical arrow is an epimorphism, due to the fact that E' is injective, 
and the lower horizontal arrow is an epimorphism by definition of Ext^(A//, ?). 
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It follows that the right vertical arrow is also an epimorphism and, hence, that 
Ext^(Q, Q(N)) _^ as desired. V 

Example 6.3.15. Any countable direct limit of countable simple Artinian rings 
satisfies the hypotheses of the above example. A typical case is given as follows. 
Consider the direct limit A = limAl2"x2"(IK), where IK is a countable field and the 
ring morphism A^2"x2"(K.) A^2"+ix2"+i(IK) maps the matrix U onto the matrix 

given by the block decomposition ^ ^ . 
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